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A subgroup H of a group G is called malonormal in G, if H ~ H" = (1) for every element x ¢ N(H). These subgroups
are generalizations of malnormal subgroups. Every malnormal subgroup is malonormal, and every self-normalizing
malonormal subgroup is malnormal. Furthermore, every normal subgroup is malonormal. In this paper we obtain a
description of finite and certain infinite groups, whose subgroups are malonormal.
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Let G be a group. A subgroup H of a group G is called malnormal in G, if H n H" = (1) for every
element x ¢ H. In particular, every normal subgroup is malnormal.

The term “a malnormal subgroup” has been introduced by B. Baumslag [1].

Malnormal subgroups arise in finite groups as Frobenius complements in Frobenius groups.
The Frobenius complements of Frobenius groups are described quite well (see, for example,
[2, Chapter 10, Theorem 3.1]). In this connection, we note the following result:

If G is a finite group and H, K are malnormal subgroups of G, then there exists an element g such
that H® < K or K8 < H (P. Flavell [3]).

The situation with malnormal subgroups in infinite groups much more complicated. The fol-
lowing result justifies this statement:

If K and L are non-trivial groups, then K is malnormal in the free product H % K |4, Proposition 2].

In [4], the role of malnormal subgroups in different classes of infinite groups was shown in
various cases. As can be seen from the definition, malnormal subgroups are antagonists to normal
subgroups: A normal subgroup H of a group G is malnormal in G if and only if H={1) or H= G.

A similar situation holds with another antagonist to normal subgroups, namely with abnor-
mal subgroups. Recall that a subgroup H of a group G is called abnormal if x € ( H, H' ) for each
element x € G. A normal subgroup H of a group G is abnormal in G if and only if H= G.
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Nevertheless, there are subgroups that are simultaneously a generalization of both ab-
normal and normal subgroups. Such are the pronormal subgroups. Recall that a subgroup H
of a group G is called pronormal, if the subgroups H and H" are conjugate in ( H, H" ) for each
element x € G.

These types of subgroups and other types of subgroups associated with them are subjects of
a vast array of articles. The results of these articles are reflected in survey [5].

We want to introduce a similar generalization of malnormal subgroups, namely, we want to
introduce here the following class of subgroups containing both malnormal subgroups and normal
subgroups.

A subgroup H of a group G is called malonormal in G, if H ~ H® = (1) for every element
x¢ N (H).

Thus, every malnormal subgroup is malonormal, and every self-normalizing malonormal sub-
group is malnormal. Furthermore, every normal subgroup is malonormal.

In this paper, we considered the groups, whose all subgroups are malonormal. These class of
groups includes the groups, whose subgroups are normal. Recall that groups, whose subgroups are
normal, are called Dedekind groups. If G is a Dedekind group, then either G is Abelian or G = Q
x B x S, where Q is a quaternion group, B is an elementary Abelian 2-subgroup, S is a periodic
Abelian p’-subgroup [6].

A special consideration is given to finite groups, whose subgroups are malonormal. Our first
main result is the description of such groups.

Theorem A. Let G be a finite group, whose subgroups are malonormal. Then G is a group of one
of the following types:

(i) G is a Dedekind group;

(i) G=(0) ™ (u), where |v|=p* k>3, |u|=pand " =v° where s=1+p"", p is a prime;

(iti) G=( c)yx{v)) »{u), where|c|=|v|=|u|=p>2and [v,u] = c, p is a prime;

(i0) G=({(z)x{a)) »(u),where|a|=|u|=p |z|>p" k>1, [z u] =1, [a u] =c, where
(c)=Q(2),pisaprime,

(v) G=QD, [Q, D] ={1), where Q is a quaternion group of order 8, D is a dihedral group of order
8 and QN D ={(Q)=L(D);

(vi) G = Q K, where Q is an elementary Abelian q-subgroup of order ¢°, q is a prime, K is a
cyclic q'-subgroup, 2 ¢ TI(K), K does not include a non-trivial cyclic { y )-invariant subgroup for
eachy € K;

(vii) G=Q » K, where | Q| = q is prime, Q = C(Q), K is a cyclic subgroup of order dividing g—1.

Conversely, in any listed above group, each subgroup is malonormal.

The natural next stage is the consideration of infinite groups with this property. The situation
with periodic groups is not very visible. A.Yu. Olshanskii [7] constructed the example of an infi-
nite finitely generated p-group O, p is a quite big prime, all of whose proper subgroups have order
p. It is clear that every proper subgroup of this group is malnormal. Therefore, some additional
restrictions were required.

A group G is said to be locally graded if every non-trivial finitely generated subgroup of G
includes a proper subgroup of finite index.

This definition belongs to S.N. Chernikov [8].

We were able to obtain the following results.
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Theorem B. Let G be an infinite periodic locally graded group, whose subgroups are malonor-
mal. Then G is a group of one of the following types:

(i) G is a Dedekind group;

(il) G=(Kx{c)) x{(b),where K=(a, |a,"=1,a
&'=b"=1,[K, bl =(1), [b, c] = a,, where p is a prime.

Conversely, in every of these groups, each subgroup is malonormal.

For non-periodic locally graded groups, the situation is simpler.

Theorem C. Let G be a locally graded group, whose subgroups are malonormal. If G is non-pe-
riodic, then G is Abelian.

Another restriction, which we used, connected to the generalized solvability.

A group G is called a generalized radical if G has an ascending series, whose factors are lo-
cally nilpotent or locally finite.

It is not hard to see that a generalized radical group has an ascending series of normal, indeed
characteristic, subgroups with locally nilpotent or locally finite factors.

Theorem D. Let G be a locally generalized radical group, whose subgroups are malonormal. If G
is non-periodic, then G is Abelian.

141 =a,ne N)isaquasicyclic p-subgroup,
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ITPO Y3ATAJIBHEHHA MAJTHOPMAJIbHUX ITIATPYIL

[ligrpyna H rpynu G HasUBae€ThCA MALoHopmaivioio B G, akmo H n H' = (1) 114 KOKHOTo eJIeMeHTa X, 110
He Halxexuth 10 N (H). Taki miarpynu € ysaraJibHeHHAM MaJHOpMabHuxX miarpyn. Koxna mannopmaibia
MiATPYIa € MATOHOPMAJIBHOIO i KOJKHA CAMOHOPMATi30BaHa MAJTOHOPMAaJIbHA MiZITPyTIa € MATHOPMaTbHOI0. KoskHa
HOPMaJIbHA TATPyNa TAaKOXK € MAJIOHOPMabHOW. OTPUMAHO OMHIC CKIHUEHHUX Ta JeSIKUX HECKIHUeHHUX TPyTl,
KOXXHA MiATPYyTIa KX € MATOHOPMAJIBHOIO.

Knouosi cnosa: mannopmanvia nidepyna, maronopmaivia nioepyna, epyna @pobeniyca, ysazarvhena paou-
KanvHa zpyna.
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Ob OBOBIIEHNN MAJTHOPMAJIbBHBIX ITOATPYIIII

[oarpynna H rpynbl G HazbiBaeTcst MaJioHOpMasibHoil B G, ecoim H m H* = (1) 1 Kas 1010 21eMeHTa X, KO-
Toporit npunanaesxut K N (H). Takue moarpymnmsr apisiorcs 0606IeneM MaTHOPMaIbHbIX oArpyi. Kax-
JIast MAJTHOPMaJIbHASI TTOJITPYIINA SIBJISIETCS MAJIOHOPMAJIBHOM M KasK/1asi CAMOHOPMAaJIN30BaHHAS MAJIOHOPMaJlb-
Hasl HOATPYIIA SIBJISIETCS MaTHOPMabHON. Kaskast HopmasibHast HOATPYIIA TAaKsKe SIBJISETCS MAJIOHOPMAJIbHOI.
[Tostyueno omnricanue KOHEYHBIX ¥ HEKOTOPHIX GECKOHEYHBIX TPYIIIL, KaXK/ast HOArPYIIa KOTOPbIX OyAeT Majio-
HOPMAaJIbHOI.

Kmouesvie caoea: mannopmanvnas noozpynna, MaioHopmarvias nooepynna, epynna @pobenuyca, 0606wennas
pacuxarvras epynna.

28 ISSN 1025-6415. Dopov. Nac. akad. nauk Ukr. 2019. Ne 3



