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3AJJAYA OBb 9KCTPEMAJIBHOM PABBUMEHUN I1JIOCKOCTU

B nannoit pabore n3yuaercsa oHa U3BECTHAs IIpobJIeMa 06 ONMCAHUU SKCTPEMAJIbHBIX KOHMUIYPAIHii,
KOTOpPbIe MAKCUMU3UPYIOT IPOU3BEIeHNE BHYTPEHHNX PAJINYCOB B3ANMHO HEIIEPECEKAIOTNXCsT 0b1acTei
CJIEYIOIIETO BUIA

Jn () = [ (Bo,0) 7 (Bao, 00)] Her,ak (1)

npu v > 0, n > 2, Ha MHOXKECTBE BCEX CACTEM B3aMMHO Helepecekaomuxcs obmacreit { By }i_;, Takux,
aro ar € B CC, k=1,n,a0=0C By CC, 00 C Bwo c C.

MSC: 34N05.

Karoueswvle cnosa: sHympeHHul paduyc, HEHAAE2A0ULUE 00AACTU, N-AYHE8AA CUCTEMA MOYeEK, “Yn-

e

pasaarouwull” Gyrryuoras, kKeadpamuuHoil duddeperuuan.

1. Beenennue.

IIycrs N, R — MHO2KECTBO HATYPAJIBHBIX M BEIECTBEHHBIX UMCEJI, COOTBETCTBEHHO,
C — xommyexcnas mrockocts, C = C|J{oco} — pacmmpennas KOMILIEKCHAS TLJTOCKOCTh
wm chepa Pumana, RT = (0,00). Iycrs x(t) = %(t +t71), t € RT — dynkua
ZKyxkosckoro. Ilycrs r(B,a) — BHyTpennuii pajguyc obsactu B C C, orHocuTe/I5HO
Touku a € B [4,5].

Cucremoii HelepeceKaomuxcsi 00acTell Ha3bIBAETCS KOHEYHBIN HAOOD ITPOU3BOJIb-
HbIX obsacreit {By}7_,, n € N, n > 2 rakux, uro By, C C, BLNB,, =0, k # m,
k,m=1,n.

Cucremy touek A, :={ ap € C, k =1,n}, n € N, n > 2 nazoeMm n-jyueBoi,
ecn |ag| € RY npu k =1,n, 0 = arga; < argas < ... < arga, < 2.
1 a —
Beenem oboznavenusa ay := — arg ﬂ, ant1:=a1, k=1,n, Y ap=2.
s af k=1

Jly1st IponsBosIbHOM n-tydeBoil cucrembl Todek A, = {ay}}_, paccmorpum ciemy-
oyt “‘yupapigroniuit’ QyHKIIMOHAT:

Hx( 23%) |ag|.

B mannoit pabore paccMmaTpuBaeTcs 3aj1ada 00 SKCTpeMusanun GpyHKIINOHAJIA

A+1

() = [ (Bo. 0) r (Bog, 00)]" [ ] (Br. ar) (1)
k=1

npu v > 0, n > 2, Ha MHOYKECTBE BCEX CHUCTEM B3aUMHO HEIEPECEKAIOIIUXCA 00JIacTeil
{By}?_,, Taxux, uro ay € B, CC, k=1,n,a90=0C By C C, 0o C By C C.




A.K. Baxtun, U.5. J/Ipopak

Cremyer OTMETHTDb, 9TO CHCTeMa KpPyroebix objacreit Ag, Moo, Ak, K = 1,n KBaI-
paruaHoro mud depennraia

yw?" 4 (n® — 2y)w" Y g,
w2(w™ —1)2

Q(w)duw? = — (2)

[IPEJICTaBIISAET U3 ce0sI CUCTEMY B3aMMHO HeIlepeceKaronmxcs obsacreii, Takux 4ro 0 €
Ag, 00 € Ao, M € Mg, N\, = emp(%(n 1)) k=1,n

IIpu v = 1/2 u n > 2 rounas onenka st dbyskiponasa (1) ajsi cucrem Henepe-
cekarormuxcst obsracreii Oblia BlepBble mostydena B pabore [6]. B pabore |7] B ciygae

OJIHOCBSI3HBIX ObJstacTeil Oblaa mmosydeHa oneHka dynkmmonana (1) mpu v € (0, %2],
n > 2. ajada 06 onenke GyHKnnoHasa (1) Ipn HaYaIbHBIX 3HAUEHUSIX HATYPAIBHOTO
napamerpa n paccmarpusaiach B [10,11]. B pabore [12] upu n > 7 mouay4duau ToYHbIE
onenkn ynknuonana (1) s cucreM MPOM3BOIBLHBIX MHOIOCBSI3HBIX 00JIacTeil mpn

€ (0,0.08n2) B nanmoit paboTe ymyuniens onenkn dynknuonana (1) mpu n > 6 s
OOJIBIIIIX MHTEPBAJIOB 3HAYEHHUN I1apaMerpa 7.

2. OcHOBHBIE PE3YJIbTATHI.

Teopema 1. ITycms 0 < v < Yn, 6 = 4,64, 7, = 0.0845n2 + 0.088n + 0.0229,
n > 7. Toeda dns v € (0,7,], m06ot n-ayuesoti cucmemvr mouex Ap, = {ap}p_q,
maxoti, wmo M(Ay) =1 u 06020 nabopa e3aumno nenepecexarowuzces obaacmets By,
Bi, Bs (ap =0 € By C C, 0o € Bo, CC, ay, € By, C C), cnpasedauso nepasercmeo

[r (Bo,0) 1 (Boo, 00)] H (Br,ax) < [r (Ao, 0) 7 (Moo, 00)]” [ 7 (A M),
P k=1

2de obaacmu Ao, Ao, A, u mouxu 0, oo, Ay (k = 1,n, n > 6) — coomeemcmeeno
KpY206vle 06AaCTU U NOAOCH, Keadpamuynozo dugddepenyuana (2).

Aoxasamenvemeo. Ilpumenss k cucreme Touek {ay}j_; u obnacreit {By}}_; Ky-
COYHO-pa3/esioniee npeobpasosanusi, passuroe B [4, c. 120], [5, c. 48-50], anamoruano
paboram [6,9-11|, nosyunm HEpaBeHCTBO

S(z) = 2212 1 — 2|7 (1 +2)" ) 4 F(2) = In(S(2)).
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F(z) Boiykias dbysknus Ha unrepsase [0,xzg], o =~ 0,88441. lasee, aHAIOrUIHO
pabore [6,8] MBI pACCMOTPUM CJIEIYIONIYIO SKCTPEMATBHYIO IIPOOJIEMY

n n
H F(xp) — max, Zwk =2/, Tk =ar/7.
k=1

k=1

ol" . .
HyCTb X(O) = {.%’({ )} — IIPOU3BOJIbBHBIN 3KCTPpEeMaJIbHBIN Ha60p TOYEK BBIIIE YKa-

k=1
saHHOI 3a7a4un. Jasee, cienyst pabore (8], momydaem ecoin 0 < x,(fo) < xgo), TOrIA

F'a”)=F"), kj=Tn, (3)

F'(z) = 4zIn(z) — 2(x — 1) In |z — 1] —2(x+1)1n(m+1)+%

(cm. Puce.1).
YunreiBast coornontenue (3) n to, uro 7 € (0,7, mOKaxKeM, UTO BBIIOJIHSIETCS
yCJIOBHE x;‘o) € (0, zol, k=1,n,m mgo) = xg)) =...= m,(lo). st sroro, ananorngso [12]

BBEJIEM CJIEJLYIONe 0003HATCHMSI.

IIycre F'(z) = ¢, yo < t < 0, e yo — 3uavenne dbyuxuun yo = F”(xg), rae o —
kopenb ypasuenus F”(x) = 0,yo &~ —1,0599. Haiisem pemenune ypasuenus F’(x) = t.
Honst Vt € [yo,0) ypasuenune F’'(x) = ¢ umeer nsa pemenust: z1(t) € (0,z], x2(t) €
(xg,00] mpu n > 6, v € (0,7y,]. Torma u3 ycaoBus (3) He0OXOAMMO MOKA3ATH, UTO
cayvait, korga xo(t) € (x, 00| Heposmoxken pu v € (0, vy].

. (0 —
[Ipeamonoxkum, 910 OaUH M3 KOpHE :::/,(€ ),k = 1,n, IpUHAIEKAT MTPOMEKYTKY

(xo, 00]. Torma
le(f) = (n— 1)1‘%0) + :cgo).

C apyroii croponbl 00bIuHOE nccaenoBanne rpaduka Gyuxkmun F'(x) nokaseisaer,
qT0o yHKIMs MOHOTOHHO yobiBaer Ha (0, x0] or (00,%p] U MOHOTOHHO BO3pacTaeTr Ha
[0, 00) or [yo,0). ['pacdux nepecekaer oce OX B Touke z ~ 0.5814.

Torma,

(n— 1)z + 2V > (n — 1) - 0.5814 + 0.8844 = 0.5814n + 0.303 = 2,/7,.

Orciona cienyer, uto v, = 0.0845n% 4+ 0.0088n + 0.0229. C apyroit CTOPOHBI HpH
v e (07 ’Yn]

207 = (n—1Da¥ + 2 > (n—1).0.5814 + 0.8844 = 2, /7, > 2,/7.
(0)

[Tosrydennoe IpOTHBOPEYHE O3HATACT, ITO HI OJ[HA U3 TOUEK Z,, , mpu ¥ € (0,7,] He
MOXKeT IIPUHAJIEXKATh IPOMEXKYTKY (Zg, 00]. Orcroma n3 coorHorenust (3) npuxoum
K 3aKJII0YCHUIO, 9TO xgo) = J;éo) =...=xn .

Hemnocpecreennbie Borauciaenus: seauant r1(t) + xo(t) npeacraBieHsl B Tabure
HpHUBEIeHHOI HuzKe. Teopema 1 mokazana st m > 6 U BCe NPEIbIyIINe JTOKA3aTe b

crBa OyayT crupaseuBbiMu 1ipu 0 < 7 < Yy
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Puc. 1.

U3 rabamiel HemocpeICTBEHHO citeayeT, 910 5z (t) + x2(t) > bxi(ty) + x2(tpt1),
t € [tk tg41]. C mpyroit croponsr 5x1(ty) + w2(tky1) > 4.3093. [omaras, aro 2./, =
4.3093, momyqaeMm g = 4.6425. Torma scuo, uto npu 0 < v < v,

27 = (n— 1)z + x2 > 4.3093 = 2,/7, > 2\/7.

W3 nostyuenoro nporuBopevns cJejiyer, 9To Teopema 1 jokazana jisd n > 6. O
CaencrBue 1. YunrbiBasi ycjioBusi Teopembl 1 BBITOJHSIETCS CJIEIYIONIEE HEPABEH-
CTBO

[7(Bo, 0)r(Boo, 00)|” [ [ (B, ax) <
k=1
(4) (:2) ’

207 2 2
T_l)

<)

PasencrBo mocturaerncst, ecin 0, 0o, ap, u By, Bs, Bi, k = 1,n, cOOTBETCTBEHHO
HOJIIOCH U KPYTOBbIe obsiacTu KBaapaTudHoro auddepennuaia (2).

21l

(B +1) (57+)

CnencrBue 2. Ilyctb n € N, n > 7, 0 < v < Yn, Yo = 0.0845n2 4 0.088n +
0.0229. Torpa jist JIIOGBIX TOYEK OKpyzKHOCTH |ax| = R, k = 1,n, u mobux nonapHo
HeIlepeceKaroImxcst cucreM obstacreit By, ag =0 € By C C, oo € By, C C, ap € B, C
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C, k = 1, n, cieayioliiee HEPABEHCTBO OYJIET CIIPABEJIMBBIM

[’I" (B();O BOO7OO H Bkaak (A07 AOO7OO H Ak7/\k

rie obaact Ag, Aso, Ay, 1 Tournm 0, 00, A\, kK = 1,1, COOTBETCTBEHHO KPYTOBBIE 0O/IACTH
U TIOJTIOCHI KBAIPATHIHOTO T dhepeHImaa

¥22" + (n? — 29)2" + yR?"

Q(w)dz? = — 20— R dz2.
k|t z1(tk) za(tk) z1(tk) + w2(tk) | 521 (k) + z2(tr)
1 | -0.01 | 0.5828021018 | 3.260279515 3.843081617 3.260279515
2 | -0.11 | 0.5970820203 | 1.545735484 2.142817504 4.459745993
3 1-0.21 | 0.6122971332 | 1.293903211 1.906200344 4.279313313
4 1-0.31 | 0.6286014379 | 1.174953460 1.803554898 4.236439126
5 | -0.32 | 0.6302991009 | 1.166313092 1.796612193 4.309320282
6 | -0.33 | 0.6320098820 | 1.158091600 1.790101482 4.309587104
7 |-0.34 | 0.6337340285 | 1.150260011 1.783994040 4.310309421
8 | -0.35 | 0.6354717961 | 1.142792181 1.778263977 4.311462323
9 | -0.36 | 0.6372234490 | 1.135664453 1.772887902 4.313023433
10 | - 0.37 | 0.6389892608 | 1.128855360 1.767844621 4.314972605
11 | - 0.38 | 0.6407695144 | 1.122345376 1.763114890 4.317291680
12 1 - 0.39 | 0.6425645030 | 1.116116696 1.758681199 4.319964268
13 | - 0.40 | 0.6443745303 | 1.110153049 1.754527579 4.322975564
14 | - 0.41 | 0.6461999112 | 1.104439534 1.750639445 4.326312186
15 | - 0.51 | 0.6653767445 | 1.058525923 1.723902668 4.289525479
16 | - 0.61 | 0.6865478929 | 1.027618247 1.714166140 4.354501969
17 | - 0.71 | 0.7103700492 | 1.007406764 1.717776813 4.440146228
18 | - 0.81 | 0.7380052769 | 0.9961511698 1.734156447 4.548001416
19 | - 0.91 | 0.7719538507 | 0.9775830704 1.749536921 4.667609454
20 | - 1.01 | 0.8206625498 | 0.9420885500 1.762751100 4.801857804
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A K. Bakhtin, I.Ya. Dvorak
The problem of extreme decomposition of the plane.

Considered here is one quite general problem about the description of extremal configurations
maximizing the product of inner radii mutually non-overlapping domains the next following form:
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Jn(7) = [r (Bo,0) 7 (Boo, 00)]” [ (B, ax) (1)

where v € R", A,, = {ax}?_; — n-radial points system, Bo, Boo, {Br}}?_; — set of systems of mutually
disjoint domains, (a0 =0 € By C C, 00 € Bss C C, a € By, C C), achieved for some configuration of
domains By, By, Boo and points ao, a, 0o, k = 1,n. The functional (1) evaluation for the first time
was obtained in 1988 by V.M. Dubinin [6] for v = 3 u n > 2 for systems of disjoint domains using
symmetrization method. A special case, when domains are univalent, was examined by G.V. Kuzmina
in [7] After the result of V.M. Dubinin in the general formulation for the arbitrary multiply-concted
domains was not until 2017. In 2017 in the work of I. Dengi, A. Targonsky [12] was the result for
Yn = 0.08712, n > 7. The result was obtained through a lower bound of min:(n — 1)z1 + z2, where
x1(t)+x2(t) is the equation F'(x) = ¢ solution, F'(z) = 4z In(z)—2(z—1) In [z—1|-2(z+1) In(z+1)+ 2,
Yo <t <0, yo =~ —1,0599. In this paper, a much better estimate of min:(n — 1)z1 + z2 was obtained
through a lower bound with the specified parameters. On the basis of this, the article succeeded in
obtaining an estimate of the maximum of the functional (1) over a larger interval of the parameter
v, ¥ € (0,7s], n > 7. Received the result for for any points of the circle |ax| = R, k = 1,n, and any
pairwise disjoint systems of domains By, ap =0 € By C C, 00 € Boo CC, ax € By CC, k=1,n.

Keywords: inner radius, non-overlapping domains, n-radial system of points, “control” functional,

quadratic differential.

0O.K. Baxrin, I.41. /IBopak

3a,1:[aqa IIPO eKCTpeMaJIbHe p0361/ITT$I IIJIOIIIWHA.

B mamiit pobori BuBUaeThCs OfHA 3arajbHa MpodJeMa PO ONMUCAHHS €KCTPeMaJbHUX KOHMIryparriit,

sIKi MaKCUMI3yI0Th JOOYTOK BHYTPIIIHIX pajiyciB obJsacTeil, M0 HE IEPETHHAIOTHCS HACTYIIHOIO BHLY
n

Jn(v) = [r(Bo,0) 7 (Boo,)]|” [ r(Bk,ax) mpn v > 0, n > 2, Ha MHOXKWHI BCIX CHCTEM B3aEMHO
k=1

neneperuaanx obsacreit { By }r_1, Taknx, mo ax € By CC, k=1,n,a0 =0 C By C C, 00 C B C C.

Karwovwost caosa: sHympiwmit padiyc, o0b6aacmi, w0 He NEPEMUHAOMBCA, N-NPOMEHESL CUCTIEMA,

2

mouek, “kepyrovuti” gynruyionan, xeadpamuuwrull Jupepentian.
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