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A subalgebra S of a Leibniz algebra L is called a contraideal, if an ideal, generated by S coincides with L. We study
the Leibniz algebras, whose subalgebras are either an ideal or a contraideal.

Let L be an algebra over a field F with the binary operations + and [ , |. Then L is called a Leibniz algebra (more
precisely, a left Leibniz algebra), if it satisfies the following identity: [[a, b], c] = [a, [b, c]] - [b, [a, c]] for all a,
b, ¢ € L. We will also use another form of this identity: [a, [b, c]] =[[a, b], c] + [b, [a, c]]. Leibniz algebras are gener-
alizations of Lie algebras. As usual, a subspace A of a Leibniz algebra L is called a subalgebra, if [xy] € A for all ele-
ments x,y € A. A subalgebra A is called a left (respectively right) ideal of L, if [yx] € A (respectively, [xy] € A) for
every x € A,y € L. In other words, if A is a left (respectively, right) ideal, then [L, A] < A (respectively, [A, L] < A).
A subalgebra A of L is called an ideal of L (more precisely, a two-sided ideal), if it is both a left ideal and a right
ideal, that is, [y, x], [x, y] € A for every x € A, ye L. A subalgebra A of L is called an contraideal of L, if A" =L.

The theory of Leibniz algebras has been developed quite intensively, but very uneven. However, there are prob-
lems natural for any algebraic structure that were not previously considered for Leibniz algebras.

We have received a complete description of the Leibniz algebras, which are not Lie algebras, whose subalgebras
are an ideal or a contraideal. We also obtain a description of Lie algebras, whose subalgebras are ideals or contrai-
deals up to simple Lie algebras.

Keywords: Leibniz algebra, Lie algebra, ideal, contraideal, subalgebra, factor-algebra, Leibniz kernel, quasisimple
Leibniz algebra, extraspecial Leibniz algebra.

Let L be an algebra over a field F with the binary operations + and [, |. Then L is called a Leib-
niz algebra (more precisely, a left Leibniz algebra), if it satisfies the (left) Leibniz identity

la, [, c]] =]]a, b], c] + b, |a, c]] forall a, b, c € L.

If L is a Lie algebra, then L is a Leibniz algebra. Conversely, if L is a Leibniz algebra such
that [a, a] = 0 for each element a € L, then L is a Lie algebra. Therefore, Lie algebras can be cha-
racterized as the Leibniz algebras in which [a, a] = 0 for every element a.

Leibniz algebras appeared first in the papers by A.M. Bloh [1-3], in which he called them
the D-algebras. However, in that time, these works were not in demand, and they have not been
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properly developed. Only after two decades, a real interest in Leibniz algebras rose. It happened
thanks to the work by J.-L. Loday [4] (see also [5, Section 10.6]), who “rediscovered” these al-
gebras and used the term Leibniz algebras, since it was Gottfried Wilhelm Leibniz who discove-
red and proved the Leibniz rule for the differentiation of functions.

The Leibniz algebras naturally relate to several topics such as differential geometry, ho-
mological algebra, classical algebraic topology, algebraic K-theory, loop spaces, noncommutati-
ve geometry, and so on. They found some applications in physics [6, 7]. The theory of Leibniz
algebras has been developed quite intensively, but very uneven.

As usual, a subspace A of a Leibniz algebra L is called a subalgebra, if [x,y] € A for all ele-
ments x, y € A.

A subalgebra A is called a left (respectively, right) ideal of L, if [y, x] € A (respectively, [x,y] €
e A) forevery x € A,y € L. In other words, if A is a left (respectively, right) ideal, then [L, A] < A
(respectively, [A, L] < A).

A subalgebra A of L is called an ideal of L (more precisely, two-sided ideal), if it is both a
left ideal and a right ideal, that is, [y,x], [x,y] € A for every x € A, ye L.

If A is an ideal of L, we can consider a factor-algebra L/A. It is not hard to see that this fac-
tor-algebra is a Leibniz algebra too.

A Leibniz algebra which is not a Lie algebra has one specific ideal. Denote, by Leib(L), the
subspace generated by the elements [a, a], a € L. It is possible to prove that Leib(L) is an ideal
of L. Moreover, L/Leib(L) is a Lie algebra. Conversely, if H is an ideal of L such that L/H is a Lie
algebra, then Leib(L) < H.

The ideal Leib(L) is called the Leibniz kernel of the algebra L.

In general, the subalgebras of Leibniz algebras may have a very diverse set of properties.
The more such properties, the structure of algebra will be more complex. Therefore, it is natural
to begin the study of Leibniz algebras with those algebras, all subalgebras of which possess
some small set of natural properties. The approach, which aims to study the structure of algebras
with natural restrictions on the system of subalgebras, turned out to be very productive for Lie
algebras. In the theory of Leibniz algebras, it begins to be used only now. So, in [8], the Leibniz
algebras, whose subalgebras are Lie algebras, and Leibniz algebras, whose subalgebras are
Abelian were studied. In paper [9], the Leibniz algebras, whose subalgebras are ideals, have been
investigated.

With each subalgebra A of a Leibniz algebra L, two ideals are naturally associated: the ideal
AL the intersection of all ideals, including A, that is, generated by A; and the ideal CorelL (A),
the sum of all ideals contained in A. A subalgebra A of L is called an contraideal of L, if A” = L.
As can be seen from the definition itself, the contraideals are natural antipodes of the concepts
of ideals. Therefore, it is a natural task for us to consider the Leibniz algebras whose subalgebras
are either ideals or contraideals. The main results of this work give a description of such Leibniz
algebras. In this description, two cases are naturally highlighted. As usual, an algebra A over a
field F is called simple, if it has only two ideals: A and (0). Clearly, if A is a simple algebra, then
every its non-trivial subalgebra is a contraideal.

We mentioned above that a Leibniz algebra, which is not a Lie algebra, always has a non-
trivial ideal, its Leibniz kernel. Thus, a simple Leibniz algebra always is a Lie algebra.

The center {(L) of L is defined by the rule:
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C(L)y={x e L|[x,y]=0=]y, x] for each element y € L}.

The center is an ideal of L.

A Leibniz algebra L is called quasisimple, if a central factor-algebra L/{(L) is simple and
L=[L L].

Let L be a quasisimple Leibniz algebra and A be a non-trivial subalgebra of L. If (L) does
not include A, then (A + {(L))/C(L) is non-trivial. The fact that a factor-algebra L/{(L) is simple
implies that

(A + L)/ P = (A + L)) /o(L) = (A" + ¢(L)) /(L) = L/g(L),
that is, A" + (L) = L. If we suppose that A* # L, then an isomorphism

L/A"= (A" + ¢(L))/A = (L) /(A" N (L))

shows that L/A" is Abelian, what is impossible. Hence, A* = L. Thus, every subalgebra of a qua-
sisimple Leibniz algebra either is an ideal or contraideal.
Recall that a Leibniz algebra L is said to be soluble, if it has a finite series

Oy=L, <L, <...<L,_,<L =L

of ideals, whose factors are Abelian.

Theorem A. Let L be a Leibniz algebra, whose subalgebras are either ideals or contraideals.
If L is not soluble, then L is a simple Lie algebra or a quasisimple Leibniz algebra.

A Leibniz algebra L is called extraspecial, it [L, L] = {(L) has dimension 1.

Theorem B. Let L be a soluble Leibniz algebra, whose subalgebras either are ideals or contr-
aideal. Then L is an algebra of one of the following types:

(i) L is Abelian;

(ii) L = E ® Z, where E is an extraspecial subalgebra such that [e, e] # 0 for each element e ¢ ((E)
and Z ¢ C(L);

(iii) L =D ® Fb, where |y, y] =0=b, b], [b, y] =y = — |y, b] for every y € D, in particular, L is
a Lie algebra;

(iv) L=D @ Fb, where |y, y]| = |y, b] =0 =[b, b], [b, y] =y for every y € D, in particular, D =
~[L, L] = Leib(L);

(v) L=B® A, where A = Fa, ® Fc, |a,, a;] =c,, [c, a]] =0, a,, ¢;] =c,and [b, b] = [b, a,] =
=[b, ¢,] =[c,, b] =0, [a,, b] = b for every b € B, in particular, B@® Fc, = [L, L] = Leib(L).

(vi) char(F) = 2, L = D @ Fa, where D has a basis {z, b, | A € A} such that [a, a] = oz, |a, b,] =
=b, =[b, ,al, [a,z] =[z,a] =0, [z,b,] =[b,, 2] =0 and 0 # [b,, b,| € Fz, h € A, [D,, bu] =0 for
all ., u € A, A # W, in particular, D = [ L, L], Fz = Leib(L).

Corollary. Let L be a Lie algebra, whose subalgebras either are ideals or contraideals. Then L is
an algebra of one of the following types:

(i) L is simple;

(ii) L is quasisimple;

(iii) L is Abelian;

(iv) L=D ® Fb, where [y, y]| =0=b, b], [b, y] =y = |y, b] for every y € D.
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So, we have received a complete description of the Leibniz algebras, which are not Lie
algebras, whose subalgebras are an ideal or a contraideal. We also obtain a description of Lie
algebras, whose subalgebras are ideals or contraideals up to simple Lie algebras.
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PO IEAJIN TA KOHTPAIJIEAJIN B AJITEBPAX JIEMBHIIIA

IMiganre6pa S anre6pu JleiibHina L Ha3MBa€eThcs KOHTpaifeasoM, SIKINO igeal, mopoikeHuit S, 36iractbes 3 L.
Busueno anre6pu Jleitbuiia, miganaredpu akux € abo izeanom, abo Konrpaigzeansom. Hexait L — anreGpa Haj 110-
seM F 3 6inapuumu onepatisimu + i [ , |. Toxi L HasuBaetbest anre6poio Jleiibnina (TouHilie, JiBoo anredbpoio
JleiiGHila), K0 BoHA 3aJ0BOJIbHSE TOTOXKHICTS [[a, b], ¢] = [a, |b, ¢]] — [b, |a, ¢]] nns Beix a, b, ¢ € L. Takox
BUKOpPHUCTAHO iHiry dhopmy i€l Toroxuocri: [a, [b, ¢]] = [[a, b], ¢] + [b, [a, c]]. Anre6pu JleiibHila € y3araibHeH-
Hsm anre6p JIi. IMigmpoctip A anre6pu Jleii6nina L HasuBaeThes migaare6polo, ko [x,y] € A mis Beix ee-
MeHTIB &, y € A. [Tinanre6pa A Ha3uBaeThCst JIiBUM (BiAIOBiAHO IpaBUM) ifteasiom L, sikio [y, x] € A (Bignosinto
[x,y] € A) nnascixx € A,y € L. Tnmmumu ciioBaMu, IKIo A € J1iBuM (BiIMOBiIHO TIpaBUM) ifieasiom, To [L, A] < A
(Bimnosinto [A, L] < A). [Tiganre6pa A i3 L HasuBaetrbest igeanom L (Touwilie, IBOCTOPOHHIM i/1eaioM), SIKIIO
BOHa OJHOYACHO € JIBUM I IIPaBUM izeasoM Tak, o [x, y], [y, x] € A mins Bcix x € A, y € L. Iliganre6pa A i3 L
HA3UBAETHCS KOHTPaizieasioM L, k1o A=

Teopist anre6p JleiibHina po3BUBAETHCSA AOCUTH IHTEHCUBHO, IIPOTe Ayske HepiBHOMipHO. OZHAK iCHYIOTH
HPUPOJHI 17151 Oy Ib-AKUX anrebpaidHuX CTPYKTYP 3ajiadi, 10 paHilie He po3riisianucs is aiareGp JleiGHina.

Orpumano oBHUI omnuc anre6p JleitbHina, gxi He € anre6pamu JIi, miganare6pu siKux € izeasom abo KOHTpa-
imeamom. Takox oTpumano otuc aare6p JIi, Bei mizanre6pu Skux € izeamamu abo KOHTpaizeansaMu, 3 TOUHICTIO 10
npoctux aare6p JIi.

Kmouoei cnosa: anzebpa Jletibuiva, anzebpa Jli, idean, konmpaioean, nidanzebpa, paxmop-anzebpa, s0po Jleti6-
niua, keasinpocma anzeopa Jleiibniya, excmpacneyianwna anzebpa Jleioniya.
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OB UJEAJTAX 1 KOHTPAUJIEAJIAX B AJITEBPAX JIEUBHUIIA

[Moganre6pa S anre6psl Jleiibuuia L HasbiBaeTCs KOHTPaKUIeaaoM, eCId Uaeall, IOPOKAEeHHbI S, coBanaer ¢ L.
Nzyuensr anrebper Jleiibauia, nogaareGpbl KOTOPBIX ABJISIOTCS OO0 npeanom, aubo KoHTpauzeanom. Ilycrs
L — anrebpa Hazx noseMm F 3 6uHapHbiMU omteparusmu + i |, |. Torna L HassiBaeTcst anre6poit Jleitbuuia (Tou-
Hee, J1eBoii anrebpoii JlelGHuIa), eciu OHa YA0BJIEeTBOPsieT ToxaecTBY [[a, b], ¢] = [a, [b, c]] - [b, [a, ¢]] mis Bcex
a, b, ¢ e L. Taxxe ucnonb3oBaHa apyras (hopma aToro ToxkaecTsa: [a, [, c]] = [[a, b], c] + [b, [a, c]]. Anre6pb
Jleitbnuna asasiores o6ob6menuem anre6p JIn. IloanpocrpanctBo A anre6per JleiOnuma L HazbIBaeTCs MO
anre6poit, ecan [x,y] € A mist Beex ayeMeHTOB X, y € A. [Tomanrebpa A HasbIBaeTCsl JIEBHIM (COOTBETCTBEHHO
IpaBBIM) uaeanoM L, ecnu [y, x| € A (cootBeTcTBeHHO [X, y| € A) nasa Bcex x € A, y € L. [Ipyrumu cioBaMu, ecan
A sIBJISIETCST JIEBBIM (COOTBETCTBEHHO MPaBbIM ) HeaioM, To [ L, A] < A (cootBetctBerHO [A, L] < A). [Tomanre6pa
A ¢ L nasbiBaercsi uneanom L (TouHee, IByCTOPOHHUM MJIEATIOM), €CJIM OHA OJ[HOBPEMEHHO SIBJISIETCS JIEBBIM U
MIPaBBIM MJI€ATOM TaK, uTo [x, ¥], [y, x] € A nnst Bcex x € A, y € L. Tlonanre6pa A ¢ L Ha3bIBA€TCS KOHTPAUAEAIOM
L, ecin A=

Teopust anrebp JlelGHMITA Pa3sBUBAETCS JOCTATOYHO MHTEHCUBHO, HO OYE€Hb HEpaBHOMEPHO. TeM He MeHee
CYIIECTBYIOT €CTECTBEHHbIE J1JIs1 JIOOBIX a1reOpandecKux CTPyKTYP 3aa4u, KOTOPbIE PAHbIIE HE PACCMATPUBAIUCEH
Juist anre6p Jleitbruia.

[Tosryueno nonHoe onucanue anre6p Jleitbuuia, KoTopsie He ABAAIOTCA aarebpamu JIn, moganre6pbl KOToO-
PBIX SIBJSIOTCST TNGO MeaIoM, 6o KoHTpauaeanoM. Takxke MoaydeHo omcanue aireGpbr Ju, Bee mogaareGpbi
KOTOPBIX SIBJISIOTCS MICAJIAMK WM KOHTPAUIeaaMy, C TOYHOCTHIO JI0 TPOCThIX anrebp Jlu.

Kntoueevie cnosa: anzebpa Jleiubnuua, anzebpa Jlu, uoean, konmpaudean, nooanzebpa, paxmop-anzebpa, 0po
Jetibnuya, xeasunpocmas anzebpa Jleiibnuya sxcmpacneyuanvias aizebpa Jleibnuua.
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