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We study the critical behavior of the 2D N -color Ashkin-Teller model in the presence of random bond disorder

whose correlations decays with the distance r as a power-law r−a . We consider the case when the spins of

different colors sitting at the same site are coupled by the same bond and map this problem onto the 2D system

of N/2 flavors of interacting Dirac fermions in the presence of correlated disorder. Using renormalization group

we show that for N = 2, a “weakly universal” scaling behavior at the continuous transition becomes universal

with new critical exponents. For N > 2, the first-order phase transition is rounded by the correlated disorder

and turns into a continuous one.
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1. Introduction

Two-dimensional (2D) systems are of particular interest in studying phase transitions in condensed

matter. On the one hand, this interest is constantly growing due to the progress in experimental tech-

niques of producing and studying low-dimensional materials like graphene [1], 2D crystals [2], and ultra-

thin ferromagnetic films [3]. On the other hand, the scaling behavior of many models is much easier to

analyze in two dimensions than in three dimensions, since the 2D conformal invariance much stronger

restricts possible scenarios, at least in the absence of disorder [4]. Moreover, some of 2D models allow

for an exact solution. The well-known examples include the 2D Ising model [5], the 2D ice-model (6-

vertex model) [6] and the Baxter model (symmetric 8-vertex model) [7]. The latter model is related to the

so-called Ashkin-Teller model [8], which was introduced to describe cooperative phenomena in quater-

nary alloys [9], along a selfdual line. Both models can be described in terms of two Ising models coupled

through their energy densities (i.e., by four-spin interaction):

H =−
∑

〈r,r ′〉

[

J
(

σ1
rσ

1
r ′ +σ2

rσ
2
r ′

)

+ J4σ
1
rσ

1
r ′σ

2
rσ

2
r ′

]

. (1.1)

The main feature of the model (1.1) is a continuous transition with the so-called “weak universality” [10]:
contrary to the usual critical universality, the critical exponents of model (1.1) continuously depend on

the coupling constant J4. In particular, the correlation length exponent is [7]

1

νpure
=

4

π
arctan

(

e
2J4/Tc

)

, (1.2)

where the critical temperature of the pure system Tc is given by 2J/Tc = ln(1+
p

2). The heat capacity ex-

ponent behaves as αpure ∼ J4, and thus, changes sign with J4. However, expressing the singular behavior
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of thermodynamic quantities near the critical point in terms of the inverse correlation length rather than

of the reduced temperature, one finds that the critical exponents rescaled in this way are universal [11].

Generalizing the model (1.1) to an arbitrary N , one arrives at the so-called N -color Ashkin-Teller

model [12]:

H =−
∑

〈r,r ′〉

(

J
N
∑

a=1

σa
r σ

a
r ′ + J4

N
∑

a<b

σa
r σ

a
r ′σ

b
r σ

b
r ′

)

, (1.3)

inwhich N Isingmodels are coupled pairwise through interaction J4. It reduces to the usual Ashkin-Teller

(Baxter) model for N = 2. For N > 2, the transition properties of model (1.3) drastically depend on the sign

of J4: the system undergoes a continuous phase transition for J4 < 0, while for J4 > 0, the transition is of

first-order [12].
The effects of quenched disorder on phase transitions have been a hot topic of research for several

decades (for review see e.g., [13–15]). For example, it is well-known that the critical exponents of a system

undergoing a continuous phase transitionmay bemodified by uncorrelated quenched impurities coupled

to the local energy density (the so-called random-bond or random site disorder). In this case, the relevance

of disorder can be predicted using the Harris criterion [16]: if the heat capacity exponent of the corre-

sponding pure system is positive, αpure = 2−dνpure > 0, then the presence of weak uncorrelated disorder

leads to a new critical behavior. Here, νpure is the correlation length exponent of the pure system. Accord-

ing to the Harris criterion, the 2D Ising model corresponds to a marginal situation since the heat capacity

exhibits only a logarithmic divergence in the vicinity of critical point, i.e., αpure = 0 [5]. Explicit calcula-

tions performed for the disordered 2D Ising model in [17–21] reveal that uncorrelated disorder modifies
the logarithmic divergence to a double logarithmic behavior, while other power-law scaling laws acquire

universal logarithmic corrections. The situation is quite different when the quenched disorder is corre-

lated. According to the generalized Harris criterion [22], the Gaussian disorder, whose variance decays as

a power law r−a , modifies the critical behavior of the pure system for a < d provided that it satisfies the
inequality νpure < 2/a. For a > d , the usual Harris criterion is recovered and the condition is replaced by

νpure < 2/d (see also [23, 24]). For the 2D Ising model with long-range correlated disorder, this has been

explicitly shown in [25] by mapping to the 2D Dirac fermions.

The effect of uncorrelated disorder on the continuous phase transition with “weak universality” ex-

hibited by the model (1.1) has been considered in [26–30]. Since the heat capacity exponent αpure of the

pure Baxter model is positive for J4 > 0, one can expect that the critical behavior is modified by uncorre-

lated disorder for J4 > 0. The renormalization group (RG) picture obtained using a mapping to fermions

suggests [26, 27] that for J4 > 0, the “weakly universal” critical behavior of the Baxter model changes to

that of the disordered 2D Ising model, e.g., the heat capacity exhibits a double logarithmic singularity.

The numerical simulations of [28–30] support the relevance of disorder but quantitatively they are less

conclusive. For instance, the numerical simulations of the random bond Ashkin-Teller model seem to

require additional efforts due to large sample to sample fluctuations and are rather in favor of a loga-

rithmic than a double logarithmic behavior of the heat capacity [29, 30]. For J4 < 0, the exponent αpure

is also negative so that the Harris criterion naively suggests that the critical behavior is unaffected by

uncorrelated disorder. The critical behavior deduced from the RG picture is, however, different due to

a new vertex generated by the RG flow. For instance, the correlation length behavior becomes universal

while the heat capacity remains finite. However, the precise behavior depends on the initial disorder, in

particular, whether the disorder seen by the both coupled Ising models in equation (1.1) is correlated or

not [26, 27].

It seems rather striking that adding a weak short-range correlated (SR) or uncorrelated quenched

disorder to the 2D N -color Ahkin-Teller (1.3) with N > 2 results in emergent critical behavior [31–37].
Indeed, the pure model exhibits a fluctuation-driven first-order transition characterized by runaway of

the RG flow which is reversed by even weak uncorrelated disorder. The 2D three-color Ashkin-Teller

model has been studied by means of large-scale Monte Carlo simulations in [38] and [39]. While the first
early work excludes the possibility of continuous transition with universal scaling behavior, the second

recent paper demonstrates that the first-order phase transition is rounded by the disorder and turns into

a continuous one. The resulting transition seems to be in the disordered 2D Ising universality class. This

agrees with perturbative RG predictions of [31–37].
In the present paper we study the effects of long-range correlated (LR) disorder with power-law decay
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of correlations on the phase transitions in the Baxter and N -color Ashkin-Teler models. The article is

organized as follows. In section 2, we consider the formulation of the problem in terms of Dirac (complex)

fermions following [25, 40, 41] and restrict our consideration to the case of the same disorder for all

fermion flavors [i.e., the disorder potentials seen by different Ising components in the models (1.1) and

(1.3) are completely correlated]. In section 2, we introduce a fermion representation for both models. In

section 3 we briefly describe the renormalization scheme we use for both models while in section 4 we

present the one-loop RG functions and the derived scaling behavior. Finally, we conclude in section 5.

2. Models and their fermion representation

In the vicinity of a critical point, the long-distance properties of the Baxter model (1.1) can be de-

scribed using two Majorana (real) fermionic fields χ1 and χ2 with the action [27]:

S =
∫

d
2r

{

1

2
χ̄1[/∂+m(r )]χ1 +

1

2
χ̄2[/∂+m(r )]χ2 −

1

4
λ0(χ̄1χ1)(χ̄2χ2)

}

. (2.1)

Here, we define /∂= γ1∂1+γ2∂2, γ1 =σx , γ2 =σy , and χ̄i =χT
i
σy with σx , σy , σz being the Pauli matrices.

In the clean case, we have m(r ) = m0 ∼ (Tc−T )/Tc and λ0 ∼ J4. The same model can be equivalently

expressed in terms of a single Dirac (complex) fermionic field ψ= (χ1 + iχ2)/
p

2 with ψ̄= (χ̄1 − iχ̄2)/
p

2.

The corresponding action reads [40]

S =
∫

d
2r

{

ψ̄[/∂+m(r )]ψ−
1

2
λ0(ψ̄ψ)(ψ̄ψ)

}

. (2.2)

Generalization of the action (2.2) to the N -color Ashkin-Teler model with even N is straightforward [42]:

S =
∫

d
2r

{

N/2
∑

i=1

ψ̄i [/∂+m(r )]ψi −
1

2
λ0

N/2
∑

i , j=1

(ψ̄iψi )(ψ̄ jψ j )

}

, (2.3)

where we have introduced N /2 flavors of Dirac fermions instead of N flavors of Majorana fermions.

In the presence of random bond disorder which is completely correlated between different Ising

colors (i.e., different fermion flavors), the mass can be written as m(r ) = m0 +δm(r ), where δm(r ) is the

local disorder strength. We assume that the disorder strength is a random Gaussian with the mean value

δm(r ) = 0 and variance

δm(r )δm(0) = g (r ), (2.4)

where g (r ) ∼ δ(r ) and g (r ) ∼ r−a are for SR and LR disorder, respectively. We shall use dimensional

regularization so that we have to generalize the problem to arbitrary d . To that end, we replace the Pauli

matrices by the Clifford algebra represented by the matrices γi , i = 1, . . . ,d satisfying the corresponding

anticommutation relations. To average the free energy of (2.3) over different disorder configurations,
we employ the replica trick [43]. Introducing n replicas of the system (2.3) and averaging over Gaussian

disorder distribution we arrive at the replicated effective action

Seff =
n
∑

α=1

∫

d
d r

[

N/2
∑

i=1

ψ̄α
i (/∂+m0)ψα

i −
1

2
λ0

N/2
∑

i , j=1

(

ψ̄α
i ψ

α
i

)

(

ψ̄α
j ψ

α
j

)

]

−
1

2

n
∑

α,β=1

∫

d
d r

∫

d
d r ′

N/2
∑

i , j=1

g (r − r ′
)
[

ψ̄α
i (r )ψα

i (r )
]

[

ψ̄
β

j
(r ′

)ψ
β

j
(r ′

)

]

. (2.5)

The properties of the original system with quenched disorder can be then obtained by taking the limit

n → 0. It is convenient to fix the normalization of the disorder correlator (2.4) in Fourier space as

δm(k)δm(k ′) = (2π)
dδd

(k +k ′
)ḡ (k), (2.6)

with

ḡ (k) = u0 + v0ka−d
, (2.7)

where u0 and v0 are bare coupling constants corresponding to the SR and LR parts of disorder correlator,

respectively.
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3. RG description

We study the long-distance properties of (2.5) within the standard approach of field-theoretical RG
technique [44]. Applying it one can calculate the correlation functions for the action (2.5) perturbatively

in λ0, u0 and v0. The integrals entering this perturbation series turn out to be UV divergent in the dimen-

sion we are interested in (d = 2). To make the theory finite we use the dimensional regularization [45, 46]

and compute all integrals in d = 2−ε. Inspired by the works [22, 41] we perform a double expansion in

ε = 2−d and δ = 2− a so that all divergences are transformed into poles in ε and δ while the ratio ε/δ

remains finite. We define the renormalized fields ψi , ψ̄i , mass m, and dimensionless coupling constants

λ, u and v in such a way that all poles can be hidden in the renormalization factors Zψ, Zm , Zλ, Zu and

Zv leaving finite the correlation functions computed with the renormalized action

SR=
n
∑

α=1

N/2
∑

i=1

∫

k

ψ̄α
i (−k)(Zψγk−Zmm)ψα

i (k)

−
1

2

n
∑

α=1

N/2
∑

i , j=1

∫

k1,k2 ,k3

µεZλλψ̄
α
i (k1)ψα

i (k2)ψ̄α
j (k3)ψα

j (−k1−k2−k3)

−
1

2

n
∑

α,β=1

N/2
∑

i , j=1

∫

k1,k2,k3

(

µεZuu+µδZv v |k1+k2|a−d
)

ψ̄α
i (k1)ψα

i (k2)ψ̄
β

j
(k3)ψ

β

j
(−k1−k2−k3), (3.1)

where we have introduced a renormalization scale µ and the shortcut notation
∫

k :=
∫

dd k , so that
∫

k1,k2,k3
stands for the corresponding triple integral. Since the renormalized action is obtained from the

bare one by the fields rescaling

ψi ,0 = Z 1/2
ψ ψi , ψ̄i ,0 = Z 1/2

ψ ψ̄i , (3.2)

the bare and renormalized parameters are related by

m0 = Zm Z−1
ψ m, λ0 =µεZλZ−2

ψ λ, (3.3)

u0 =µεZu Z−2
ψ u, v0 =µδZv Z−2

ψ v, (3.4)

where we have included Kd /2 in redefinition of λ, u and v . Kd = 2πd/2/(2π)d
Γ(d/2) is the area of the

d -dimensional unit sphere divided by (2π)d . The renormalized N -point vertex function Γ
(N ) is related

to the bare Γ
(N )

0
by

Γ
(N )

0
(ki ;m0,u0, v0) = Z−N /2

ψ Γ
(N )

(ki ;m,u, v,µ). (3.5)

To calculate the renormalization constants it suffices to renormalize the two-point vertex function Γ
(2)

and the four-point vertex function Γ
(4). We impose that they are finite at m = µ and find the renormal-

ization constants using a minimal subtraction scheme [45, 46]. To that end, it is convenient to split the

four-point function in the clean Γλ, SR disorder Γu and LR disorder Γv parts:

Γ
(4)i j kl

αβγµ(k1,k2,k3,k4)=
{

Γ
(4)

λ
(ki )δαβδαγδαµ+

[

Γ
(4)
u (ki )+Γ(4)

v (ki )|k1+k2|a−d
]

δαβδγµ

}

δi j δkl . (3.6)

Renormalization constants are determined from the condition that Γ(4)

λ
(0;m = µ), Γ(4)

u (0;m = µ) and

Γ
(4)
v (0;m =µ) are finite.

Since the bare vertex function does not depend on the renormalization scale µ, the renormalized

vertex function satisfies the RG equation

[

µ
∂

∂µ
−βλ(λ,u, v)

∂

∂λ
−βu(λ,u, v)

∂

∂u
−βv (λ,u, v)

∂

∂v
−

N

2
ηψ(λ,u, v)

+γ(λ,u, v)m
∂

∂m

]

Γ
(N )

(ki ;m,λ,u, v,µ) = 0, (3.7)
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where we have introduced the RG functions

βλ(λ,u, v) =− µ
∂λ

∂µ

∣

∣

∣

∣

0

, βu(λ,u, v) =− µ
∂u

∂µ

∣

∣

∣

∣

0

, βv (λ,u, v) =− µ
∂v

∂µ

∣

∣

∣

∣

0

, (3.8)

ηψ(λ,u, v) =−βλ(λ,u, v)
∂ ln Zψ

∂λ
−βu (λ,u, v)

∂ ln Zψ

∂u
−βv (λ,u, v)

∂ ln Zψ

∂v
, (3.9)

ηm(λ,u, v) =−βλ(λ,u, v)
∂ ln Zm

∂λ
−βu(λ,u, v)

∂ ln Zm

∂u
−βv (λ,u, v)

∂ ln Zm

∂v
, (3.10)

γ(λ,u, v) = ηm (λ,u, v)−ηψ(λ,u, v). (3.11)

Here, the subscript “0” stands for derivatives at fixed λ0, u0, v0 and m0. The critical behavior, if present,

should be controlled by a stable fixed point (FP) of the β-functions, which is defined as

βλ(λ∗
,u∗

, v∗
) = 0, βu(λ∗

,u∗
, v∗

) = 0, βu(λ∗
,u∗

, v∗
) = 0. (3.12)

Stability of a given FP can be determined from the eigenvalues of the stability matrix

M =









∂βλ(λ,u,v)

∂λ
∂βλ(λ,u,v)

∂u
∂βλ(λ,u,v)

∂v
∂βu (λ,u,v)

∂λ
∂βu (λ,u,v)

∂u
∂βu (λ,u,v)

∂v
∂βv (λ,u,v)

∂λ
∂βv (λ,u,v)

∂u
∂βv (λ,u,v)

∂v









. (3.13)

The FP is stable provided that all the eigenvalues calculated at the FP (3.12) have negative real parts.

Using coordinates of the stable FP we can calculate the critical exponent. For example, the correlation

length exponent ν is given by

1

ν
= 1+γ(λ∗

,u∗
, v∗

). (3.14)

The heat capacity exponent is given by the hyperscaling relation, which in two dimensions reads as

α= 2(1−ν). (3.15)

For a marginally irrelevant disorder, the dependance of the correlation length ξ := el and the singular

part of the heat capacity Csing :=
∫

dlF 2(l) on the reduced temperature τ can be found from the following

flow equations

dX (l)

dl
=βX [λ(l),u(l), v(l)], X =λ,u, v, (3.16)

dlnτ(l)

dl
=−1−γ[λ(l),u(l), v(l)],

dln F (l)

dl
= γ[λ(l),u(l), v(l)]. (3.17)

4. One-loop RG flow and the critical behavior

Applying the renormalization procedure described in the previous section we obtain the β-functions

βλ(λ,u, v) = ελ+2(N −2)λ2 −4λ(u+ v), (4.1)

βu(λ,u, v) = εu+4(N −1)uλ−4u(u+ v), (4.2)

βv (λ,u, v) = δv +4(N −1)vλ−4v(u+ v), (4.3)

and the γ function

γ(λ,u, v) = 2(N −1)λ−2(u+ v) (4.4)

to one-loop order in the replica limit n → 0. We find that the flow equations corresponding to the β-

functions (4.1)–(4.3) for N > 2 and ε > 0 have five distinct FPs: Gaussian (G), Pure (P), SR, LR, and

Mixed (M). The coordinates of the FPs and the eigenvalues ωi , i = 1,2,3, of the stability matrix evaluated

13603-5



M. Dudka, A.A. Fedorenko

Table 1. Coordinates of FPs {λ∗,u∗ , v∗} and the corresponding stability matrix eigenvalues ωi calculated
for the β-functions (4.1)–(4.3) for N > 2.

FP λ∗ u∗ v∗ ω1 ω2 ω3

G 0 0 0 δ ε ε

P − ε
2(N−2)

0 0 N(δ−2ε)−2(δ−ε)

N−2
− Nε

N−2
−ε

SR 0 ε
4

0 0 δ−ε −ε
LR 0 0 δ

4
−δ −δ+ε −δ+ε

M
ε−δ
2N

0 2ε(N−1)−δ(N−2)

4N
−δ+ε − ε

2
±

√

−4δ2(N−2)+4δ(3N−4)ε+(8−7N)ε2

4N

at the corresponding FP are summarized in table 1. Note that in two dimensions, i.e., for d = 2 (ε= 0), the

first three FPs merge and coincide with the FP G which describes the critical behavior of N uncoupled

clean Ising models up to logarithmic corrections. Let us analyze the RG flow for both the Baxter model

(N = 2) and the N -color Ashkin-Teller model with N > 2 in three regimes:

(i) Pure system (u0 = v0 = 0). For N = 2, the βλ-function (4.1) vanishes in d = 2 so that the model has

a line of FPs parameterized by λ. This is not surprising since the model in this limit coincides with the

O(2) Gross-Neveumodel or themassive Thirringmodel. Theβ-function of the latter model is equal to zero

identically leading to nonuniversal critical exponents [47]. This is consistent with the “weak universality”
picture given by the exact solution of the Baxter model [7]. Indeed, according to equations (3.14) and

(3.15), the correlation length and the singular part of the heat capacity behave as

(N = 2) : ξ= τ−1/(1+2λ0)
, Csing ∼ τ−4λ0 , (4.5)

where λ0 is the initial value of the dimensionless coupling constant λ. Expanding the exponent (1.2)

in small J4 we find the relation between parameters of the continuous and the lattice models: λ0 ≈
2J4/(πTc).

For N > 2, the RG flow given by the βλ-function (4.1) depends on the sign of the initial value of λ0:

for λ0 É 0, it flows to zero. Solving the flow equations (3.16)–(3.17) (see the Appendix for details) we find
λ(l) ≈−1/[2(N −2)l ] for l ≫ 1 and arrive at (see also [26])

(N > 2, λ0 < 0) : ξ∼ τ−1
(

lnτ−1
)(N−1)/(N−2)

, Csing ∼
(

lnτ−1
)−N/(N−2)

. (4.6)

For λ0 > 0, the λ-flow equation (3.16) exhibits a runway, i.e., the coupling constant λ leaves the region in

which the perturbative calculations are valid. As a result, the continuous (within a mean-field approxi-

mation) transition is driven by fluctuations to [32, 33]:

(N > 2, λ0 > 0) : first order phase transition. (4.7)

The above results may be contrasted with those for the pure 2D Ising model: ξ∼ τ−1 and Csing ∼ lnτ−1.

(ii) SR correlated disorder (v0 = 0). We find that the Gaussian FP (G) is the only stable (marginally)

FP in d = 2. For N Ê 2 and λ0 > 0, we rederive (see the Appendix for details) the results of [31–33]:

(N Ê 2, λ0 > 0) : ξ∼ τ−1
(

lnτ−1
)1/2

, Csing ∼ ln lnτ−1
, (4.8)

coinciding with the results for the 2D Ising model (N = 1) with SR disorder. For N = 2 and λ0 < 0, we find
(see also [27])

(N = 2, λ0 < 0) : ξ∼ τ−1/(1+2λ∗)
, Csing ∼ τ4|λ∗|

, (4.9)

where λ∗ =−|λ0|e−u0/|λ0|. For N > 2 and λ0 < 0, the scaling behavior is the same as in equations (4.6).

(iii) LR correlated disorder (u0 , 0, v0 , 0). Typical RG flows for the 2D Baxter (N = 2) and the N -

color Ashkin-Teller models (N = 4) are shown for δ = ±1 in figures 1 and 2, respectively. For δ < 0, the

LR disorder is irrelevant while the SR disorder is only marginally irrelevant. Thus, one can neglect the

contribution from the LR disorder and the scaling behavior is given by equation (4.8) for (N Ê 2, λ0 > 0),
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LR
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0.4

Λ

v

Figure 1. (Color online) The RG flow for the 2D Baxter model (ε = 0) with LR correlated disorder in the

plane λ, v (u = 0). Left-hand panel: δ=−1 (a = 3). Black dot is the marginally stable FP G (λ= u = v = 0).

Red dot is the FP LR (λ= u = 0, v =− 1
4
) which is unphysical since v < 0. Right-hand panel: δ=+1 (a = 1).

Black dot is the FP G (λ= u = v = 0) which is unstable. Red dot is the FP LR (λ = u = 0, v = 1
4
) which is

stable and physical.

equation (4.9) for (N = 2, λ0 < 0) and equation (4.6) for (N > 2, λ0 < 0). Note that even if the SR part of

disorder is not present in the bare correlator it will be generated by higher loop order corrections. For δ>
0, the critical behavior of both models is controlled by the FP LR: the models exhibit the scaling behavior

of the 2D Ising model with LR correlated disorder. For instance, substituting the FP LR to equation (3.14)

we obtain the correlation length exponent to one-loop:

1

νLR

= 1−
δ

2
. (4.10)

LR

M

G

-0.4 -0.2 0.0 0.2 0.4

-0.4

-0.2

0.0

0.2

0.4

Λ

v

LR

M

G

-0.4 -0.2 0.0 0.2 0.4

-0.4

-0.2

0.0

0.2

0.4

Λ

v

Figure 2. (Color online) The RG flow for the 2D 4-color Ashkin-Teller model (ε = 0, N = 4) with LR corre-

lated disorder in the plane λ, v (u = 0). Left-hand panel: δ=−1 (a = 3). Black dot is the marginally stable

FP G (λ= u = v = 0). Blue dot is the FP M with complex eigenvalues, which is an unstable cycle. Red dot

is the FP LR (λ= u = 0, v =− 1
4
) which is unphysical (v < 0). Right-hand panel: δ=+1 (a = 1). Black dot is

the FP G (λ= u = v = 0) which is unstable. Blue dot is the FP M with imaginary eigenvalues which is an

unphysical stable cycle (v < 0). Red dot is the FP LR (λ= u = 0, v = 1
4
) which is stable and physical.
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This result was already obtained for the 2D Ising model with LR correlated disorder in [25] which sup-

ports the conjecture that the exact correlation length exponent is νLR = 2/a. The corresponding heat

capacity exponent is αLR = 2−a.

Let us briefly discuss the validity of the extended Harris criterion for the 2D Baxter model with LR

correlated disorder. According to the extended Harris criterion, the LR correlated disorder is relevant

provided that the correlation length exponent of the pure system satisfies the inequality a < 2/νpure, i.e.,

δ > −4λ0. Although the extended Harris criterion correctly predicts the relevance of the LR correlated

disorder for δ> 0, as we found above the critical behavior is in fact modified for any δ< 0. In the last case,

FP LR is unstable, and the asymptotic critical behavior is described by equations (4.8) and (4.9), which

corresponds to the 2D Baxter model with SR disorder rather than to the critical behavior of the pure

2D Baxter model. Thus, in the case of the 2D Baxter model, the extended Harris criterion is violated by

correlated disorder in the sameway as the usual Harris criterion is violated by uncorrelated disorder [27].

5. Conclusion

We have studied the effect of LR correlated disorder on the 2D Baxter and N -color Ashkin-Teller mod-

els. The clean 2D Baxter model exhibits a “weak universal” critical behavior with the critical exponents

depending onmicroscopic parameters, while in the clean N -color Ashkin-Teller model, fluctuations drive
the system from the second order to the first order phase transition. Using themapping to the 2D interact-

ing Dirac fermions in the presence of LR correlated randommass disorder and dimension regularization

with double expansion in ε = 2−d and δ = 2− a we obtain the RG flow equations to one-loop approxi-

mation. Their analysis in d = 2 shows that (i) for a > 2 (δ < 0), the critical behavior is controlled by the

Gaussian FP that gives the critical exponents of the clean 2D Ising model (up to logarithmic corrections);

(ii) for a < 2 (δ > 0), the only stable FP is the LR FP (λ∗ = 0, u∗ = 0, v∗ = δ/4). It describes the rounding

of the weak universality in the Baxter model and the first order phase transition in the N -color Ashkin-

Teller model by correlated disorder. This leads to a new emergent critical behavior which is in the same

universality class as the 2D Ising model with LR correlated disorder [25]. For instance, we argue that

the exact values of the correlation length and heat capacity exponents are νLR = 2/a and αLR = 2− a,

respectively. Since quantum systems can be mapped onto classical systems in d +1 dimensions, it would

be interesting if these results could be generalized to the first order phase transitions in 1D quantum

systems [48, 49].
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Appendix

Here, we show how the asymptotic scaling behavior can be derived from the flow equations (3.16) for

λ and u

dλ

dl
= 2(N −2)λ2 −4λu,

du

dl
= 4(N −1)λu−4u2

. (1)

For N = 2, we introduce x = u/|λ| that leads to

dln x

dl
= 4λ,

d ln |λ|
dl

=−4x|λ|. (2)

13603-8



Emergent universal critical behavior

For λ0 > 0, we find x + lnλ= const. Therefore, the asymptotic behavior for large l reads

u ≈
1

4l
, λ=

1

4l ln 4l
. (3)

Substituting equation (3) into equations (3.17) and noticing that the flow is dominated by u(l) we obtain

equations (4.8). For λ0 < 0 we find x − ln |λ| = const and

d|λ|
dl

=−4λ2
(x0 + lnλ/λ0), (4)

which has a FP solution λ∗ = λ0e−x0 , x∗ = u∗ = 0. Substituting this FP into equations (3.14) and (3.15) we

obtain the scaling behavior (4.9).

In the case N > 2 we change variables x =±u/λ and y = uN−2/λ2(N−1) , where “+” and “−” correspond
to δ> 0 and δ< 0, respectively. This yields

dln x

dl
=±2N

x(N−2)/N

y1/N
,

d ln y

dl
= 4N

x2(N−1)/N

y1/N
. (5)

Dividing the first equation by the second one we obtain

dln x

dl
=±2N

x2(N−1)/N

y1/N
0

e
±2(x0−x)/N

, ln y/y0 =±2(x − x0). (6)

We define x0 =±u0/λ0, y0 = uN−2
0

/λ2(N−1)

0
and a0 = e±2x0 /y0. For λ0 > 0 we find x−2+2/N e2x/N ≈ 4l a1/N

0
.

Thus, the asymptotic behavior for large l is given by

u ≈
1

4l
, λ=

1

2l N ln4l
. (7)

Substituting equation (7) into equations (3.17) and noticing that the flow is dominated by u(l) we obtain

equations (4.8). For λ0 < 0, we find x−1+2/N ≈ 2(N − 2)l a1/N
0

which leads to the following asymptotic

behavior

u ≈
a−1/(N−2)

0

[2(N −2)l ]2(N−1)/(N−2)
, λ=−

1

2(N −2)l
. (8)

Substituting equation (8) into equations (3.17) and noticing that the flow is dominated by λ(l) we obtain

the same scaling behavior as in equations (4.6).

References

1. Novoselov K.S., Geim A.K., Morozov S.V., Jiang D., Katsnelson M.I., Girgorieva I.V., Dubonos S.V., Firsov A.A.,

Nature, 2005, 438, 197; doi:10.1038/nature04233.

2. Lyuksyutov I., Naumovets A.G., Pokrovsky V.L., Two-Dimensional Crystals, Academic Press, London, 1992.

3. Dunlavy M.J., Static and Dynamic Critical Phenomena in Ultrathin Films of Iron on W(110), Ph.D. thesis, McMas-

ter University, Hamilton, 2003.

4. Bernard D., Preprint arXiv:hep-th/9509137, 1995.

5. Onsager L., In: Critical Phenomena in Alloys, Magnets and Superconductors, Mills R.E., Ascher E., Jaffe R.I. (Eds.),

McGrawHill, New York, 1971, XIX–XXIV, 3–12.
6. Fan C., Wu F.Y., Phys. Rev. B, 1970, 2, 723; doi:10.1103/PhysRevB.2.723.

7. Baxter R.J., Exactly Solved Models in Statistical Mechanics, Academic Press, New York, 1982.

8. Ashkin J., Teller E., Phys. Rev., 1943, 64, 178; doi:10.1103/PhysRev.64.178.

9. Wegner F.J., J. Phys. C: Solid State Phys., 1972, 5, L131; doi:10.1088/0022-3719/5/11/004.

10. Suzuki M., Prog. Theor. Phys., 1974, 51, 1992; doi:10.1143/PTP.51.1992.

11. Krčmár R., Šamaj L., EPL, 2016, 115, 56001; doi:10.1209/0295-5075/115/56001.

12. Grest G., Widom M., Phys. Rev. B, 1981, 24, 6508; doi:10.1103/PhysRevB.24.6508.

13. Pelissetto A., Vicari E., Phys. Rep., 2002, 368, 549; doi:10.1016/S0370-1573(02)00219-3.

13603-9

https://doi.org/10.1038/nature04233
http://arxiv.org/abs/hep-th/9509137
https://doi.org/10.1103/PhysRevB.2.723
https://doi.org/10.1103/PhysRev.64.178
https://doi.org/10.1088/0022-3719/5/11/004
https://doi.org/10.1143/PTP.51.1992
https://doi.org/10.1209/0295-5075/115/56001
https://doi.org/10.1103/PhysRevB.24.6508
https://doi.org/10.1016/S0370-1573(02)00219-3


M. Dudka, A.A. Fedorenko

14. Dotsenko V.S., Phys. Usp., 1995, 38, 457; doi:10.1070/PU1995v038n05ABEH000084.

15. Holovatch Yu., Blavats’ka V., Dudka M., von Ferber C., Folk R., Yavors’kii T., Int. J. Mod. Phys. B, 2002, 16, 4027;

doi:10.1142/S0217979202014760.

16. Harris A.B., J. Phys. C: Solid State Phys., 1974, 7, 1671; doi:10.1088/0022-3719/7/9/009.

17. Dotsenko V.S., Dotsenko Vl.S., Adv. Phys., 1983, 32, 129; doi:10.1080/00018738300101541.

18. Dotsenko V.S., Dotsenko Vl.S., J. Phys. C: Solid State Phys., 1982, 15, 495; doi:10.1088/0022-3719/15/3/015.

19. Dotsenko V.S., Dotsenko Vl.S., Sov. Phys. JETP Lett., 1981, 33, 37 [Pis’ma Zh. Teor. Eksp. Fiz., 1981, 33, 40 (in

Russian)].

20. Hasenbusch M., Toldin F.P., Pelissetto A., Vicari A., Phys. Rev. E, 2008, 78, 011110;

doi:10.1103/PhysRevE.78.011110.

21. Kenna R., Ruiz-Lorenzo J.J., Phys. Rev. E, 2008, 78, 031134; doi:10.1103/PhysRevE.78.031134.

22. Weinrib A., Halperin B.I., Phys. Rev. B, 1983, 27, 413; doi:10.1103/PhysRevB.27.413.

23. Honkonen J., Nalimov M.Y., J. Phys. A: Math. Gen., 1989, 22, 751; doi:10.1088/0305-4470/22/6/024.

24. Prudnikov V.V., Prudnikov P.V., Fedorenko A.A., Phys. Rev. B, 2000, 62, 8777; doi:10.1103/PhysRevB.62.8777.

25. Dudka M., Fedorenko A.A., Blavatska V., Holovatch Yu., Phys. Rev. B, 2016, 93, 224422;

doi:10.1103/PhysRevB.93.224422.

26. Shalaev B.N., Phys. Rep., 1994, 237, 129; doi:10.1016/0370-1573(94)90086-8.

27. Dotsenko V.S., Dotsenko Vl.S., J. Phys. A: Math. Gen., 1984, 17, L301; doi:10.1088/0305-4470/17/5/016.

28. Matthews-MorganD., Landau D.P., Swendsen R.H., Phys. Rev. Lett., 1984, 53, 679; doi:10.1103/PhysRevLett.53.679.

29. Wiseman Sh., Domany E., Phys. Rev. E, 1995, 51, 3074; doi:10.1103/PhysRevE.51.3074.

30. Wiseman Sh., Domany E., Phys. Rev. E, 1998, 58, 2938; doi:10.1103/PhysRevE.58.2938.

31. Murthy G.N., Phys. Rev. B, 1987, 36, 7166; doi:10.1103/PhysRevB.36.7166.

32. Cardy J., J. Phys. A: Math. Gen., 1996, 29, 1897; doi:10.1088/0305-4470/29/9/006.

33. Cardy J., Physica A, 1999, 263, 215; doi:10.1016/S0378-4371(98)00489-0.

34. Imry Y., Wortis M., Phys. Rev. B, 1979, 19, 3580; doi:10.1103/PhysRevB.19.3580.

35. Hui K., Berker A.N., Phys. Rev. Lett., 1989, 62, 2507; doi:10.1103/PhysRevLett.62.2507.

36. Aizenman M., Wehr J., Phys. Rev. Lett., 1989, 62, 2503; doi:10.1103/PhysRevLett.62.2503.

37. Aizenman M., Wehr J., Commun. Math. Phys., 1990, 130, 489; doi:10.1007/BF02096933.

38. Bellafard A., Katzgraber H.G., Troyer M., Chakravaty S., Phys. Rev. Lett., 2012, 109, 155701;

doi:10.1103/PhysRevLett.109.155701.

39. ZhuQ.,Wan X., Narayanan R., Hoyos J.A., Vojta T., Phys. Rev. B, 2015, 91, 224201; doi:10.1103/PhysRevB.91.224201.

40. Feldman D.E., IzyumovA.V., Dotsenko V.S., J. Phys. A: Math. Gen., 1996, 29, 4331; doi:10.1088/0305-4470/29/15/008.

41. Fedorenko A.A., Carpentier D., Orignac E., Phys. Rev. B, 2012, 85, 125437; doi:10.1103/PhysRevB.85.125437.

42. Ludwig A.W.W., Nucl. Phys. B, 1987, 285, 97; doi:10.1016/0550-3213(87)90330-0.

43. Edwards S.F., Anderson P.W., J. Phys. F: Met. Phys., 1975, 5, 965; doi:10.1088/0305-4608/5/5/017.

44. Zinn-Justin J., Quantum Field Theory and Critical Phenomena, Oxford University Press, Oxford, 1996.

45. ’t Hooft G., Veltman M., Nucl. Phys. B, 1972, 44, 189; doi:10.1016/0550-3213(72)90279-9.

46. ’t Hooft G., Nucl. Phys. B, 1973, 61, 455; doi:10.1016/0550-3213(73)90376-3.

47. Jug G., Shalaev B.N., Phys. Rev. B, 1996, 54, 3442; doi:10.1103/PhysRevB.54.3442.

48. Goswami P., Schwab D., Chakravarty S., Phys. Rev. Lett., 2008, 100, 015703; doi:10.1103/PhysRevLett.100.015703.

49. Barghathi H., Hrahsheh F., Hoyos J.A., Narayanan R., Vojta T., Phys. Scr., 2015, T165, 014040;

doi:10.1088/0031-8949/2015/T165/014040.

50. Blavats’ka V., von Ferber C., Holovatch Yu., Phys. Rev. E, 2001, 64, 041102; doi:10.1103/PhysRevE.64.041102.

51. Blavats’ka V., von Ferber C., Holovatch Yu., J. Mol. Liq., 2001, 92, 77; doi:10.1016/S0167-7322(01)00179-9.

52. Blavats’ka V., von Ferber C., Holovatch Yu., Phys. Rev. E, 2006, 74, 031801; doi:10.1103/PhysRevE.74.031801.

53. Blavats’ka V., von Ferber C., Holovatch Yu., Philos. Mag., 2008, 88, 4085; doi:10.1080/14786430802382275.

54. Blavats’ka V., von Ferber C., Holovatch Yu., Phys. Lett. A, 2010, 374, 2861; doi:10.1016/j.physleta.2010.03.037.

55. Blavats’ka V., von Ferber C., Holovatch Yu., Phys. Rev. E, 2011, 83, 011803; doi:10.1103/PhysRevE.83.011803.

56. Blavats’ka V., von Ferber C., Holovatch Yu., Condens. Matter Phys., 2011, 14, 33701; doi:10.5488/CMP.14.33701.

57. Ivaneyko D., Berche B., Holovatch Yu., Ilnytskyi J., Physica A, 2008, 387, 4497; doi:10.1016/j.physa.2008.03.034.

13603-10

https://doi.org/10.1070/PU1995v038n05ABEH000084
https://doi.org/10.1142/S0217979202014760
https://doi.org/10.1088/0022-3719/7/9/009
https://doi.org/10.1080/00018738300101541
https://doi.org/10.1088/0022-3719/15/3/015
https://doi.org/10.1103/PhysRevE.78.011110
https://doi.org/10.1103/PhysRevE.78.031134
https://doi.org/10.1103/PhysRevB.27.413
https://doi.org/10.1088/0305-4470/22/6/024
https://doi.org/10.1103/PhysRevB.62.8777
https://doi.org/10.1103/PhysRevB.93.224422
https://doi.org/10.1016/0370-1573(94)90086-8
https://doi.org/10.1088/0305-4470/17/5/016
https://doi.org/10.1103/PhysRevLett.53.679
https://doi.org/10.1103/PhysRevE.51.3074
https://doi.org/10.1103/PhysRevE.58.2938
https://doi.org/10.1103/PhysRevB.36.7166
https://doi.org/10.1088/0305-4470/29/9/006
https://doi.org/10.1016/S0378-4371(98)00489-0
https://doi.org/10.1103/PhysRevB.19.3580
https://doi.org/10.1103/PhysRevLett.62.2507
https://doi.org/10.1103/PhysRevLett.62.2503
https://doi.org/10.1007/BF02096933
https://doi.org/10.1103/PhysRevLett.109.155701
https://doi.org/10.1103/PhysRevB.91.224201
https://doi.org/10.1088/0305-4470/29/15/008
https://doi.org/10.1103/PhysRevB.85.125437
https://doi.org/10.1016/0550-3213(87)90330-0
https://doi.org/10.1088/0305-4608/5/5/017
https://doi.org/10.1016/0550-3213(72)90279-9
https://doi.org/10.1016/0550-3213(73)90376-3
https://doi.org/10.1103/PhysRevB.54.3442
https://doi.org/10.1103/PhysRevLett.100.015703
https://doi.org/10.1088/0031-8949/2015/T165/014040
https://doi.org/10.1103/PhysRevE.64.041102
https://doi.org/10.1016/S0167-7322(01)00179-9
https://doi.org/10.1103/PhysRevE.74.031801
https://doi.org/10.1080/14786430802382275
https://doi.org/10.1016/j.physleta.2010.03.037
https://doi.org/10.1103/PhysRevE.83.011803
https://doi.org/10.5488/CMP.14.33701
https://doi.org/10.1016/j.physa.2008.03.034


Emergent universal critical behavior

Унiверсальна критична поведiнка 2D N -кольорової моделi

Ашкiна-Телера, що з’являється у присутностi

довгосяжно-скорельованого безладу

М. Дудка1, А.А. Федоренко2

1 Iнститут фiзики конденсованих систем НАН України, вул. Свєнцiцького, 1, 79011 Львiв, Україна

2 Лабораторiя фiзики, Вища нормальна школа м. Лiон, Унiверситет Клода Бернара, ЦНРС,

F-69342 Лiон, Францiя

Ми вивчаємо критичну поведiнку 2D N -кольорової моделi Ашкiна-Телера у присутностi безладу типу ви-

падкових зв’язкiв, кореляцiї якого спадають з вiдстанню r за степеневим законом r−a . Ми розглядаємо

випадок, коли спiни рiзних кольорiв, що сидять на тому ж самому вузлi, зв’язанi одним зв’язком, i перево-

димо цю задачу на 2D систему N/2 ароматiв взаємодiючих фермiонiв Дiрака у присутностi скорельовано-

го безладу. Використовуючи ренорм-групу, ми показуємо, що для випадку N = 2 “слабка унiверсальнiсть”

при неперервному переходi стає унiверсальною з новими критичними показниками. Для N > 2 фазовий

перехiд першого роду перетворюється скорельованим безладом в неперервний.

Ключовi слова: фазовi переходи, скорельований безлад, двовимiрнi моделi, фермiони Дiрака,

ренорм-група
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