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MODEL OF THE IMMUNOSENSOR ON THE BASIS OF
LATTICE DIFFERENTIAL EQUATIONS WITH DELAY

Y poOoTi 3amponoHOBaHO MOJENb IMYHOCEHCOpa, sIKa TPYHTYEThCS Ha CHCTEMI peIliT4aTux
mudepeHmiadbHUX PiBHAHBb 13 3ami3HeHHsAM. [loOymoBa Mopemi TpPyHTYeThCS Ha psai  Ol0NOTIYHHX
MPUMYIICHh MIOA0 B3a€MOJIl KOJOHIH aHTWUTEHIB Ta aHTUTLN, a Takok audysii aHTHreHiB. s omucy
TUCKPETHUX y TPOCTOpI KOJIOHIHM, JIOKANi30BaHWX Yy BIAMOBIIHUX MIKCEISIX, BUKOPHUCTOBYETHCS amapar
pemiTaaTix auepeHIiaTbHIX PiBHIHB

Karwuosi ciioBa: GioceHcop, IMyHOCEHCOp, pelmiTdacTi AudepeHmianbHi piBHAHHS, TU(EpeHITiaTbHi
PIBHSAHHA i3 3aIli3HEHHIM

In the work the model of immunosensor is proposed, which is based on the system of lattice
differential equations with delay. The construction of the model is based on a number of biological
assumptions about the interaction of colonies of antigens and antibodies, as well as the diffusion of antigens.
For the description of discrete spaces in the space of the colonies, localized in the corresponding pixels, the
apparatus of lattice differential equations is used.
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Beryn

Po3BuTOK HayKku 1 TeXHIKM MOTpedye MOSIBM HOBUX METOJIB JeTekiii. Tomy B Hayi
Ta TIPOMHUCIIOBOCTI 3pOcTae iHTepec A0 OloceHcopiB. bioceHcopu € ambTepHATHBOIO 0
3arajlLHOBUKOPHCTOBYBAaHUX METOIB BUMIPIOBAHHS, SIKI XapaKTepU3YIOTbCS IOTAHOIO
BHUOIPKOBICTIO, BUCOKOIO BAapTICTIO, TIOTAHOIO CTIMKICTIO, HU3BKUM BIJIF'YKOM 1 NEPEBAKHO
MOXYTh BHUKOPUCTOBYBATHUCS JIMIIE BHCOKOJIOCBITUEHUM NepcoHanoM. bioceHcopu — 11e
HOBA reHepallis CEHCOpIB, IKa BUKOPUCTOBYE Y CBOiM KOHCTPYKIIi 010JI0T1YHI MaTepiaii,
K1 Ha/Jal0Th BUCOKY BHUOIPKOBICTh, CENEKTUBHICTh, TOUHICTh, JAIOTh 3MOTY 31ICHIOBATH
mBUAKI 1 mpocti BuMmiptoBaHHs [1]. bBioceHcopu XapakTepH3yIOTHCS  BHUCOKOIO
e(eKTHBHICTIO i IIMPOKO BUKOPUCTOBYIOTHCS Y Xap4OBiil MPOMHUCIOBOCTI [2], mpH 3axucTi
HaBKOJIMIIHLOTO cepepoBuma [3], B 000poHHiH mpomucioBocTi [4], amne Haifuacrimie
BUKOPHCTOBYIOTHCSl Y MEAMIUHI [5], K IHCTPYMEHT JUIS IOCTAaHOBKH JiarHO3iB. Y HIJIOMY
CIMEWCTBO 010CEHCOPIB NUIUTHCA HA NB1 yacTuHU. [lepiia mos’s3aHa 3 piBHEM perenTopa
70 OioJjoriuHOro Matepiany, SKHM BHKOPHCTOBYETbCS B Horo OynoBi. Penentopamu
MOXYTb OyTH €H3HUM, MpoTeiH, mnopdepiH, aHTUreH abo aHTuTUIO0. [lpyra wactuna
6ioceHcopiB oOMexeHa JI0 MIapy MPOBiHUKA, JIe 010J0TiYHUN e(DeKT MepeTBOPIOETHCS Ha
BUMIPIOBAJIbHUN ~ CUTHal, SKUH MoOXXe€ OyTHM  €JeKTpOXIMIUHUM, IMIIeIaHCHUH,
aMIepOMETPUYHUNA, ONTHYHUH Ta 1H.
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IMocTaHoBKa npodJieMu

MarematuyHa MOZENb IMyHOCEHCOpa IMOBHHHA BPAaXxOBYBATH IPOCTOPOBO-YACOBI
BJIACTUBOCTI TPHUCTPOIO, B SKOMY BHUKOPUCTOBYETHCS JETEKTOp. BimHOCHO MpPOCTOpOBOi
opraizariii JocCIiJ)KyBaHa MOJIeJb IOBUHHA TIPYHTYBATHCS Ha TIEBHIA JTUCKPETHIN
CTPYKTYpi, sika OyJae BpaxOBYBaTH B3a€MOJIIIO IIKCETIB IMyHOCEHCOpa. 3 TOYKH 30pY
YaCOBHUX 3MiH, MOJICJIb ITIOBUHHA OIKUCYBATH MPOIIECH, BIIOMI SK MOMYJIAIiiHA JUHAMIKA.
Came TOMy mpoOeMy CTaHOBUTH PO3pOOKa MaTeMaTHYHOI MOZEN IMyHOCEHCOpa, sika O
BpaxoByBaJla IUIHHA psii O10JI0TTYHUX MPUIYHIECHB 1010 OCHOBHUX KOMIIOHEHT MPHUCTPOIO
— KOJIOHIM aHTHUTEHIB 1 aHTHTLJ, JIOKATI30BaHUX y MiKceNsx, Au]y3ii KOJOHII aHTUTeHIB
M1DXK MIKCEJISIMU Ta 1H.

AHaIi3 0CTaHHIX J0CTiIKeHb i myOJikauii

OcTaHHIM YacoM BeJMKa yBara JIOCIIIHHKIB MPHAUISETHCS MUTAHHAM PO3POOKH Ta
BUKOPUCTaHHS ceHCOpIB 1 GioceHcopiB [1-7]. ¥V poboTi [S] HaBeneHO TPYHTOBHHUNA OIS
TEOPETUYHHUX OCHOB IMPOEKTyBaHHS OioceHcopiB. [IpukiaaHi acnmekTH BUKOPUCTAHHS
IMYHOCEHCOPIB 0OTOBOPIOIOTHCS B [6].

BaxnuBe 3HaueHHa Yy (QyHKIIOHYBaHHI OioceHCOpiB Mae (i3uyHe SBUIIE
dyopucueniii, npo mo ine mosa B [3, 4, 7]. YV [10] chopmynboBaHO OCHOBHI 3ajadi,
MOB’sI3aH1 3 JIOCIIKCHHSIM CTIHKOCTI B OioceHcopax. Y poborax [1, 8, 9] inmerscs mpo
MPOEKTYBaHHS CEHCOPIB, B OCHOBY POOOTHU SIKUX MOKJIAEHO Mepedir XiMiYHUX peakiiil. Y
po6oTi [9] ast TakOTO POAY CEHCOPIB OYJIO 3aIIPOIIOHOBAHO MAaTEMATUIHE MOJICITFOBAHHS B
KJaci peuriT4actux OudepeHlialbHuX pIBHSAHb. Y JdaHiid poOOTi Takuil miaxix Oyze
BUKOPHUCTAHO JIJIsl IMyHOCCHCOPIB.

Y pobGoti [11] BuKIaZEHO OCHOBHI pE3yNbTAaTH MO0 BUKOPHCTAaHb pPIBHSHD
MOMYJISIINHOT AUHAMIKH. Y poOoTi [8] po3polbiieHa 1 JOCTiKYETbCS CIPOIICHA MOJIENb
IMYHHOI CHCTEMH 3a JONOMOTOK AudepeHIlialbHUX PIBHSAHB 13 3ali3HEHHSIM, 110 Oyze
BUKOPHCTAHO B JIaHii poOOTi.

Merta nociiazkeHHs

3anponoHyBaTi MOJIENb IMYHOCEHCOpa, SIKa TPYHTYETHCS HAa CHUCTEMi pelIiTyaTHx
JuQepeHIiaTbHUX PIBHSAHB 13 3aI13HEHHSM.

1. CTpykTypa iMyHOCEeHCOPIB Ta iX XapaKTepPUCTUKHU

Cepen BeMKOro ciMeicTBa 610CEHCOPIB IMYHOCEHCOPH € TUIIOBUMH CEHCOPaMHU, 110
MICTSTh 1IAp PELENTOopa, SAKUH YyTJIMBHM 1 CEIEKTUBHUM, BKIIOYAIOUM 1MOOLII30BaHMM
O10JIOTIYHMIA €IeMEHT, HAIIPUKIIAJ], aHTUTLIIO, aHTUTeH a00 XaIlTeH, Kl € IMyHOJIOT1YHUMHU
peuenropamMu  JuIst MOJIEKYN, $KI JOCHIKYIOThCA. B imyHcopi (iMyHOCeHCOpi)
BiZIOYBa€ThCS peakilis, sKa I'PYHTYEThCS HA B3a€EMOAIl MIX aHTUTUIOM 1 aHTUT€HOM abo
MaJI€eHbKUMU MOJIEKYJIAMH (xamTeHamu). AHTHUTINA 4acTo Ha3UBaIOTHCS
IMYHOTJ100YJIiHaMH, TOMY 1110 BOHH € MIPOTEiHaMH, SIK1 OB’ 3aH1 3 IMyHHOIO CUCTEMOIO.

IMyHOr700YIIHM BUKOPHUCTOBYIOTHCSI IMYHHOIO CHUCTEMOIO JUIsl 1/eHTU(IKalii Ta
HelTpanizauii 4yKopilHUX 00’€KkTiB. BOHM BHKOPUCTOBYIOTH BJIACTUBOCTI 3B’S3yBaHHS
AQHTUTEHIB. AHTUTE€HW 1 AaHTUTUIA MOXYTh BHKOPHCTOBYBATHCS B IIapi pelentopa B
OloceHcopax. 3MEHIIEHHsI BIACTHBOCTEH, SIKi MOB’sI3aHI 3 aHTUTUIAMHM IMIiJ] Yac MPOLECy
iMyOii3anii aHTUTeHY, BUKOPUCTOBYIOTHCSI B KOHCTPYKLII 1Iapy pelenrtopa, Ae aHTUTLIa
BIZIIrpatoTh (PyHKII0 aHAMITIB (MOJEKYJ IPEIMETHOTO JIeTeKTYBaHH:) [6].

Monekynu, sKi MOB’sS3aHl 3 JETEKINi€r0, 3a0e3MedyroTh 3B’SI3YBaHHS AHTHUTII 3
AQHTUTCHAMH, YTBOPIOIOYM CKJaJHI KOHCTpyKIii. Ilpm 1poMy MK aHTUT€HaMH 1
AQHTHUTIJIAMA  YTBOPIOIOTBCS  JyXK€ CHJIbHI 3B’SI3KM 3 KOHCTAHTOIO 3B s3yBaHHS

Ka=10"-10" [7].
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2. PemwriTuacri nudepenuiaibHi piBHAHHSA

PemrituacTi audepeniianbHi piBHIHHSA €()EKTHBHO BHKOPHUCTOBYIOTHCS B 0araThox
NPUKIAJIHUX HAayKax, TAKUX K XiMiuHI peakuii, 00poOka 300pakeHb, MaTepiallo3HABCTBO 1
6iosoris [12].

VY Mozensx pemitdacTux AudepeHLialbHUX PIBHAHB MPOCTOPOBA CTPYKTypa Mae
JUCKPETHHI xapaktep. PemriTuacra nuHaMika IIMPOKO BUKOpHUCTaHa B 3amadax [12, 13],
OCKIUJIBKM CEpENIOBHIA, B SKHX MOMYJISALIRHI BUIU KUBYTh, MOXKYTh OyTH JTUCKPETHHUMH, a
HE HETIEPEePBHUMU.

3. PeriTyacra Mozies1b B3a€EMOIii AHTUTeH-AHTUTLIO /1151 JIBOBUMIPHOI0 MACHBY OioIiKceTiB

Hexail V, (1) — KkoHLeHTpamis aHTUreHiB, F J- (t) — KOHIEHTpalis aHTUTII Yy
6iomikcem (i, j), 1, J=1,N.

Mogenb TpYyHTYeThCS Ha TaKHX OIOJOTIYHUX MPUITYLHICHHAX JUISI JOBLIBHOTO
oiomikcens (i, ).

1. Maemo Aesiky KOHCTaHTYy HapopKyBaHocTi, £ >0 ans momynsiii aHTUTEeHIB.

2. AHTUTEHH HEUTPATI3YIOTHCS AaHTUTLIAMH 3 JISSIKOFO HMOBIPHICHOIO IIBHUIIKICTIO ¥ > 0.

3. IlomysAmist aHTUTeHIB IparHe 70 AesSK0i MeKi HACHUCHHS 31 IIBUAKICTIO O, > 0.

4. Mu maeMmo Jnesky nudy3ir0 aHTUTEHIB 3 YOTUPbOX cycimHix mikcemiB (i—1, j),
(i+1)), (,j-D, (i,j+1), (puc. 1) 3i meuakictio audysii DA, ne D>0 i A>0 €
BIJICTaHb MIXK MIKCETISIMHU.

5. Mu maeMo JiesiKy cTairy CMEpTHOCTI aHTUTLn 4, > 0.

6. Y pesympTaTi iMyHHOI BIAMOBiNAI MH 30UTBIIYEMO WIUIBHICTH AHTUTIT 3
IMOBIPHICHOIO IMIBUAKICTIO 777 .

Puc. 2.1. JliniitHa penriTka, sika 1MOB’s3y€ YOTUPH CYCIJHI MIKCEIl B MOJei
(n>0- crana qucbanancy)
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7. Ilomymsiiist aHTUTLI IparyHe 10 AesIKOTo PiBHS HACMUEHHS 31 BUAKICTIO O; > 0.

8. IMyHHa BiJNOBi/Ib 3’ ABJIAETHCSA 3 IESAKOIO CTANOK 3aTpuMKoI0 B yaci 7 > 0.
Ha ocHOBI bOTO MU PO3IIISAAEMO AY)KE MPOCTY KOHCTPYKIIIO MOJIENi aHTHICH-
AQHTUTIIO 13 3ami3HEHHSIM JUIsl JIBOBUMIPHOTO MacuBY OiOIIKCENiB, siIKa IPYHTYETHCS Ha

no6pe Bimomiit momem Mapuyka [8], [14-15] i BUKOpHCTOBYE IPOCTOPOBHIA omeparop S ,
3anpornoHoBanui y [9]:

dv. . (t A
Tl _ (g0 -0, -, 0+ 5,
2.1)
dr, . (1) (
Id—Jt = (—x; +777Vi,j(t —7) =6 Fi,j(t)Fi,j(t))Fi,j )
Mopguensb (2.1) 3agana moyatrkoBuMu GyHKIisamMu (2.2):
V,;)=V5(t) =0, Ft)=F’(t)>0, te[-0), 22)

V;;0), F,;0)>0.

Jnst xBagparHoro macuBy N xN MU BHKOPUCTOBYEMO TaKy AWUCKPETHY AUQY3ir0
JUIsl TIPOCTOPOBOTO oreparopa [9].

DA, , +V,, +V, , —2nV,, | i, j=1
DA_ZB/z,j +V1,j—1 +V1,j+1 +Vi,j+1 _3nVi,j [ =1 J e2,N-1
DAV, 4 +V,y —20V,, ] i, je2, N-1

DAV, 1y +Vian +Vin 1 =30V, ] i€2,N-1 j=N
S{Vi,j}: DA_Z[VN—LN +VN,N—1_2nVN,N] i=N,j=N (2.3)
DAy 1 +Vy 1 Vi pa+Vi 0 =30V, ] i=N, je2,N-1

DAV, 1, +Vy, —20V,,] i=N, j=1

DAV, 1 +V,1; +Vi, =30V, | €2, N-1 j=1

DA,y +Viy +V, 1V —40V, ] i, je2, N-1

KoxHa KOJIOHIS MIJIa€ThCS BIUIMBY aHTUIEHIB, BUPOOJIEHUX Yy YOTHUPHOX CYCIIHIX

KOJIOHISIX — JIBI KOJIOHIT [0 KOXKHOMY HAIPSMKY, pO3/1iJicHi piBHUMU BijcTansMu A.
Mu BHKOpHCTOBYEMO rpaHndHy ymMoBy V, ; =0 st peGep macusy I, | =0,N +1.

i,j+1

VY nopaibmioMy BUKOPUCTAEMO TaKe MO3HAYEHHS IS CTaIol

2 1,j=1 i=1j=N i=N,j=N i=N,j=1

3 1=1je2,N-1 ie2,N-1j=N i=N,je2,N-1
ie2,N-1 j=1

4 i,je2,N-1

®opmyna (2.4) Oyne BHKOPHUCTOBYBATHUCS B TMEPETBOPEHHSIX 13 MPOCTOPOBHM
ornepatopom (2.3).

3a IOIIOMOTr0OI0 YHCEIHLHOI0 MOJEIIOBAHHS MOJKHA IOOAYUTH, 110 SKICHA IIOBEIiHKA
CHUCTEeMH BH3HAYAETHCSl TOJOBHMM YHHOM YacoM IMYHHOI BiAmoBini 7 (abo wacom

k(i, j) = (2.4)

3ami3sHeHHs ), mBUAKicTIO nudysii DA™ i cramoo Nn.
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BucHOBKH Ta nepcrneKTUBY NOJAJIBIIUX JA0CTiKEeHb
Y po0oTi 3amponOHOBAHO MOJIENb IMYHOCEHCOpA, SKa IPYHTYETbCS Ha CHCTEMI

peuriTyaTX AudepeHLianbHUX PiBHSAHB 13 3ami3HeHHsAM. [loOynoBa Mozaeni rpyHTyBajgacs
Ha Pl 010JIOTTYHUX MPHUITYIICHB 010 B3aEMO/Ii1 KOJIOHIM aHTUTEHIB Ta aHTUTLJI, a TAKOXK
mudy3ii anTureHiB. g ommcy IUCKPETHHUX y MPOCTOPI KOJOHIM, JIOKali30BaHHUX Y
BIJIMOBITHUX MIKCEJISIX, BUKOPHUCTAHO anapar penrTdatux JudepeHIliaIbHuX pPiBHSIHb.

VY nopanpImx AOCTIHKEHHSIX HEOOX1HO MPOBECTH JOCIIKEHHS CTIHKOCTI B MOJIei

IMyHOCEHCOpa Ha OCHOBI pelIiTyacTuX Iu(epeHIialbHUX PIBHSHD 13 3al1i3HEHHHSM.
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RESUME

V.P. Martsenyuk, A.S. Sverstiuk

Model of the immunosensor on the basis of lattice differential equations with delay

In the work the model of immunosensor is proposed, which is based on the system of
lattice differential equations with delay. The construction of the model is based on a
number of biological assumptions about the interaction of colonies of antigens and
antibodies, as well as the diffusion of antigens.

Namely, they are the following:

we have some constant birthrate for antigen population; antigens are neutralized by
antibodies with some probability rate;

antigens are neutralized by antibodies with some probability rate;

we have some diffusion of antibodies from four neighboring pixels with diffusion rate;

we have some constant dirthrate of antibodies;

as a result of immune response, we have increase of density of antibodies with
probability rate; antibody population tends to some carrying capacity with some rate;

Immune response appears with some constant time delay.

The most important thing is to take into account spacially discrete character of the
model. On the other hand, we use the predator-prey model for the description of immune
response in each pixel. The time delay of immune response is described by the apparatus of
delay differential equations. For the description of discrete spaces in the space of the
colonies, localized in the corresponding pixels, the apparatus of lattice differential
equations is used. Lattice differential equations arise in many applied subjects, such as
chemical reaction, image processing, material science, and biology. In the models of lattice
differential equations, the spatial structure has a discrete character, and lattice dynamics
have recently been extensively used to model biological problems since the environment in
which the species population lives may be discrete but not continuous. Such approach is
appropriate for our problem.
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