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Improved integrability and boundedness
of solutions to some high-order
variational problems
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Abstract. In this article, we give a series of results on the improved
integrability and boundedness of solutions to several high-order varia-
tional problems with strengthened coercivity. In particular, we consider
the homogeneous Dirichlet problem on the minimum of integral func-
tionals and study variational inequalities with unilateral and bilateral
obstacles and also with integral and gradient constraints.
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1. Introduction

Let n, m € N and p € R be numbers such that m > 2, p > 1, and
n > mp. Let €2 be a bounded open set of R™. The known counterexamples
[6,18] to the nineteenth Hilbert problem demonstrate that elliptic partial
differential equations of the form

> (-)D* Ag(z,u, ..., D™Mu) =0 in Q (1.1)

lal<m

can have unbounded generalized solutions when the coefficients A, are
smooth functions satisfying the ordinary growth and coercivity conditions
for the Sobolev space WP (). However, in this situation, it is possible
to extract a subclass of equations of the form (1.1) whose all generalized
solutions are bounded and Holder continuous [21]|. This class of equations
is characterized by a strengthened coercivity condition under which the
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natural energy space is the space WP () N Wh4(Q) with ¢ € (mp,n).
In a typical case, this condition means that, for some constant C' > 0 and
every x € Q and £ = {£, € R : |a| < m}, the following inequality holds:

3 Aa($7§)€a>c{ Do Il + 30 ’&*'p}'

1<|al<m |a|=1 |a|=m

In [21], Skrypnik has begun the study of the regularity of generalized
solutions of variational high-order problems with strengthened coercivity.
In particular, the boundedness and the Holder continuity of solutions
to variational inequalities with strengthened coercivity and sufficiently
regular data were proved in [3,12,14]. Analogous results were obtained
in [2,4,5] for minimizers of second-order integral functionals.

We observe that the proof of the boundedness and the Holder continu-
ity of generalized solutions to the variational problems in [2-5,12,14,21]
uses a modification of Moser’s method [19]. Using an analogue of Stam-
pacchia’s method [22,23], a weaker (exact in the scale of the Lebesgue
spaces) condition on integrability of data was established in [15,24] to
guarantee the boundedness of generalized solutions of nonlinear high-
order equations with strengthened coercivity. Moreover, a dependence of
summability of generalized solutions to these equations on integrability
of data was described in [15,24]. This dependence shows how, with an
increase in the Lebesgue summability exponent of the right-hand side of
the equation, the summability of its generalized solutions improves until
they become bounded and Hélder continuous.

In the present article, we extend the results of [15,24] to high-order in-
tegral functionals and variational inequalities with strengthened coerciv-
ity. Thus, we supplement and strengthen some results of [2-5,12,14,21],
since we establish properties of solutions of variational problems before
they become bounded and Holder continuous. Furthermore, here we
study variational problems on subsets of W;""(Q) N I/VO1 9(Q) that are
invariant under the operation of k-level truncation by smooth cut-off func-
tions {hg}tr=0 C C™(R). By their properties, the functions hj are sim-
ilar to the standard truncation functions Tj(s) = max{min{s,k}, —k},
k > 0, s € R, and are their natural substitutes in high-order problems
with strengthened coercivity (see [15,24,25|). The collection of sets that
are invariant under the truncation operation by the functions hj is much
wider than that defined by the constraints dictated by using of Moser’s
method in [2-5,12,14]. In particular, it covers the unilateral and bilateral
obstacle problems. Their consideration here became possible due to the
use of the method of [15,24,25].

The further content of the present article is divided into four sections.
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In Section 2, we give necessary preliminaries and useful auxiliary asser-
tions. The main results of the article are stated in Section 3 and proved
in Section 4. In Section 5, we give some important examples where all
the hypotheses are verified.

2. Preliminaries and auxiliary assertions

2.1. Initial assumptions

Let m,n € N, m > 3, and n > 2(m — 1). These inequalities imply
that n(m —1) —2 > 0 and

2 _ _ _
n(m — 2) 2(m—1) < n ’ 1 < 2n(m — 2) <9
nim—1)—2 m m nim—1)—2
Let p € R be a number such that
2n(m — 2) n
_ —. 2.1
n(m—l)—2<p<m (2.1)

From (2.1), it follows that p(m — 1) — 2(m —2) > 0.
We set
2p
p(m—1) —2(m—2)

]5:

By virtue of (2.1), we have max(p, mp) < n.
Let ¢ € R be a number such that max(p, mp) < ¢ < n.
If p < 2(m—1)/m, then p > mp; but if p > 2(m—1)/m, then p < mp.
For more details on the above-made assumptions on the numbers m,
n, p and ¢, we refer to [10,25].

2.2. Functional spaces

Let ©Q be a bounded open set in R™. For every r > 1, || - ||, is the
norm in the usual Lebesgue space L™(Q). By W% (Q) we denote the
set Wh4(Q) N W™P(Q), where Wh4(Q) and W™P(Q) are the classical
Sobolev spaces (see, e.g., [16, Chapter II, §2|). The set W,}&,(Q) is a
Banach space with the norm

lull = lullwra@) + Y 11Dl

la=m

By Wy4(Q) and W,%(Q), we denote the closures of the set C5°(2) in
WL4(Q) and W% (), respectively.



106 IMPROVED INTEGRABILITY AND BOUNDEDNESS. . .

Remark 2.1. If the parameters m, n, p, and g are such that m = 2,
p>1, and n > q > 2p, then all the other assumptions of Subsection 2.1
are not needed for the definitions of the spaces Wzlg(ﬁ) and W;g(Q)

We set ¢* = ng/(n — q). As is known (see, for instance, [16, Chapter
I1, §2|),

W,9(Q) C LT (), (2.2)
L 1/q
Ve W), el <eng ( 3 [ I0nultan) L 23)
la]=1 7

where ¢, 4 is a positive constant depending only on n and g.
Next, let A,, be the set of all n-dimensional multiindices « such that
1 < |a] < m. For every a € A, we set

I a—-1 m — |«

G plm—1)  q(m—1)

The next result (see [10, Lemma 3.2]) is a consequence of the Nirenberg—
Gagliardo interpolation inequality [20, Lection II, inequality 2.2].

Lemma 2.2. Let u € Wé%(@) Then, for every B € A, 2 < |8] <
m — 1, there exists the weak derivative DPu € L9%(Q) and the following
inequality holds:

[B]—1 m—|B|

m—1

1D%ulyy < O( 3 ID%ully) " (2 ID%ully) T, (24)

laf=m laf=1

where C' is a positive constant depending only on n, m, p, and q.

The following result is something like a chain rule for weak derivatives
in W% (Q) (see [10, Lemma 3.5)).

Lemma 2.3. Let h € C™(R), h(0) = 0, and let the function h and its
dem’vatz’ges R, i =1,...,m, be bounded in R. Let u € Wﬁﬂ,(ﬂ) Then
h(u) € W#%(Q) and the following assertions hold:

(i) if « € A, and |a| = 1, then D*h(u) = h'(u)DYu a.e. in €;
(i) if @ € Ay, and 2 < |a| < m, then
|D*h(u) — K (u) D]

|at]
< Chm R (y DBy|le/1Bl g e, in Q,
m( D]
1=2

1<18]< el

where the positive constant ¢y, depends only on m and n.
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In particular, if u € Vi/zly’;f(Q), a € Ay, and |o| = 2, then

|Dh(u) — b (u) D% < | (u)| > [DPuf?  a.e. in Q.
18l=1

2.3. Truncation functions

To state the main results, we also need the notion of smooth k-
truncation functions.

Definition 2.4. Let k > 0. A function hy : R — R is called an k-
truncation function if it has the following properties:

(i) hx € C™(R), hy and its derivatives h,(j), 1=1,...,m, are bounded
mn R;

(ii) hi(—s) = —hg(s) for any s € R;
(iii) hg(s) =s if |s| <k and 0 < h), <1 if|s| > k.
For every k > 0, we denote by Ti, the set of all k-truncation functions.

Specific k-truncation functions will be used in Section 4 to prove the
main results of the paper. Such functions play a role similar to that of the
standard truncation functions T(s) = max{min{s, k}, —k} in applying of
Stampacchia’s method for second-order elliptic equations and variational
inequalities, and also for integral functionals of the form [, F'(x, u, Vu)dzx
(see, e.g., [1,8,11,22,23]).

2.4. Stampacchia type lemmas

For every Lebesgue measurable set F C €2, we denote by meas E the
n-dimensional Lebesgue measure of F.

The following three lemmas (see [15, Section 2|) are similar to the
Stampacchia’s results (see for instance [23, Section 4]|) on the boundedness
and summability of a measurable function u : 2 — R whose distribution
function

©(s) = meas{|u| > s}, s >0, (2.5)

satisfies certain special relations between ¢(I) and (k) for [ > k.

Lemma 2.5. Let u: Q — R be a measurable function, C >0, 0< 1 <
T, v > 1, kg = 0, and let the following inequality holds for any k and l
such that kg < k <1 < 2k:

o) < = o (26)
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Also assume that ¥ > kg and
YT > ont@-Dn/(v-1) o [90(]60)]771‘
Then v € L*™(Q) and ||ullc < ko + 9.

Lemma 2.6. Let u : 2 — R be a measurable function, and let C' > 0,
0 <71 < 7, and kg = 0. Suppose that, for any k and | such that
ko < k <l <2k, the following inequality holds:

o) < = (b (2.7

Then there exist positive constants b and K depending only on 1, T2, ko,

C such that exp(blu|™~™)/72) ¢ LY(Q) and
/Qexp(b]u(TQ_Tl)/TQ) dzxr < K meas Q.
Lemma 2.7. Let u : Q — R be a measurable function, C > 0, 7 > 0,
€ (0,1), ko = 0 and the following inequality holds for any k > k:
p(2k) < Ck™Tlp(k)]7, (2.8)

Then, for every A € (0,7/(1 —7)), we have u € L*(2), and ||ul[x < K',
where K' is a positive number depending only on C, 7, v, A, ko, and
meas (2.

3. Main results

3.1. Summability of minimizers of integral functionals

We denote by R™™ the space of all sets { = {{n, € R: a € A, }. For
every u € W% (), we define V,,u = {D% : a € A}
We consider the functional Z : Wp%,(€) — R such that

Vu e W,}%%(Q), Z(u) = / {F(z,Viu) + g(z,u)} dz. (3.1)
Q

We need the following structural hypotheses on F' and g:

(H1) F: QxR™" - R and g: Q2 x R — R are Carathéodory functions,
ie. for any £ € R™™ and s € R, the functions F(-,¢) and g(-, s)
are measurable on 2 and for almost all z € Q, the function F(z, )
is continuous in R™™ and the function g(z,-) is continuous in R.
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(H2)

(H3)

(H4)

For almost all x € Q, the function F(z,-) is convex in R™"™. This
means that for almost all z € Q and every &, n € R™™ and a € [0, 1],

F(z,aé+ (1 —a)n) <aF(x,&) + (1 —a)F(x,n). (3.2)

Let {pa}aca,, be a set of positive numbers such that

1 la] — 1 m—laf .
- = + if 2<|al <m, 3.3
pa  pm—1)  q(m—1) o (33)
pa=¢q if |a] =1, (3.4)
max(p, mp) < q1 < g < n. (3.5)

There exist c1, c2, c3 > 0 and non-negative functions fi, fo € L'(Q)
such that, for almost all z € Q) and every £ € R™™, the following
inequalities hold:

F&zea Y |Gl —c > |Gl -A), (36

|al=1,m 2<]a|<m—1

F(z,6) <cs Y [&al™ + fa(2). (3.7)

acNy,
There exist ¢4 > 0, v € (0,q) and non-negative functions g1, g2 €

LY(Q) and g3 € LT/(@"=¥)(Q) such that for almost all z € Q and
every s € R the following inequalities hold:

|9z, 5)| < eals| + g (@), (3.8)

9(x,5) = —|s"gs(z) — ga(x). (3.9)

There exist ¢5 > 0, u > 1, ¥ > 0 and a non-negative function
f3 € LY() such that for almost all x € Q and every k > k' and

w,z € R, |z| = |w| = k > K the following inequality holds:

g(z,w) — g(w,2) < es(jw| + [2)"Hw — 2 + fa(z)|w — 2[. (3.10)

Remark 3.1. In view of relations (3.3)—(3.5), (3.6)—(3.8), inclusion (2.2),
and Lemma 2.2, for every u € Wy%(Q), the functions F(z,V,,u) and
g(x,u) are summable in © and the definition of functional (3.1) is correct.



110 IMPROVED INTEGRABILITY AND BOUNDEDNESS. . .

Remark 3.2. We note that due to (2.3), (2.4), (3.3)-(3.6), (3.9) and the
Holder’s and Young’s inequalities, functional (3.1) satisfies the following
coercivity condition on W,L%(Q) (the so-called strengthened coercivity
condition):

Vue WT}%(Q), I(u) > C/Q{ Z | D%u|? + Z \Dau,p} dx — C',
la|=1 |a|=m
(3.11)
where C, C" are positive numbers depending only on c¢1, ¢2, ¢y q, 7, M,

p, 4, 91, V, Hf1||17 ||92H17 Hg3||q*/(q*—u)‘

Remark 3.3. If, additionally to (3.2)—(3.9), for almost every x € €2, the
function g(z, -) is convex on R or the exponent ¢* in (3.8) is replaced by
u1 € (0,q%), and if U is a nonempty sequentially weakly closed set in
W#{?D(Q), then there exists a minimizer u € U of the functional Z on the
set U:

VveU, Z(u) <ZI(v). (3.12)
This fact follows from (3.11) and known results on the existence of min-
imum points of coercive functionals (see for instance [7, Section 6.2]). In

addition, if u is a minimizer of the functional Z on V()[/}ln’z,(Q), then, by
(3.11) and the inequalities

T(u) < Z(0) < /Q (g1 + f2) da,

we have |lu]| < C”, where C” is a positive number depending only on ¢y,
€2, Cnyg, N, M, P, 4, q1, V, ||f1”la ||f2Hla ||gl||1) ||92||17 Hg3Hq*/(q*—y)'

Now, we are ready to give our main results. First, we state a theo-
rem on the improved integrability and boundedness of minimizers of the
functional 7.

Theorem 3.4. Let r > ¢*/(¢* —1). Suppose that hypotheses (H1)—-(H5)
hold with the functions fi, fo and fs belonging to L" (), and let M be a

magorant for || fullr, || f2llr, [[fsllr, [l91lle, lg2llr and |lgsllgs /(g —v)- Let U
be a nonempty set in WT}Q%(Q) satisfying the following condition:

there exists ky >0 such that if k>ky, hy € T, and ve U, then hi(v)e€U.

(3.13)
Finally, let uw € U be a minimizer of the functional Z on the set U. Then
the following assertions hold:

(i) ifr <n/q, p<(¢"+7r)/r and ¢* < X <nr(q—1)/(n—qr), then
u € LMNR) and ||lu||x < Cy, where Cy is a positive number depending
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/
Only onn,m,p,dq,dq, Ci, C2, €3, C5, V, [, T, k ’ kU; )‘7 measQ,
M, and ||u||;

(ii) if r =n/q and p < ¢* — q+1, then [, exp(blu|/?)dx < Cy, where
o > 1 depends only on n, m, p, q, q1, and b and Cy are positive
numbers depending only on n, m, p, q, q1, c1, co2, c3, ¢5, K, ky, v,
w, measQ), M, and ||ul|;

(iii) if r > n/q and p < ¢* — q+ 1, then u € L>®(Q) and ||ul|oc < Cs,
where C3 is a positive number depending only on n, m, p, q, qi,
c1, ¢, C3, C5, V, W, T, K, ky, measQ, M, and ||ul|.

Remark 3.5. Let U = W,;%(€). Then, by Lemma 2.3, condition (3.13)
is satisfied with ky = 0. Furthermore, by virtue of Remark 3.3, the con-
stants C, Ca, C5 do not depend on ||u||. In Section 5, we give examples
of non-empty closed convex subsets of Wﬁz%(Q) which satisfy condition
(3.13) and do not coincide with W% (€2). These are the sets that occur
in the obstacle problems:

Vp ={v e W,}l(fo(Q) :v =1 ae. in Q} (a unilateral problem),

Vir o ={v € W#I%(Q) cp1 < v <o ae in Q} (a bilateral problem),

as well as some other sets suggested by [3,8,9,11-14] and defined by
pointwise gradient and integral constraints. We also note that the form
of condition (3.13) is similar to that of the corresponding conditions in
some results of [8,11], where the standard truncation functions T}, were
used instead of hy.

Remark 3.6. To prove Theorem 3.4, we use a method close to that
of [15,24,25]. This method is based on the use of Lemmas 2.5-2.7 and
some family of k-truncation functions {hg }x~o such that, for every k& > 0,
hi(s) = 0if |s| > 2k and 0 < h}(s) < 1 if k < |s| < 2k. The accurate
definition of the functions {h}x~o will be given in the proof of Theorem
3.4. Condition (3.13) indicates that the set U is closed (invariant) with
respect to the operation of k-truncation by the functions {hy}r~o. This
fact allows us to use v = hi(u) as test functions in (3.12) to obtain
Z(u) < Z(hg(u)). From the last inequality, using the hypotheses (H2)—-
(H5), the assumption fi23 € L"(Q) with r > ¢*/(¢* — 1), as well as the
structure of the functions hy(s) (especially on the set k < |s| < 2k), we
derive relations (2.6)—(2.8) with a constant C' > 0 independent of u and a
number v depending, in particular, on r. The subsequent application of
Lemmas 2.5-2.7 establishes the validity of assertions (i)—(iii) of Theorem
3.4.
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Remark 3.7. A result similar to Theorem 3.4 holds for minimizers of
the second-order variational integral

/Q {F(:c, Vou) + g(z, u)} dz

which is coercive on the space ngg(Q) The proof of this fact is much
simpler than the proof of Theorem 3.4, since there is no need to use
Lemma 2.2 and some arguments (see [25]) related to the exponents {p, :
2 < |al] < m — 1} and the intermediate derivatives {D% : 2 < |a] <
m — 1}. In this case, instead of (2.1) and (3.5)—(3.7), we simply assume
that p > 1, n > ¢ > 2p and for almost all z € Q and every ¢ € R™? the
following inequalities hold:

a Y l&l'+ Y lal) — i)

laf=1 =2

<F@.8) <o Y laal’+ Y 16l”) + fola).

la]=1 |a|=2

3.2. Summability of solutions to variational inequalities

We now turn to the consideration of variational inequalities on subsets
of the space ernqp(Q) We make the following hypotheses.

(H6) Let for every a € Ay, Ay @ Q X R™™ — R be a Carathéodory
function, i.e. for any £ € R™™, the function A,(-,§) is measurable

on  and, for almost all x € Q, the function A,(z,-) is continuous
in R™™,

(H7) There exist cg, c7, cs > 0 and non-negative functions ay, as € L1()
such that for almost all x € Q) and every & € R™™ the following
inequalities hold:

Y Aa@ Oz Y Gl ma Yl - ),

la|=1,m la|=1,m 2<|a|<m—1
(3.14)
37 Aa(z, )P/ @D L og 37 [eafPo +ax(z),  (3.15)
aENy, a€Am

where {pq }aea,, is the set of positive numbers defined by means of
(3.3)-(3.5).

If the parameters n, m, p, and g are such that m = 2, p > 1,
n > q > 2p, then instead of (3.14) and (3.15), we assume that for



M. V. VoITOVYCH 113

almost all z €  and any ¢ € R™? the following inequalities hold:

Z Aa(z,€)éq c6{2|5a|q+2|§a\p}—a1 ),

laj=1 |af=2

Z ‘Aa(x,g)‘Q/(Q—l) + Z ’Aa(x,g)’p/(p—l)

laf=1 |af=2

<o Tlal+ X lel}+ar,

|laf=1 |af=2

Let A : W% (Q) — (W% (€Q))* be the operator such that

Vu,we ngfo(g% (Au,w) = / { Z Az, Vmu)Daw}d:c.
Q aENm,

Observe that, by hypothesis (H6) and inequalities (2.4) and (3.15), for
every u,w € WTI,L%,(Q) and every a € Ay, the function A, (z, V,u)D%w
is summable on ). Hence, the definition of the operator A is correct.

Let f e L¢/(@ =1 (Q), and let U be a nonempty set in W ().

We consider the following problem:

ueU, (3.16)
VoeU, (Au,u—wv) < / f(u—wv)dz. (3.17)
Q

Remark 3.8. If, additionally to the hypotheses (H6) and (H7), the
coefficients of the operator A satisfy a certain monotonicity condition
and if the set U is convex and closed in W%%(Q), then there exists a
solution to problem (3.16), (3.17). Furthermore, if the corresponding
strong monotonicity condition holds (see [25, inequality 2.18]), and if the
set U is convex and closed in W},{%(Q), then there exists a unique solution
to problem (3.16), (3.17). These facts follow from the known results of
the theory of monotone operators [17, Chapter §].

We now state the second main result of the paper. This is a theorem
on the improved integrability and boundedness of solutions to problem
(3.16), (3.17).

Theorem 3.9. Let f € L"(Q), r > ¢*/(¢* — 1). Suppose that the hy-
potheses (H6), (HT7) hold with the functions a1, ax € L"(S2), and let M
be a majomnt for llaillr, llazl|lr and || f]|». Suppose also that a nonempty
set U C W% (Q) satisfies condition (3.13), and let u be a solution to
problem (3.16), (3.17). Then the following assertions hold:
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(i) if r <n/q and ¢* < X\ < nr(q—1)/(n —qr), then u € LNQ) and
llullx < Cy, where Cy is a positive number depending only on n, m,
P, 4, q1, Cg, C7, C8, T, )‘7 meaSQ7 M7 kU; and ||U”,

(i) if r = n/q, then exp(blu|'/?) € LY(Q) and Jo exp(blu|/?)dz <
Cs, where o > 1 depends only on n, m, p, q, q1, and b and Cjs
are positive numbers depending only on n, m, p, q, q1, Cg, C7, Cs,
meas ), M, ky, and ||u||;

(iii) ofr > n/q, then uw € L*(Q) and ||u||s < Cs, where Cg is a positive
number depending only onn, m, p, q, q1, ¢g, c7, ¢g, T, meas ), M,
ky, and ||ul|.

Remark 3.10. If U = W;%(Q) and w is a solution to problem (3.16),
(3.17), then the constants Cy, C5, Cg in the statement of Theorem 3.9
do not depend on kyy and ||ul|.

Remark 3.11. Let r > n/q and all the other assumptions of Theorem
3.9 hold, let u be a solution to problem (3.16), (3.17). Then, by assertion
(iii) of Theorem 3.9, we have u € L*°(2). This inclusion and [3, Theo-
rem 1] imply that u is locally Holder continuous in (2 if the set U satisfies
the following hypothesis (see [3, Hypothesis 3]):

(H8) there exist ¢ > 0 and a non-negative function a € L"(§2) such
that, for every solution u of problem (3.16), (3.17) and every w €
Warip($) N L(9),

< c/ alw|dx.
Q

In Section 5 (see Example8), we consider a set U # W% (Q) that sat-
isfies condition (3.13) and Hypothesis (H8) simultaneously. This set is
suggested by [3, Example 2|, [14, Corollary 4.2].

' (Au, w) — /Q fwda

4. Proofs of the main results

4.1. Proof of Theorem 3.4

Let r > ¢*/(¢* — 1), let the hypotheses (H1)-(H5) be satisfied with
the functions

fi, fo, 3 € L'(Q),  g1,92 € LYQ), g3 € LT/ @ (Q),

and let M be a majorant for |[fillr, |[fallr, f3llr; lgill1; llg2lls and
l93llq= /(g*—v)- Suppose also that u < ¢*. Let U be a nonempty set
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in Wm%(Q) satisfying condition (3.13), and let u € U be a minimizer of
the functional Z on the set U. Finally, let ¢ be the function on [0, +00)
defined by (2.5). Our main goal is to establish for this function relations
of the form (2.6)—(2.8) with a number ~, depending, in particular, on r.

By ¢i, 1 = 9,10, ..., we denote positive numbers depending only on
n, m, P, ¢, q1, C1, C2, C3, C4, V, ji, 7, k', kyr, ||ul|, measQ, and M.

Step 1. We now introduce some auxiliary numbers. By virtue of the
assumption r > ¢*/(¢* — 1), we have (r — 1)/r — 1/¢* > 0. We set

n:(r_l—i>4, (4.1)

r q*
* ES _ 1 *
v_mm{ ¢ Lol g M} (4.2)
By (4.1), we have

1 1 1
—+-+—-=1 (4.3)

(] r o q

It is obvious that 1 1 N
~ H L4 TR (4.4)

q q* q*
In addition, it follows from the definition of the numbers r; and ~ that

1 ~1 )
7:<T q*—1><1ifr<n andu<Q+T, (4.5)
q—1 r q r

. n
v=1if r=— and p<q¢*—q+1, (4.6)

q
fy>1if7“>2and p<qg-—q+1 (4.7)

q

Step 2. We fix k > kg, where kg is a positive number which will be
specified below. We define a k-truncation function hy such as in [25].
Let ¥y be a function on [0, 1] such that, for every s € [0, 1],

W) = [ 0= ),

where t = t(n,m,p, q,q1,r) is a sufficiently large positive number, which
will be refined below. We set a = 1/¥(1), and let ¥ be a function on
[0,1] such that, for every s € [0,1],

U(s)=s— a/os Uo(p)dp.
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Next, let hj, be a function on R such that

s if |s| <k,
hi(s) = [qf(‘s'l;’“) n 1} ksigns if k< |s| < 2k,
[U(1) + 1] ksign s if |s| > 2k.

We consider some properties of the function hj which are needed in
this paper. By K;, i = 1,2,..., we denote positive numbers depending
only on ¢ and m. We have

hy, € C™(R), (4.8)

|hi] <2k on R, (4.9)

hi(s) =1 if |s| <k, (4.10)
0<hi(s) <1 if k<]s| <2k, (4.11)
hi(s) =0 if |s| > 2k, (4.12)

| < klfjl on R, i=23,....,m. (4.13)

Moreover, the following assertions hold:
if 6 €(0,1/2), seR, |s| € (k, (1 +0)k]U[(2 —)k,2k), o € Ay, and
2 < |a| < m, then

)P Kbt
a—1 i—1)pa
(1— k()" kGi=lp

if 6 € (0,1/2), s € R, and (1 + §)k < |s| < (2 — d)k, then

K3 (1 = hy(s)

\hg)(s)\ < G i=2,3,...,m; (4.15)
if k<l<2k, seR, and |s| >, then
|s — hi(s)| > K4k<k:> . (4.16)

Proofs of assertions (4.15) and (4.16) are given in [25]. It remains to
prove assertion (4.14). In fact, let @ € Ay, 2 <7 < |a| <m, 0 € (0,1/2),
s €R,

Is| € (k, (1+8)k] U (2 — 6)k, 2k) and y = (|s| — k) /k.
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We estimate |h,(f)(s)| from above. By the definition of hj and the Leibniz
formula, we have

‘ ; i+l =2 . o
W(s) = ~ BTN 0l w0 ), (@)
=0

where w(y) = 4!, v(y) = (1 — y)! and, for every 0 < j <i— 2,
w(y)=t(t—1)...(t—j+1)y",
P20 () = (S0 2T 4 (= 1) (i 4+ 3) (1 — )2,
The last two equalities and (4.17) yield

i—2
: Ks » i
) < 5 Dy A —y) T (4.18)
j=0

Next, we estimate 1 — h) (s) from below. We use the definition of hy,
and integrate by parts to obtain

Yy
1 h(s) = a/o p'(1—p)idp

a i L LaTE t—1 419
— 1— e 1— d .
U y)+t+1/0p( p)dp (4.19)
a
>7t+11_ t'
1y -y

Now, if k < |s| < (1+8)k, then 0<y<d<i<l-6<1-y<1,
and by (4.18) and (4.19), we have

O D R L ¥ [ s
(L= ()P RO Dm0l = 1D

If (2—6)k < |s| < 2k, then0 < 1—y < < 3 <1—0 <y < 1. Therefore,
inequalities (4.18) and (4.19) yield

) Ky (L) gt
(1= hy(s))P= " KOO (L= gyl = G Dre

Thus, assertion (4.14) is proved.

Step 3. Now, we proceed to the immediate derivation of relations
(2.6)—(2.8). We can assume that ¢(k) > 0, otherwise inequalities (2.6)—
(2.8) hold.



118 IMPROVED INTEGRABILITY AND BOUNDEDNESS. . .

Assertion (4.16) implies that, for every [ € (k, 2],

k(t+1)q*
e(l) <

< — —h T dg. 4.20

By virtue of Lemma 2.3 and the properties (4.8)—(4.13), we have hy(u) €

i #@%,(Q) and the following assertions hold:

if o € Ay, and || = 1, then
D%hy(u) = hi(u)D% a.e. in € (4.21)

if € Ay, and 2 < |a] < m, then

| D%hy(u) = Ry () Dl

gcn,m<§yh;i>(u>\>< 3 \Dﬁu\aVB') ae in Q. (4.22)
1=2

1<[Bl<e

We set

o= D"+ > [Duf.

laf=1 laj=m

By (2.3), (4.21) and (4.10)—(4.12), we have the inequality

([r-mera)"” <a( [ ea-nwe)"  ws

that together with (4.20) yields

o(l) < (%Z)q*m(éé(l—h;(u))dxy " o

Our further arguments are aimed at obtaining the inequality

(/Q o1 - h%(U)Mﬂf) " < colp(R)]7. (4.25)

After this, we will be able to apply Lemmas 2.5-2.7 and complete the
proof.

The definition of hj and the properties (4.8)—(4.13) ensure that hy €
Ti. Consequently, by condition (3.13), we have hi(u) € U. This inclusion
and (3.12) imply that Z(u) < Z(hg(u)). From this, using (3.1) and the
fact that hyx(u) = u and V,,hi(u) = Vy,u almost everywhere on the set
{Ju| < k}, we obtain

/ F(z,Vpu)dr < / F(z, Vi hi(uw))de + I, (4.26)
{lu[>k} {|u|>k}
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where
I = / (g(x, hi(uw)) — g(m,u))dw.
{lul>k}
Using inequality (3.2) with

~ Vihi(u) = b (u)Viu
B 1—h(u) ’

a=hi(u), &= Vnu,

(4.11), (4.12), (3.7) and assertions (4.21) and (4.22), we establish

/ F(z,Vyhg(uw))dx
{lul>k}

< / h;c(u)F(:L“, Vmu)d:z + / fgdl’ + 010[2,
{lul>k} {lul>k}

where

o »
u «@
L= > E/ )‘prl | DPu|pell/1Blgy.  (4.27)

1<ifi<lal<m =2 Hu>k} (1= R (w)

From this and from (4.26), (3.6), (4.10)—(4.12), we deduce

cl/ ®(1 — hi(u))dz
{lul>k}

S / (fi+ fa)dz + I + ciol2 + 2 Z Ig, (4.28)
{lul>#k} 2<|B|<m—1

where
Iy = / DPuPo (1 — L (uw))dz, BEAm, 2<|8|<m—1 (429)
Q

Let us obtain suitable estimates for the addends on the right-hand
side of (4.28).
By Hoélder’s inequality, we have

/{ St TR <l Fally o (k)] =07 < 2M (k)] =D/, (4.30)
ul>

Step 4 (estimate for I7). By (3.10), we have

6L < C5I{ + I{/, (431)
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where

I = / ()] + [ul)? o — ()|,
{lu|>k}

I = / f3lu — hy(u)|dx.
{lul>k}

Taking into account the facts that hy(s) = s for s € [—k, k] and |hg(s)| <
|s| for s € R and using (2.3), (4.4), Holder’s inequality and (4.23), we
obtain

I < 2“1/ lu|“ " u — hy(u)|dzx
{lul>k}

S A o ([ o= mras) ot
<en( [oa- h'k(u»dx)Uq[go(k)](q*—“)/q*.

From this and Young’s inequality, it follows that

C1

I < ®(1 — hly(u))dx + ciofp(k)] 2 —m/a" (@=1), (4.32)

= 8es Jg

We use the fact that hi(s) = s for s € [—k, k], (4.3), Holder’s inequality
and (4.23) to obtain

. 1/q*
1t < [@(k)]l/”||f3|!r< [ o= mwe dx)

< eng Mo ([ 201 Ky "

Hence, using Young’s inequality, we deduce

C1

o | @ = hi(w)de + exsfp(k))#/ 17D, (4.33)
Q

I <

Now, using (4.31), (4.32) and (4.33), we obtain the estimate

C1

L[ (1= )+ eseralp ()10 @D e/ la= 0,
Q

(4.34)

I <

Step 5. We proceed to estimate the terms Io and Z2<|ﬁ|<m71 I
on the right-hand side of (4.28). This is the most essential point in the
proof. In this case, a crucial role is played by assertions (4.14), (4.15)



M. V. VoITOVYCH 121

and a special choice of the parameters ¢t = t(n, m,p, ¢, q1,7) and ko in the
construction of the function h; on Step 2.

We set
m—2 .
(m—1)2q1p 2qd n\
go Dy 2l SRy gy
g1 —mp q—q1 ; p ( )< )
qo—max{ﬁu)am:lg\ﬁ|<\a|<m}. (4.35)
‘B‘pﬁ_’a’pa

We will need the following easily verified inequalities:

1Blps > lalpa i 1<[B] <o <m,
O(m—1 1
L<, and 0<gqy<d<¥. (4.36)
t—1 T
By virtue of (2.3), we have

o(s) <cuus™9 for every s> 0. (4.37)
Hence, we can assume the number kg > 1 so large that
o(s) < (1/2) 1 <1 for every s > k. (4.38)
We set
6 =[p(k)Y/ED e = gmTL (4.39)

Since k > ko, by virtue of (4.38), we have § € (0,1/2) and € € (0,1/2).
A suitable estimate for } o5 <,,_1 Ig Was obtained in [25, inequality
(3.31)]:

S e /Q (1= By (u))dz + cs(=—"p(k) + ). (4.40)

2<|Bl<Em~1

Now, we estimate I5. For every a € A,, with |a] > 2 and every
i = 2,...,]a|, we denote by Hj,; a measurable function on the set
{lu| > E} such that

h(l) Pa
Hy 0, = ( | ,;;/((u))])p — a.e. on {|u| > k}. (4.41)
1 —hj(u)™

It is obvious that if o, 8 € Ay, and 1 < |B] < |a| < m, then

lalpa |1Blps — |alpa

—1.
1Blps |Blps
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Using this equality, (4.27), (4.41), (4.35) and the Young inequality, we
obtain

|
I < Z / epﬁlﬁm“‘HZilﬁl/pa'a‘]D5u|p5dx+clggo(k)5_q0.
1<[8|<[af<m i=2 * {ul>k}
(4.42)
We fix o, B € Ay, € Nsuch that 1 < [f] < |a] <mand 2 << |al. It
is clear that

ki

/ Hpﬁlﬁ-‘/lama‘Dﬁu’de.I
{lul>k}

|B]/|a|pa Iﬁl/l [Pa
= [ HE e DR dr + / HG |\ DulPrda, (4.43)
Ek,é Ek,é

where

Eps={k<|ul <k(1+86)}U{(2—-0)k<|u| <2k},
Els={k(1+6) <|u| < (2—08)k}.

By (4.41) and the assertions (4.14) and (4.15), we have

K2 5t_ (i_l)pa

Hy i < D a.e. on E,’M, (4.44)
K2 (1= h)(u)
Hy i < 3(k(5)(2._1)kpa ) a.e. on E,’Q"(;. (4.45)
We use (4.39), (4.44) and (2.4) to obtain
cPslBl/|el . H,filima'pﬂDﬂu\pﬂdaf < errlp(k)])/ D, (4.46)
k,6
By (4.45), (4.39), (4.11), we have
erslflfiel [ g Do de < S / (1 — B (w)) | DPulP du.
Els
(4.47)

Collecting (4.42), (4.43), (4.46), (4.47) and taking into account (4.29),
(4.39), we obtain

c c oo (m—1)/(t—
L< S [ e -rm)dr+S2 3 I+ enlp(] 0D/,
@ 2<|B|<m—1
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The last inequality together with (4.36)-(4.40) yields the desired esti-
mate:

020 r— s
c1ol2+co Z Is < k(m_1)/(t_1)/Q(I)(l_hz(undff‘i‘@o[@(k)]( RS
2<[Bl<m—1

(4.48)

Step 6. At this step, using the obtained estimates for the terms on
the right-hand side of (4.28), we derive inequalities of the form (2.6)—(2.8)
and complete the proof via Lemmas 2.5-2.7.

Without loss of generality, we assume that

€20 1
/D) <
Taking into account the last inequality, we deduce from (4.28), (4.30),
(4.34) and (4.48) the following inequality:

C1

2 ), @(1 - hZ(u))dx < (2M + C20)[(p(k)](r_1)/r

+ esc1a[p(k)]9@=MIT =Y L e pao(k)]9/ (4D,

Hence, taking into account (4.2) and (4.38), we obtain (4.25). In turn,
(4.24) and (4.25) imply the assertion:

621k(t+1)q* .
go(l) < (l—k‘)w [go(k)] if ko < k<l <2k (4.49)

Using this assertion, and also (4.5) and Lemma 2.7, we establish that
assertion (i) of the theorem is valid. By virtue of assertion (4.49), relation
(4.6) and Lemma 2.6, assertion (ii) of the theorem is true. Finally, using
assertions (4.49), (4.7) and Lemma 2.5, we conclude that assertion (iii)
of the theorem is also true.

4.2. Proof of Theorem 3.9

Suppose that the set U satisfies condition (3.13), u is a solution of
problem (3.16), (3.17) and all the other assumptions of Theorem 3.9 are
satisfied. Let k > ky. We define the functions ¢ and hg(u) in the same
way as in the proof of Theorem 3.4. Substituting v = hy(u) in (3.17), we
obtain

/Q{ zA: Aa(x,VmU)Da(uhk(u))}d:cg/gf(uhk(u))dx.

Reasoning as in the proof of [25, Theorem 2.2], we deduce from the last
inequality that assertion (4.49) is true. Now, we complete the proof in
the same way as the proof of Theorem 3.4.
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5. Examples

Consider some examples where the hypotheses (H1)-(HS8) and condi-
tion (3.13) are satisfied.

Example 1. Let n, m € N and p, ¢, g1 € R be numbers such that
m > 3,p>=2,and mp < q1 < q <n. Let 2 be a bounded open set in R".
Let {pa }acn,, be the set of numbers defined by means of (3.3), (3.4). We
define the function F': Q x R™"™ — R, setting for every (z,§) € Q x R™™,

F(a,6)= Y |&l™

OleAm

This function satisfies hypotheses (H1)-(H3).
Next, let f € LT/(@~1)(Q). For every (z,s) € Q x R, we define

g(w,s) = |s|7 + sf(x).

It is easy to verify that the given function g : Q x R — R satisfies the
hypotheses (H1), (H4) and (H5).
Thus, in this example, the functional Z takes the form:

I(u):/g{ > yDau\Pa}dx+/Q\uyq*da:Jr/qudx, ueWEL(Q).

aEA'm

Concerning an example of functions satisfying hypotheses (H6), (H7),
we refer to |25, Section 5.

The following four examples of sets are inspired by [8,11].

First, we consider sets of constraints corresponding to unilateral prob-
lems.

Example 2. Let ¢ : Q — R be a measurable function such that
YT = max(1,0) € L>(Q).

We define )
Vey={veWyL(Q):v>v ae inQ}

and suppose that Vi, # 0. It is easy to see that V; is a convex closed set
in W% (Q). We set U = V.

Let us show that condition (3.13) is satisfied. In fact, let ky = || || oo,
k> ky, hy € T, and v € U. It is obvious that

veWhi(Q), (5.1)

v=1 ae. in k> ae. in Q. (5.2)
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By virtue of (5.1), Definition 2.4 and Lemma 2.3, we have
hi(v) € Wh(9). (5.3)

Next, in view of (5.2), there exists a set E C € of measure zero such that
for every x € Q\ E we have v(z) > 9¥(z) and k > ¢(x). Then, fixing
x € Q\ E and using Definition 2.4, we obtain:

if |v(z)| < k, then hi(v(z)) = v(x) = ¥(x);

if v(x) > k, then ¥ (z) < k < hi(v(x));

if v(z) < —k, then ¢¥(z) < v(x) < hg(v(x)).
Therefore, hy(v) > ¢ a.e. in Q. This and (5.3) allow us to conclude that
hi(v) € U. Thus, condition (3.13) is satisfied.

Now, we consider sets of constraints corresponding to bilateral prob-
lems.

Example 3. Let 91,19 : € — R be measurable functions such that

Y1 < Y9 a.e. in (),

Y1 = max(11,0) € L2(Q), 5 = —min(¢)q,0) € L2(9).
We define

Vi = {0 € WEL(Q) : 1 v < by ace. in Q)

and suppose that Vi, y, # 0. The set Vi, 4, is convex and closed in
21
m,p(€2)-
Let us show that the set U = Vj;, y, satisfies condition (3.13) with
ky = max ([|[¥] [|oo, [|¥3 ||oc)- In fact, let k > ky, hy € Ty and v € U. It
is clear that v € W%%(Q),

Y1 <v< e ae in Q, (5.4)

Y1 <k ae. in Q, Yo = —k a.e. in Q. (5.5)

In view of (5.4) and (5.5), there exists a set E C Q of measure zero such
that for every z € Q\ E we have 91 (z) < v(z) < ¥2(z), ¥1(z) < k and
9(x) = —k. Then, fixing € '\ F and using Definition 2.4, we obtain:

if [v(z)| < k, then hi(v(z)) = v(x) € [Y1(x), Y2(z)];

if v(z) > k, then ¢1(x) < k < hg(v(z)) < v(x) < Ya(x);

if v(z) < —k, then ¢1(x) < v(z) < hx(v(z)) < —k < Y2(x).
Therefore, 11 < hi(v) < 12 a.e. in Q. This and (5.3) imply that hg(v) €
U. Thus, condition (3.13) is satisfied.

In the following example, we define the set U by means of a pointwise
constraint for the gradients of functions in W#ﬁ,(Q)
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Example 4. We denote by K,,(0) the totality of all nonempty closed
convex sets of R™ that contain the origin. Let K : Q@ — K,(0). In
particular, for every z € €2, we can define the set K (x) as in [11, Examples
3.27,3.28|, [13, Examples 4.4, 4.5]. For example, for every x € ), we can
set K(z) = {¢C € R" : || < ¢(z)}, where ¢ : @ — R is a nonnegative
measurable function. Next, for every u € WT}{ZD(Q), we set Vu = {D% :
la| = 1}. We define

V(K)={ve W},L%(Q) : Vu(z) € K(z) for a.e z € Q} .

It is easy to see that the set V(K) is not empty, convex and closed in
1714
Wi p(€).

We set U = V(K). Let us show that condition (3.13) is satisfied. In
fact, let k > 0, hy € T and v € U. It is obvious that v € WTI,L’Z,(Q),

Vo(z),0 € K(x) for a.e. x € Q, (5.6)

K(x) is a convex set for a.e. x € Q. (5.7)

By Lemma 2.3, embedding (5.3) is valid. Moreover, the following equality
holds:
Vhi(v) = hi,(v)Vv + (1 — hj(v))0 a.e. in Q.

These facts, assertions (5.6), (5.7) and Definition 2.4 allow us to conclude
that hi(v) € W% (Q) and Vhi(v(z)) € K(z) for almost every z € €.
Therefore, hi(v) € U. Thus, condition (3.13) is satisfied.

Next, we give an example of an integral constraint for the gradients
of functions in W% (Q).

Example 5. Let A € [1,¢]. We define
U= {v € WL () : /Q Vo e < 1}.

It is easy to see that U is a nonempty convex closed set in W#I%(Q) In the
case A = 1, this set is an analogue of the sets considered in [11, Example
3.36], [17, Example 8.3|. Taking k > 0, hy € Ty, v € U and using Lemma
2.3 and Definition 2.4, we obtain hy(v) € W% () and

/ Vi (0) Pz = /(h;(v))’\]Vv]/\dx g/ oz < 1.
Q Q Q

Hence, hi(v) € U. Thus, condition (3.13) is satisfied with ky = 0.
The following two examples were considered in [12, Examples 2, 4].
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Example 6. Let A € [1, ¢*]. We define
U={veWni(Q): vl <1}

It is easy to see that U is a nonempty convex closed set in Wm’%(Q) which
satisfies (3.13) because for any k > 0, hk € Trand v € Wm’%(Q) we have
|hi(v)] < |v] a.e. in Q and hg(v) € Wm%(Q)

Example 7. Let QQ : @ xR — R be a function such that for almost all
x € Q the function Q(z, ) is convex on R and Q(z,0) < 0. In particular
(see [9, Example 1], [13, Example4.2]), for every x € 2 and s € R, we
can set

Q(x,s) ::ts—b(a;), Q(LL’,S) = (S—bl(l’))(s—bg(l’)),

where b, b1,by : © — R are functions in € such that b > 0, b; < 0 < by
a.e. in €.
We define

U={ve W,};‘;(Q) : Q(z,v(x)) <0 for ae. z €0}

It is clear that the set U is not empty, convex and closed in ern'fu(Q)
Let us show that condition (3.13) is satisfied. In fact, let k > 0, hy € Ty,
and v € U. There exists a set F£ C €) such that measFE = 0 and for every
z € Q\ E, we have Q(z,v(z)) < 0. Then, fixing z € 2\ E and using
Definition 2.4, we obtain:

i [0(2)] < &, then Q(z, hi(v(x))) = Q(, v(x)) < 0;
if |v(z)| > k, then 0 < hi(v(z))/v(z) < 1 and

Qe o)) = @ D o) 4 (1= D))

o) (o)
_ (ol ) o
< ) oo, vton + (1- ) Ga,0) <o

Therefore, Q(z, hi(v(z))) < 0 for a.e. x € Q. This and (5.3) imply that
hi(v) € U. Thus, condition (3.13) is satisfied with kyy = 0.

Now, we give an example of the integral constraints suggested by
[3,14].

Example 8. Let a € L/(@~1(Q) and a > 0 a.e. in Q. We define

U= {’U € WTI,L’Z,(Q) : /Qa|v|d:z < 1}. (5.8)
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It is easy to see that U is a nonempty convex closed set in W,}&(Q) and
in general U # Wii%(Q). Taking k > 0, hy, € Tz, v € U, and using (5.3)
and the fact that |hg(v)| < |v| a.e. in Q, we obtain hy(v) € W%%(Q) and

/a!hk(v)]dm < / alv|dx < 1.
Q Q

Hence, hi(v) € U. Thus, condition (3.13) is satisfied with ky = 0.

Let us consider problem (3.16), (3.17) with the set U defined by (5.8).
Suppose that » > n/q, f € L"(Q2) and hypotheses (H6), (H7) are satisfied
with the functions ay,ae € L"(€2). Let u be a solution of problem (3.16),
(3.17) with the set U defined by (5.8). Then by assertion (iii) of Theorem
3.9, we have

u € L™(Q). (5.9)

If, additionally, a € L"(2), then the set (5.8) satisfies hypothesis (HS8)
(for details, see [3]). This fact, (5.9) and [3, Theorem 1| imply that w is
locally Holder continuous in €.

Finally, we give an example which shows that the inequality r > n/q
in assertion (iii) of Theorem 3.9 in general cannot be weakened for the
validity of this assertion.

Example 9. Suppose that n >4, m=p=2,4<qg<n, R<1/e
and
Q={zeR":|z| < R}

Let for every z € Q and a = (v, ..., ) € Ay with |a| =2,
& fFdieN 1I<i<n o =2,
Ao, £) = { Unifa; £2Vi=1,...n, (5.10)
and for every o = (o, ..., a,) € Ag with |a] =1,
S\ @272
An(z,8) = ( > 5;;) £a (5.11)
|8]=1

Then the functions { A, }aen, defined by (5.10), (5.11) satisfy hypotheses
(H6) and (H7) with a;2 = 0, ¢; = 0 and the positive constants cg, cg
depending only on n and gq.

Next, we fix a function n € C*°([0, R]) such that 0 <7 < 1 in [0, R],
n=1in [0,R/2] and n = 0 in [3R/4,R]. Let u,f : @ — R be the
functions such that «(0) = f(0) = 0 and for every x € Q \ {0},

u(@) = n(|z[) o[ In |z[], (5.12)
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flz) = A%u(z) — Agu(z), (5.13)
where
seun= 3% w3 [ (552}

It is obvious that u ¢ L () and

fec@\{o}. (5.14)

Direct calculations show that for every z € 2 with 0 < |z| < R/2,

2(n—2)(n—4) n?—10mn+20 4(n—4)

fz) =

¥ nfzll  (efi® e |affn® ||
6 qg—1 n—gq
_ . (5.15
i) T e T w1

From (5.14), (5.15) we obtain that f € L™9(Q) and f ¢ LMQ) for
any A > n/q.

The routine arguments relating to (5.12), (5.13) and using spherical
coordinates and integration by parts show that the function u defined by
(5.12) is a solution of problem (3.16), (3.17) with the coefficients defined
by (5.10) and (5.11), the right-hand side f defined by (5.13) and the
set U = W212q((2) Thus, we have f € L™9(Q) and all the conditions of
Theorem 3.9 are satisfied except for the inclusion f € L"(€) with some
r >n/q. However, u ¢ L°°(§2). This justifies that the requirement in as-
sertion (iii) of Theorem 3.9 on the right-hand side of variational inequality
(3.17) in general is unimprovable in the scale of Lebesgue spaces.

Acknowledgements

This research was supported by the State Fund for Fundamental Re-
search of Ukraine (Project No. 0117U006053). The author thanks the
anonymous referees for a series of useful remarks that allowed to improve
the presentation of this article.

References

[1] L. Boccardo, The summability of solutions to variational problems since Guido
Stampacchia // Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Math. RACSAM
97 (2003), No. 3, 413-421.

[2] S. Bonafede, On the boundedness of minimizers of some integral functionals with
degenerate anisotropic intergrands // Rocky Mountain J. Math. (to appear).



130

IMPROVED INTEGRABILITY AND BOUNDEDNESS. . .

3]

S. Bonafede, S. D’Asero, Hdélder continuity of solutions for a class of nonlinear
elliptic variational inequalities of high order // Nonlinear Anal., 44 (2001), 657
667.

S. Bonafede, V. Cataldo, S. D’Asero, Hélder continuity up to the boundary of
minimizers for some integral functionals with degenerate integrands // J. Appl.
Math., (2007), Article ID 31819 doi:10.1155/2007/31819, 14 pp.

S. D’Asero, V. Cataldo, F. Nicolosi, Regularity of minimizers of some integral
functionals with degenerate integrands // Nonlinear Anal., 68 (2008), No. 11,
3283-3293.

E. De Giorgi, Un esempio di estremali discontinue per un problema variazionale
di tipo ellittico // Boll. Un. Mat. Ital., (4), 1 (1968), 135-137.

P. Drabek, J. Milota, Methods of nonlinear analysis: applications to differential
equations, Birkhauser, Basel-Boston—Berlin, 2007.

Y. S. Gorban, A. A. Kovalevsky, On the boundedness of solutions of degenerate
anisotropic elliptic variational inequalities // Results. Math., 65 (2014), 121-142.

A. A. Kovalevskii, On the uniform boundedness of solutions to nonlinear elliptic
vatiational inequalities in variable domains // Differential Equations, 30 (1994),
No. 8, 1270-1273.

A. A. Kovalevsky, Entropy solutions of Dirichlet problem for a class of nonlinear
elliptic high-order equations with L*-data // Nonlinear Bound. Value Probl., 12
(2002), 119-127.

A. A. Kovalevsky, Integrability and boundedness of solutions to some anisotropic
problems // J. Math. Anal. Appl., 432 (2015), 820-843.

A. Kovalevsky, F. Nicolosi, Boundedness of solutions of variational inequalities
with nonlinear degenerated elliptic operators of high order // Appl. Anal., 65
(1997), 225-249.

A. Kovalevsky, F. Nicolosi, Boundedness of solutions of degenerate nonlinear el-
liptic variational inequalities // Nonlinear Anal., 35 (1999), 987-999.

A. Kovalevsky, F. Nicolosi, On Hélder continuity of solutions of equations and
variational inequalities with degenerate nonlinear elliptic high order operators [/
Atti del 2° Simposio Internazionale ”Problemi attuali dell’analisi e della fisica
matematica” dedicato alla memoria del Prof. Gaetano Fichera, Taormina, 15-17
ottobre 1998, Aracne, 205-220.

A. A. Kovalevskii, M.V. Voitovich, On increasing the integrability of general-
ized solutions of the Dirichlet problem for fourth-order nonlinear equations with
strengthened ellipticity // Ukrainian Math. J., 58 (2006), No. 11, 1717-1733.

O. A. Ladyzhenskaya, N.N. Uraltseva, Linear and quasilinear elliptic equations,
Nauka, Moscow, 1973.

J.-L. Lions, Quelques Méthodes de Résolution des Problémes aux Limites Non
Linéaires, Dunod, Gauthier-Villars, Paris, 1969.

V.G. Maz’ya, Examples of nonreqular solutions of quasilinear elliptic equations
with analytic coefficients // Funct. Anal. Appl., 2 (1968), No. 3, 230-234.

J. Moser, A new proof of De Giorgi’s theorem concerning the reqularity problem
for elliptic differential equations // Comm. Pure Appl. Math., 13 (1960), 457—
468.



M. V. VOITOVYCH 131

[20]
21]

[22]

[23]

[24]

[25]

L. Nirenberg, On elliptic partial differential equations // Ann. Scuola Norm. Sup.
Pisa Cl. Sci., 13 (1959), No. 2, 115-162.

1. V. Skrypnik, Higher order quasilinear elliptic equations with continuous gener-
alized solutions // Differential Equations, 14 (1978), No. 6, 786-795.

G. Stampacchia, Régularisation des solutions de problémes aux limites elliptiques
a données discontinues // Proc. Internat. Sympos. Linear Spaces (Jerusalem,
1960), Pergamon, Oxford, 1961, 399-408.

G. Stampacchia, E’quations elliptiques du second ordre a coefficients disconti-
nus // Séminaire Jean Leray, 3 (1963-1964) 1-77.

M. V. Voitovich, Integrability properties of generalized solutions of the Dirichlet
problem for higher-order nonlinear equations with strengthened ellipticity // Tr.
Inst. Prikl. Mat. Mekh., 15 (2007), 3-14 [in Russian].

M. V. Voitovich, On the existence of bounded generalized solutions of the Dirichlet
problem for a class of nonlinear high-order elliptic equations // J. Math. Sci.
(N.'Y.), 210 (2015), No. 1, 86-113.

CONTACT INFORMATION

Mykhailo Institute of Applied Mathematics
V. Voitovych and Mechanics,

National Academy of Sciences of Ukraine,
Sloviansk, Ukraine
E-Mail: voitovichmv76@gmail.com



