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Let  ψ m
D   be orthogonal Daubechies wavelets having  m  zero moments.  Let also
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Nexaj  ψ m
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Pust\  Lp  =  Lp ( R ) ,  1 ≤ p  ≤  ∞ , — prostranstvo yzmerym¥x funkcyj  f :  R  →  C

s koneçnoj normoj  f p,  hde 

f p  =  f Lp ( )R
  =  f x dxp

p

( )

/

R

∫







1

,    esly    p < ∞ ,

y 

f ∞   =  f L∞ ( )R
  =  vrai sup ( )

x
f x

∈R

.

Dlq  f Lp∈ ( )R   y  g Lq∈ ( )R ,   hde  p q, [ ; ]∈ ∞1 ,  1 1
p q

+   =  1,  poloΩym  ( f, g )  =

=  f x g x dx( ) ( )
R∫ . 

Budem rassmatryvat\ sledugwye klass¥ funkcyj  f L∈ 2( )R .  Dlq  k ∈  N  y

p ∈ ( 1, ∞ )  poloΩym 

W p
k

2,   =  f L i fk

p
∈ ≤{ }2 1( ) : ( ) ˆ( )R ω ω ,

hde 

ˆ( )f ω   =  1
2π

ωf x e dxi x( ) −∫
R

— preobrazovanye Fur\e funkcyy  f .  Pry  p  =   2  poluçaem standartn¥e sobo-

levskye klass¥  W k
2 2,   =  f L f k∈ ≤{ }2 2

1( ) : ( )
R . 
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Dlq funkcyy  ψ( ) ( )t L∈ 2 R   y çysel  j k, ∈Z   poloΩym 

ψ j k t, ( )  =  2 22j j t k/ ( )ψ − .

Esly systema funkcyj  { }, ,ψ j k j k ∈Z
  obrazuet ortonormyrovann¥j bazys pro-

stranstva  L2( )R ,  t. e.  lgbug funkcyg  f L∈ 2( )R   moΩno predstavyt\ v vyde

summ¥ sxodqwehosq v  L2( )R   rqda 

f ( t )  =  
i j

j jf t
∈ ∈
∑ ∑ ( )

Z Z

ψ ψν ν, ,, ( ) , (1)

to funkcyq  ψ ( t )  naz¥vaetsq ortohonal\n¥m vejvletom. 

Mnohye prymenenyq ortohonal\n¥x vejvletov bazyrugtsq na yssledovanyy

velyçyn¥ vejvlet-koπffycyentov v predstavlenyqx typa (1) v zavysymosty kak

ot svojstv vejvleta  ψ ( t ) ,  tak y ot hladkosty funkcyy  f . 
PredpoloΩyv, çto vejvlet  ψ ( t )  ymeet  k  nulev¥x momentov, yly, çto πkvy-

valentno,  ˆ ( )ψ ω   ymeet nul\ kratnosty  k  v nule, opredelym funkcyg  k tψ ( )
sootnoßenyem 

  k tψ ω( ) ( )( )Ÿ

  =  ( ) ˆ ( )i kω ψ ω− .

PoloΩym         

C p qκ ψ; , ( )   =  sup
( )

ˆ
,f W qp
k

f

∈ ′2

ψ
ψ

,

hde  ′p   =  
p

p − 1
.  Tohda, kak lehko vydet\,  C p qκ ψ; , ( )   moΩno predstavyt\ v vyde 

C p qκ ψ; , ( )   =  

  

( )

ˆ

k p

q

ψ

ψ

Ÿ

. (2)

Otmetym, çto  C p qκ ψ; , ( )  — πto toçnaq konstanta v neravenstve 

ψ νj f, ,( )   ≤  C f ip q

j k
p q

q
k

pκ ψ ψ ω ω; , ( ) ˆ ˆ( )( )2

1 1− − +



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′
.

Pust\  m ∈  N .  Fyl\tramy Dobeßy  (sm., naprymer, [1], §E16)  naz¥vagt tryho-

nometryçeskye polynom¥ 

Hm( )ω   =  2 1 2

0

2 1
−

=

−

∑/ ( )h l em
il

l

m
ω ,      h lm( ) ∈R ,

udovletvorqgwye ravenstvam 

Hm( )ω 2   =  cos sin2
1

2

2 2
ω ω









−

m

mP ,

hde 

P xm−1( )   =  
m k

k
xk

k

m − +



=

−

∑
1

0

1

.

Funkcyq  ϕm
D,  preobrazovanye Fur\e kotoroj ymeet vyd 
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ϕ ωm

D( )Ÿ

( )   =  1
2

2
1π

ωHm
l

l

( )−

=

∞

∏ ,

qvlqetsq ortohonal\noj masßtabyrugwej funkcyej.  Ortohonal\n¥m vejvle-

tom Dobeßy  ψm
D

  naz¥vaetsq funkcyq, obraz Fur\e kotoroj ymeet vyd 

  
ψ ωm

D( )Ÿ

( )  =  e H
i

m m
D

−
+



 ( ) 





ω
ω π ϕ ω2

2 2

Ÿ

.

Vejvlet  ψm
D

  obladaet sledugwymy svojstvamy (sm. [2], hl.E6, [1], §E16): 

1)  supp ψm
D   =  [ – ( m – 1 ) , m ] ; 

2)  ψm
D

  ymeet  m  nulev¥x momentov;

3)  suwestvuet  λ  >  0  takaq, çto  ψm
D

 ∈ C mλ ,  hde 

Cα   =  f f d: ˆ( )
R

∫ +( ) < ∞











ω ω ωα1 ,      α  >  0. (3)

Krome toho (sm., naprymer, [3], §E5.5), 

( ) ( )ψ ωm
D Ÿ 2

  =  
 
Hm m

Dω π ϕ ω
2 2
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1π
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l
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∞

∏ ( ) , (4)

pryçem 

Hm( )ω 2   =  1
0

2 1−








∫ −c udum

m
ω

sin . (5)

Osnovn¥m rezul\tatom dannoj stat\y qvlqetsq sledugwaq teorema. 

Teorema!1.  Pust\  k  ≥  0 — fyksyrovannoe celoe çyslo.  Tohda 

lim ( ); ,
m

k p q m
DC

→∞
ψ   =  

( ) / / /
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.

Pry  p  =  q  =  2  πta teorema dokazana v rabote [4]. 
Dlq dokazatel\stva πtoj teorem¥ nam ponadobytsq sledugwaq lemma, koto-

raq pry  p  =  2  takΩe dokazana v [4]. 

Pust\  Ψ̂   =  1
2 2 2π

χ χπ π π π− −[ ] [ ]+( ), , ,  hde  χ1 — xarakterystyçeskaq funk-

cyq yntervalaEEI. 

Lemma!1.  Pust\  1  <  p  <  ∞  ,  k  ≥  0 — celoe çyslo  y  ( )ψn  — posledova-
tel\nost\ funkcyj s kompaktn¥m nosytelem, pryçem: 

i)  dlq nekotoroho  ε,  ne zavysqweho ot  n,  0  <  ε  <  π , 

ω ε

ω ψ ω ω
<

−∫ pk
n

p
d( ) ( )Ÿ   →  0    pry    n  →  ∞ ;

ii)  

  
( ) ˆψn p

Ÿ − Ψ   →  0    pry    n  →  ∞ . 

Tohda 
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lim ( )
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Dokazatel\stvo.  Predstavym  ( )k n p
ψ Ÿ

  v vyde 
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Prymenqq neravenstvo Mynkovskoho, poluçaem 
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1   ymeem 
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PokaΩem, çto 

I p
2   =  ω ψ ω ω ω− −∫ pk

n
p

d( ) ( ) ˆ ( )Ÿ Ψ
R

  →  0    pry    n  →  ∞ .

Zafyksyruem  ε ∈ ( 0; π ) .  Razbyvaq ynterval yntehryrovanyq na dve çasty,

ymeem 

I p
2   =  

  

ω ψ ω ω ω ω ψ ω ω ω
ω ε ω ε

−

<

−

>

− + −∫ ∫pk
n

p pk
n

p
d d( ) ( ) ˆ ( ) ( ) ( ) ˆ ( )Ÿ ŸΨ Ψ   =

=  I I11 12+ .

Rassmotrym  I11.  Uçyt¥vaq uslovye  i)  y to, çto  
ˆ ( )Ψ ω   =  0  dlq  ω ∈ ( – π;

π  ) ,  poluçaem, çto  I11  →  0  pry  n  →  ∞ .  Krome toho, v sylu uslovyq  ii) 

I12   ≤  

  

ε ψ ω ω ω
ω ε

−

>

−∫kp
n

p
d( ) ( ) ˆ ( )Ÿ Ψ   →  0    pry    n  →  ∞ .

Takym obrazom, 
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( )k n p

ψ Ÿ   →  I
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p
p

k
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1

1 1 2 1 1
2 1 2

1
= −

−




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− −( ) / / /
π

π
    pry    n  →  ∞ .

Lemma dokazana. 

Otmetym takΩe çastn¥j sluçaj lemm¥.  Pry  k  =  0  poluçaem 

 

lim ( )
n

n q→∞
ψ Ÿ   =  ( ) / /2 1 1 2π q − . (7)

Dokazatel\stvo teorem¥!1.  Neobxodymo proveryt\ v¥polnenye uslovyj

i)  y  ii)  lemm¥EE1  dlq ortohonal\n¥x vejvletov Dobeßy.  Pry πtom budem ys-

pol\zovat\ sootnoßenyq (4), (5)  y 
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
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Dlq dokazatel\stva uslovyq  i)  v¥berem  0  <  ε  <  1,  a takΩe otmetym, çto

Hm( )ω   ≤  1  dlq lgboho  ω.  V rezul\tate poluçym 
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∫∫
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Krome toho, tak kak  
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
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
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Pry  m  >  k  
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
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
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Poskol\ku  cm  ∼  m
π

,  poslednee v¥raΩenye stremytsq k nulg pry  m  →  ∞ . 

Sootnoßenye  i)  dokazano. 

Dlq dokazatel\stva uslovyq  ii)  poloΩym  I  =  [ – 2 π; 2 π ]  y 

Iδ  =    [ , ) ( , ) ( , ) ( , ]− − + − − − + − + −2 2 2 2π π δ π δ π δ π δ π δ π δ π∪ ∪ ∪ .

DokaΩem, çto 

  

( ) ( ) ˆ ( )
\

/

ψ ω ω ω
δ

m
D p

I I

p

dŸ −








∫ Ψ

1

  →  0    pry    m  →  ∞ .

Ymeem 

  

( ) ( ) ˆ ( )
\

/

ψ ω ω ω
δ

m
D p

I I

p

dŸ −








∫ Ψ

1

  ≤  

  

( ) ( )
\

/

ψ ω
π

ω π ω
δ

m
D

m

p

I I

p

H dŸ − +













∫ 1

2 2

1

  +

+  ˆ ( )
\

/

Ψ ω
π

ω π ω
δ

− +













∫ 1

2 2

1

H dm

p

I I

p

. (9)

Dlq fyksyrovannoho  δ  posledovatel\nost\  
1
2 2π

ω πHm +



   ravnomerno

sxodytsq k  
ˆ ( )Ψ ω   v  I I\ δ  pry  m  →  ∞  ,  poπtomu vtoroe slahaemoe v pravoj

çasty neravenstva (9) stremytsq k nulg pry  m  →  ∞ . 
Pervoe slahaemoe v pravoj çasty neravenstva (9) moΩno perepysat\ v vyde 

1
2 2

1 2
1

1

1

π
ω π ω ω

δ

H H dm

p

I I l
m

l

p p

+



 −









∫ ∏

≥

− −

\

/

( ) . (10)

Uçyt¥vaq tot fakt, çto  Hm

pω π
2

+



   ≤   1,  a takΩe ustanovlenn¥e v rabote

[4] dlq  ω δ∈ I I\   ocenky 

Hm
ω
4





   ≥  1

2 2 4

2 1 1 2

− −



{ }





−
cm

mπ π δsin
/

,

Hm
ω
8





   ≥  1

4

2 1 2

− 











cm

mπ
/

y 

l
m

l p
H

≥

− −∏
1

32( )ω   ≥  1 2 2
1

2 1 2 2−( )− − −m m( ) ,

yntehral (10) pry vsex dostatoçno bol\ßyx  m   moΩno ocenyt\ sledugwym ob-

razom: 

1
2 2

1 2
1

1

1

π
ω π ω ω

δ

H H dm

p

I I l
m

l

p p

+



 −









∫ ∏

≥

− −

\

/

( )   ≤

≤  1
2

4 1 1
2 2 4

1
4

1 2
2 1 1 2 2 1 2

2
1

2 1 2 2

π
π π π δ π( ) sin

/ /

( )
p

m

m

m

m
mc c m− − −



{ }





− 











−( )





−

− − − .
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Qsno, çto pravaq çast\ poluçennoho neravenstva stremytsq k nulg pry  m  →  ∞ .
Poskol\ku  Iδ   =  6 δ ,  to 

( ) ( ) ˆ ( )ψ ω ω ω
δ

m
D p

I

dŸ −∫ Ψ   ≤  1
2

2

π δ






p

I
/

  ≤  1
2

6
2

π
δ





p/

. (11)

Teper\ ubedymsq, çto dlq vsex  p  >  1 

  

( ) ( )ψ ω ω
ω π

m
D p

dŸ

≥
∫

2

  →  0    pry    m  →  ∞ .

Yz yzvestn¥x rezul\tatov o rehulqrnosty vejvletov Dobeßy (sm., naprymer, [5],

§E2.2.4) sleduet, çto najdutsq poloΩytel\n¥e konstant¥  C  y  C̃   takye, çto

dlq vsex  ω  takyx, çto  ω  >  2 π ,  v¥polnqetsq neravenstvo 

 
( ) ( )ψ ωm

D Ÿ   ≤  ˜ logC C mω − .

Tohda 

  

( ) ( )ψ ω ω
ω π

m
D p

dŸ

>
∫

2

  ≤  ˜ ( ) logC dC p mω ω
ω π

−

>
∫

2

  =  ˜ ( ) ( log )C dC p mω ω
ω π

− −

>
∫ 2

2

  ≤

≤  ( ) ( )( log )2 2 2

2

π ω ω
ω π

− − −

>
∫C p m d .

Poslednee v¥raΩenye stremytsq k nulg pry  m  →  + ∞ .
Takym obrazom,  predpoloΩenyq lemm¥EE1  dlq ortohonal\n¥x vejvletov

Dobeßy v¥polnqgtsq. 

Yspol\zuq (2), (6)  y  (7),  ymeem 

lim ( ); ,
m

k p q m
DC

→∞
ψ   =  

 

lim
( )

( )m

k m
D

p

m
D

q
→∞

′
ψ

ψ

Ÿ

Ÿ
  =  

( )

( )

/ / /

/ /

2 1 2

1

2

1 1 2 1 1

1 1 2

π

π
π

p

k

pk p

q

pk

− −

−

−
−







,

lim ( ); ,
m

k p q m
DC

→∞
ψ   =  

( ) / / /
2 1 2

1

1 1 1 1
π

π

p q

k

pk p

pk

− −−
−







.
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