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Approximate controllability of the wave
equation with mixed boundary conditions

LEONID PESTOV, DMYTRO STRELNIKOV

(Presented by V. O. Derkach)

Abstract. We consider the initial boundary value problem for acoustic
equation in time space cylinder Q x (0, 27") with unknown variable speed
of sound, zero initial data, and mixed boundary conditions. We assume
that (Neumann) controls are located at some part 3 x [0,T], ¥ C 99 of
lateral surface of the cylinder Q2x (0, T'). The domain of observation is ¥ x
[0,27] and the pressure at another part (9Q\X) x [0,277]) is assumed to
be zero for any control. We prove approximate boundary controllability
for functions from subspace V' C H'(£2) which traces have vanished on %
provided that the observation time is 27" more than two acoustical radii
of the domain 2. We give an explicit procedure for solving Boundary
Control Problem (BCP) for smooth harmonic functions from V (i.e.
we are looking for a boundary control f which generates a wave u’
such that v/ (., T") approximates any prescribed harmonic function from
V). Moreover using Friedrichs-Poincare inequality we obtain conditional
estimate for this BCP. Notice that for solving BCP for these harmonic
functions we do not need the knowledge of the speed of sound.
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1. Introduction

Let Q be a bounded domain in R™ (n > 2) with a smooth boundary
0f). Let 3 C 092 be an open set with a smooth boundary. The problem,
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which we refer to as a forward one is an initial boundary value problem
for the wave equation with boundary conditions

puy —Au = 0 in Qx(0,7), (1.1)
UV|E><[0,T] = f (1.2)
ulgo\yxpr = 0, (1.3)
uli=o = ugli=o=0 in Q. (1.4)

so f = 0 outside of ¥ x [0,T]. Here p(z) = 1/c?(x) is a smooth positive
function (c¢(x) is the speed of sound) and v is the outward normal vector
to the boundary 0f2, u, is the normal derivative. We call function f
Neumann boundary control. Introduce the control space

FT = Ly(X x (0,T))
and the set of smooth controls
ML = (2 % (0,T)).

Let u/ be the solution to the forward problem (a wave). Notice, that
smooth controls generate classical waves. Due to the finiteness of the
wave propagation speed one has

suppuf(-,s) cQ’, s>0,

where

Q= {zeQ: dist)(z,X) < s}, s>0

and the distance being understood in the sense of the Riemannian metric
v/ p(x) |dz|. The subdomain Q° is the part of € filled with waves at the

moment ¢ = s. In particular, for ' > T* := sup dist,(x, 0€2), the relation
€Y

QT = Q holds. With the system (1.1)—(1.4) one associates the response
operator R, which acts by the rule

RTf =l |syo)-

The inverse problem consists of determining function p in Q via the
response operator R2T provided T > T*. One of the natural ways to solve
this problem is the Boundary Control method (BC-method, Belishev,
1986, see e.g. [2-4] and works cited there, and the version of the BC-
method proposed in [12,13]). We do not give a BC-solution of the inverse
problem in this paper. We study the boudary controllability problem of
the dynamical system (1.1)—(1.4) only (see Remark 5.3 at the end of the
paper where we shortly comment on the inverse problem).
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The boundary controllability is the principal question in the BC-
method. For scalar hyperbolic equations like (1.1), the system (1.1)—(1.4)
turns out to be approximately controllable. To formulate this property,
observe that the set of final states UT = {uf(-,T): f € M} is con-
tained in Lo (7). Then the approximate boundary controllability means
that this set is dense in L2(Q7). However the set of final states U7 is
not dense in the Sobolev space H'(Q7). The main result of this paper
(Theorem 4.3) states that the closure of 4T in H'(Q7T) coincides with the
subspace V = {u € H; ()| ugo\x = 0} of functions u € H,(Q) vanishing
on 092 \ ¥. The definition of the real Hilbert space H ;(Q) will be given
in Section 4.

In contrast to the works cited above, we use measurements (waves) at
the same part of the boundary as controls. It corresponds to the scheme
of using the boundary triple technique in [2|. The boundary triple used in
the present paper is associated with the Zaremba Laplacian with mixed
boundary conditions studied in [9]. In order to give an H' estimate for
the difference o — u/ (-, T), where ¢ in V is a harmonic function, we use
an analogue of the Friedrichs inequality with an estimate from a part of
the boundary.

2. Bilinear forms

Here we introduce one of the main tools of the BC method — the
symmetric energy forms defined on the set of smooth controls. In what
follows we fix T > T* so that Q7 = Q. We define two symmetric bilinear
forms on M7 x MT

fah = [ ple)ul (@, T)u(e. T) o 2.1
Q
g = / (Vo! (&, 7), Vi (2, T)) dr (2.2)
)
Both forms [, -], and [, -], are explicitly determined by the inverse data,

i.e. the response operator R?T. We derive these formulas here. For a
function u, which depends on time and, possibly, other variables, denote

i) = u(-t) £ u2(-, 2T — t)’

(Tu)(-,1) = /Ou(-,s)ds, t € [0,27].
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Proposition 2.1. For any controls f,g € MT the equalities

/Qp($)u9(m,T)uf(x,T) dr = / [(RQTQ)Jr If— g+IR2Tf] dt do

2x[0,1]
(2.3)
f _ 9 9 }
[ (v val) e 1yae - [ o [f O (Ra)s + 922 ()| dtdo
(2.4)

are valid, where do is the standard measure on the boundary O0S).

Proof. For any smooth solution v to the wave equation (1.1), the equality
p (vu{ — ufvt) =div (vVuf - usU)
t

holds. Clearly functions uf. satisfy the wave equation. Substituting uf
for v and integrating over Q x [0,7], we obtain (note, that u% (-,T) =

wI (-, T), (uf)e(-,T) = 0)
ouf ou?
x)ud :E,Tuf z,T)dx = / (ug—uf+) dt do
/qu (2, T)uif (2, T) o (5 v,

(L3) / ( g Ouf fawi>
= uy — —u' —— | dtdo
£x[0,7) T ov ov

(1.2)

= / (uif — ufg+> dt do.
2x[0,T]

Taking into account that u/t = u{ and u!f = Iuf, and denoting f, = f
we arrive at

/p(x)ug(:c,T)uf(a:,T) dx :/ (ui[f—[ungr) dtdo. (2.5)
Q Ex[0,T]
Since

(R*T f)(x,t) = (RT f)(x,t) forall ze€dQ, te (0,T) (2.6)
then

uf (z,t) = % {(RTg) (x,t) + (R2Tg) (z,2T — 1)}

(2.7)
= (R2T9)+ (x,t) for xe€09Q, te(0,T),

wf (2,8) = (RT )(a,t) = (BT [)(x,t) for z€dQ, te(0,T). (2.8)

By substituting (2.7) and (2.8) into (2.5) and replacing fby f one obtains
(2.3).
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Consider the form [-,-], in (2.2). For any smooth solution v to the
wave equation the equality

[pvtu{ + (Vu, Vuf)L = div (vtVuf + u,{Vv)

holds. Substituting u?. for v and integrating over Q x [0,77], we get
(using (1.2)) the equality

/ (Vug,Vuf) (z,T) dx :/ ((ui)tf+u{g+) dt do,
Q 2x[0,7]

which coincides with (2.4). O

Remark 2.2. In the case when ¥ is the whole boundary 02 the for-
mula (2.3) coincides with the formula of Blagoveshchenskii presented
in [1]. The formula (2.4) in the case when ¥ = 02 was obtained in [13].

3. Boundary triple and Zaremba operator

Different versions of dynamical systems with boundary controls are
related (see [2]) to different choices of boundary triples for the operator in
the space domain, see definitions in [6,8]. Here we introduce the boundary
triple corresponding to the system (1.1)—(1.4).

Let the minimal operator —A,,,;, (resp. the maximal operator —A,,45)
be defined as the closure in La(Q2) of the operator —A restricted to C§°(£2)

(resp. C*°(R2)). It is known (see, for instance, [5, Theorem 4.8|) that
_Amax = (_Amin)* and

dom(—Amin) = H5(Q), dom(—Apax) = {u € L*(Q)| Au € L*(Q)},

where A is understood in the sense of distributions. Let vp and vy be
the Dirichlet and the Neumann traces

Ypi u ulyg, YN U Upg, f € HA(Q). (3.1)

It is known, e.g. from Lions and Magenes [11] that vp and 7y, defined
originally on H?(Q) admit continuations to surjective operators

vp: dom(—Amax) — HY2(89Q), ~n: dom(—Amax) — H32(89).

Dirichlet —Ap and Neumann —A y realizations of —A, defined as restric-
tions of the operator —A .« to the domains

dom(—Ap) = {u e H*(Q): ypu = 0},
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dom(—Ay) = {u € H*(Q): ywu=0},

are selfadjoint extensions of the operator —A,;,. One more selfadjoint
realization of —A, so-called Zaremba extension —Ay; of —A,n, is defined
as the restriction of —Ap .« to the set

dom(—Ay) = {u € dom(—Ampax): YpUlao\s = 0, vuls = O}, (3.2)

see [9]. Tts domain is not contained in H3/2(Q), however for every € > 0
the following inclusion holds dom(—Ayx) € H%/?7¢(Q). Notice, that the
operator —Ay in L?(Q) has a discrete spectrum.

Let HZ/Q = {u € H¥?(Q): Au € Ly(9)}. According to [11]
(@) = H'(09), aw(HY(Q) = I*(09)

and for all u,v € Hi/ ? the following Green formula holds

/ (uAv — vAu) dx = / (ypuynv — ynuypv) do. (3.3)
Q oN

Let us define the subspace D, of Hz/ 2(Q) by
D, = {u e HY*(Q): (vpu)loas = o} , (3.4)

and let the operators 7]%,7% be defined as restrictions of the operators
u— yyuls, u— ypuls to the domain D,.

'y]%u = YUy, 'y,%u =~puly, (u€ Dy). (3.5)

The triple {L2(X),v%,75} is a boundary triple for the operator —Apax
in the sense of [6]. As was shown in [7], the operator —Agy defined as
the restriction of —Aax to the domain

dom(~A0,5) = {u € HY*(Q): (rpw)lonrs = (u)ls =0} (3.6)

is essentially selfadjoint in L2(Q). Namely, the closure of —Ay,x, coincides
with the Zaremba operator —Asy.

Remark 3.1. By the terminology used in [7, Definition 1.8] the triple
{L2(2), 7%, v5} is called an ES-generalized boundary triple for —Apax,
with “ES” meaning that the operator —Aqy in (3.6) is essentially self-
adjoint.

The Green formula corresponding to this boundary triple takes the
form

/(UAU — vAu)dr = / (vypuynv — ynuypv) do (3.7)
Q %

with u,v € D,. This formula will be used in the next section.
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4. Approximate controllability

In order to apply the general results of [11] to the system (1.1)—(1.4)
let us consider the Hilbert space H(Q2) := L%(Q) with the norm

1/2
el = ( [ o) dx) | (4.1)

If there are p1, p2 > 0 such that p satisfies the inequalitues

P <o) <pr (wEQ) (4.2)

then the norm (4.1) is equivalent to the standard norm in L?(€). Simi-
larly, the Sobolev space H ;(Q) is defined as the standard Sobolev space
H(Q) endowed with the inner product

(u,v) 1) = / {pwv + (Vu,Vv)} dx. (4.3)
Q
Let V be a subspace of H ;(Q) specified by the equality

Next we recall (see [10, Lemma 2.3]) the following Friedrichs type in-
equality:

kl/ lul?® da §/ |Vul|® dz + lul? do, (4.5)
Q Q o

which is valid for every open set ¥y C 09Q with o(Xp) > 0, for some
constant k; > 0 and for all u € H,(Q).

Proposition 4.1. Let ¥ be an open subset of 0 with o(X¢) > 0, and
let W3 5(Q,%0) be the completion of the set of functions C*(€2) N C(Q)

with respect to the norm

1/2 1/2
fulbwg o = [ 9 de) "4 ([ 1P ar) L wemi)
’ Q >0
(4.6)
and let p satisfy the inequalities (4.2). Then:

(1) W%}Q(Qjﬁo) = H;(Q) and there exist constants C1,Cy > 0 such
that

Cillullwy, @) < lullmi@) < Collullwg, @) (4.7)

for all u e H;(Q)



258 APPROXIMATE CONTROLLABILITY OF THE WAVE EQUATION...

(2) If & is an open subset of OQ with o(0Q\ X) > 0, and p satis-
fies (4.2) then the norm || - ||H;(Q) on V is equivalent to the norm

(fsz ’VUF dx) V2 :

Proof. (1) The proof of (1) follows from the Friedrichs type inequal-
ity (4.5) and from the estimate (see [11])

ull £y00) < kollullg@) (uwe HY(Q)),

which is valid for some ko > 0.
(2) The statement (2) is immediate from (1) applied for Xg = 9Q\ %,
since then the second integral in (4.6) vanishes for all u € V. O

Proposition 4.2. Let 3 be an open subset of OQ with o(0Q\ ¥) > 0,
let p satisfies the inequalities (4.2), let the form a(u,v) be defined on V

by
a(u,v) = /(Vu, Vou)dz, wu,veV.
Q

and let the operator A in L%(Q) be given by A == p~'(—Ay). Then:

(1) The operator A is selfadjoint and nonnegative in H = L2(Q). The
spectrum of A is discrete.

(2) The form a(u,v) admits the representation

a(u,v) = (Au,v)g, wu,v € dom(—Ay).

Proof. The statement (1) follows from the properties of the Zaremba
operator —Ay mentioned in Section 3. The discretness of the spectrum
of A is implied by the Courant minimax principle and the corresponding
statement for the operator —Ay in L?(Q). The nonnegativity of A is
postponed until the next paragraph.

Substituting in the 1-st Green formula

—(Au,v) 2y = /Q(Vu(:(:),Vv) dx — /asz u(z)vy () do,

u,v € dom(—Ay) one obtains
a(u,v) = —(Au,0)f2iq) = —(p7 A, v) 12(0) = (Au,0)p.

This formula proves (2) and the nonnegativity of A. O
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Recall that the set of reachable states of the wave at the instant of
time ¢ = T is defined by the equality

Ut = {uf(~,T): fe M}. (4.8)

It is clear, that U7 C V.

Theorem 4.3. Let X be an open subset of O with o(0Q\ ) > 0 and
let p satisfy the inequalities (4.2). Then the variety UT is dense in V.

Proof. Let ¢ € VoUT, ie. for every control f € MT the following
equality holds

(uf(-, T), <p> =0. (4.9)
Let us show that ¢ = 0. By [11, Theorem 3.8.1] the following system
p(x)vy —Av =0 in Q x (0,7), (4.10)
V= =0, = = ¢ in Q, (4.11)
voo\s = vulz =0 (4.12)

has a weak solution v € L%(0,T;V) such that v; € L?(0,T; H). The
latter means, that

a(v,u) + / puvy dr =0 (4.13)
Q
Let the wave uf (z,t) be the solution of the problem (1.1)-(1.4), and let

v be the solution of the system (4.10)—(4.12). Then by the 1-st Green
formula

a(v,u) — / vuuda—k/ puyv dr = 0.
by Q

Subtracting the last equation from (4.13) and substituting U{|ZX[07T} by
f one obtains

/ pul v, — UU{)t dr = —/ ulvdo = —/ fvdo. (4.14)
Q ¥ %
Integrating this identity on [0, T yields
/ ou! (z,T)p(x) de = / fvdodt. (4.15)
Q 2x[0,T]

Let now w be the weak solution of the system (see [11, Theorem 3.8.1])

p(x)wy —Aw =0  inQx(0,T), (4.16)
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w’t:T = ¥, wt‘t:T =0 in Q, (417)
wlpa\z = wyls =0, (4.18)
such that w € L?(0,T;V) such that w, € L?(0,T; H). Notice that
div (w; V! + uf Vw) = ! !
¢ i pujwy + (Vu!, V) . (4.19)

and by the Gauss—Ostrogradskii formula

/ (pu{wt + (Vu/, Vw)) dx = / (weuy + upwy) do. (4.20)
Q ¢ o0

Integrating this identity on ¢t € [0,7] one obtains

/Q (Vuf’Vgo) (2, T) dx = / fw do dt. (4.21)

£x[0,7]

Combining the equalities (4.15) and (4.21) and taking into account (4.9)
one obtains

0= (ul, (P)H;(Q) = —/ f(v—wy)dodt. (4.22)
2x[0,T)

Since M7 is dense in La(% x [0,7]) one obtains from (4.22)
(v —wi)|sxp,m = 0. (4.23)
By virtue of (4.12), (4.18) one obtains from (4.23)
(v —wi)laaxjo,r) = (v —we)ulnx ) = 0. (4.24)

Therefore, the function u = v — wy is a solution of the system

p(x)uy — Au =0 in Q x (0,7), (4.25)
u(z,T)=0 in €, (4.26)
ulpox (0,1 = Uv|sx [0, = 0 (4.27)

Let us consider the odd extension of u to Q x [T, 2T:

N _ u(-,t), te€l[0,T),
u(-,t) = { —u(,2T —t), telT,2T).

Then the function u satisfies the system

pliyy — AT =0, in Q x (0,27), (4.29)
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g x[0,21] = Uv|nx[o,21] = 0 (4.30)
The reasonings of [3] show that by the Holmgren-John-Tataru theo-
rem [14] u = 0 in the space-time domain

{(z,t) € Q x (0,27): dist,(z,¥) <t < 2T —dist,(z,X)}.  (4.31)

Therefore, v = wy in the domain {(z,t) € Q x (0,T): dist,(z,¥) <t <
T} and hence

T
w(-,t)=¢ —/ v(-, s)ds. (4.32)
t
By the last equality one gets ¢, |s = 0, p|po\x = 0 and
T
0=pwy — Aw =—Ayp — / [pvss — Av](-, s)ds + pvt|i=r
t

=pp—Ap=p(I+A)p in.

(4.33)

Since A > 0 this eigenvalue problem has no non-trivial solutions, there-
fore p = 0. O

5. Estimates for the error of approximation

Now we are going to estimate the error ||u/(-,T) — ¢l Ly(x) of the
approximation of a harmonic function ¢ by the wave u/ (-, T) (f € MT)
in terms of the response operator.

For every ¢ € le(Q) let us set

o(f) :_/Q‘Vuf(-,T)—Vgo‘Qd:c. (5.1)

Proposition 5.1. Let o € V' be a harmonic function in Q) and let f €
MT. Then the functional ®(f) takes the form

o) = 1. fle=2 [ (RTP(Dhgvdo+ [ povdn (52)
Proof. Indeed, it follows from (5.1) that
B(f) :/Q]Vuf(-,T)|2d:c—Q/Q(Vuf(-,T),Vgo) dx—i—/ﬂ\Vgo]de.
In view of the 1-st Green formula

/(Vuf(x, T),Vo)dz = / ul (z,T)p,(z) do,
Q o0

[ 1vetae = [ oo do

and the assumptions uf\g\z = ¢|a\x = 0 this implies (5.2). O
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Proposition 5.2. Let 3 be an open subset of OQ with o(9Q\ X) > 0,
let p satisfy the inequalities (4.2) and let € > 0. Then:

(1) For every harmonic function p € V there exists a control f € MT
such that
a(f) <2 (5.3)

(2) There exists a constant C > 0 such that if (5.3) holds for some
0 €V and f € MT then

Huf(.’T) - (p(.)HH;(Q) < Ce. (5.4)

Proof. (1) Since U7 is dense in V(C H;(Q)) then for every € > 0 there
is f € M7 such that

|wHe,m ¢ 2. (55)

e ) - v

2 2
<e
La(Q La(Q)

In view of (5.1) this yields (5.3).
(2) It follows from (4.3), the Friedrichs type inequality (4.6) and (5.3)
that

Huf("T) B SO(‘)HZ;(Q) = I?gs%(p(x)m )’(uf)("T) B SO‘ ZQ(Q)
+ [y 1) - ;m)
< (142w - vl
< (1 + Zi) 2.
This proves (5.4). O

Remark 5.3. In the case when X coincides with 02 one has the equality
V = H'(Q) and hence the system is approximately controllable in H!((2).
As is known the set of products of harmonic functions ¢,v € H'(Q) is
dense in L?(£2) and this allows to solve the inverse problem for the speed
of sound p. In the case when ¥ # 9 and m(9Q2\ ¥) > 0 we do not know
how big the set {p1: ¢, € V} is. If it is dense in L?(£2) then one can
use the strategy of [13] in order to give the procedure of reconstruction
of p.
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