Condensed Matter Physics, 2016, Vol. 19, No 3, 33004: 1{14] CONRENSED

. /AT UER
DOL:[10.5488/CMP.19.33004 BYAIEe)

http://www.icmp.lviv.ua/journal

Spectral properties of four-time fermionic Green’s
functions

A.M. Shvaika

Institute for Condensed Matter Physics of the National Academy of Sciences of Ukraine,
1 Svientsitskii St., 79011 Lviv, Ukraine

Received April 27, 2016

The spectral relations for the four-time fermionic Green’s functions are derived in the most general case. The
terms which correspond to the zero-frequency anomalies, known before only for the bosonic Green’s functions,
are separated and their connection with the second cumulants of the Boltzmann distribution function is eluci-
dated. The high-frequency expansions of the four-time fermionic Green’s functions are provided for different
directions in the frequency space.
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1. Introduction

One of the main tasks of the quantum many-body theory is, on the one hand, to calculate the observ-
able quantities that could be measured directly by experiment, and, on the other hand, to provide con-
nections between the measured quantities and microscopic properties of a system. It was first noticed by
Kubo [1] that linear transport coefficients are expressed in terms of the Fourier transforms of appropriate
correlation functions that relate by spectral relations to the two-time Green’s functions. Since then, the
Green’s function method has been admitted and extensively developed [2H4].

In his seminal article Kubo [1] also pointed out the difference between the isothermal and adiabatic
(isolated [5]) response of the many-body system and its connection with the ergodic properties of a sys-
tem. On the other hand, later on it was noticed by Stevens and Toombs [6] that spectral relations should
be completed by a special treatment of an additional contribution at zero frequency connected with the
presence of conserved quantities [7, [8].

In the Green’s function formalism, the issue of ergodicity appears as a difficulty in the determina-
tion of the zero-frequency bosonic propagators [6H14]. It states that the Fourier transform of the Green’s
function contains two terms:

Gap(2) = Gap(2) — Capd(2), (1.1)

where the first ergodic (Kubo) contribution Gz (z) is defined by the one-particle bosonic or fermionic
density of states

1 Be: _ — -
pan(@) = — Y AjBy (7P T )@ e ) (1.2)
if
through the spectral relation
+00
Gap(2) = f do P22 (g) , 1.3)
—00

and the second nonergodic term represents the zero-frequency anomaly with C4p = 0 for fermionic func-
tions and C4p # 0 for a bosonic one. Here, the upper and lower signs correspond to bosonic and fermionic
functions, respectively,

Aji=(IAID (1.4)
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are matrix elements of operator A between the many-body states with energy difference
Ej1=¢€j—¢€yp, (1.5)

and
Z=Tre PH =Y e Pei (1.6)
i

is partition function.

For the Matsubara Green’s function, the complex argument z is equal to the bosonic or fermionic
Matsubara frequencies z = iw,, 6(z) = fA({w,) with A(z =0) = 1 and 0 in other cases, and for bosonic
functions we have

1 .
Cap=— Y, ePIA;By, @
if
Ejié’f

where the summation is only over the many-body states with equal energies € ; = £ r including nonergodic
contributions and contributions from the conserved quantities.

For the retarded and advanced Green’s function one should replace z by w +i0%, respectively, and
put 8(z) = 6 (w). Now, the quantity C4p is not well defined and different tricks are used for its calculation
[ZH9l [11H17].

Nevertheless, even now many textbooks on the quantum statistics and many-body theory do not pro-
vide a complete discussion of the spectral relations and special treatment of the zero-frequency anoma-
lies. Moreover, since for the two-time Green’s functions such anomalies appear only for a bosonic one, no
one has even tried to address the problem of zero-frequency anomalies for multi-time fermionic Green’s
functions.

The Kubo’s transport theory [1] is not limited to the linear phenomena and provides results to the ar-
bitrary order of external perturbation. The resulting multi-time correlation and Green’s functions repre-
sent different nonlinear transport phenomena and resonances [18H20]. Besides, multi-time functions also
appear as puzzles in different orders of perturbation theories for many-body systems, e.g., the four-time
two-particle function enters the Schwinger-Dyson equation for the one-particle function [21]]. Moreover,
cross-sections of the inelastic scattering processes can be expressed in terms of multi-time correlation
functions too [22] 23], e.g., for the electronic inelastic light (Raman) scattering the nonresonant, mixed,
and resonant responses [24H26] are connected with the two-time, three-time, and four-time Matsubara
Green’s functions [27H29], respectively, and can be rewritten in terms of multi-time correlation functions.

Spectral relations for multi-time, i.e., three-time Green’s functions of Kubo type, were originally intro-
duced by Bonch-Bruevich [4}[30] before the zero-frequency anomaly problem was noticed. Spectral rela-
tions for three-time bosonic Matsubara Green’s functions taking into account zero-frequency anomalies
were considered by Shvaika [31] and there were obtained solutions of the reverse problem, i.e., finding
of spectral densities from the known Green’s functions.

In this article we consider spectral relations for the four-time fermionic Matsubara Green’s functions
with special emphasis on zero-frequency anomalies. It will be shown that despite the obvious statement
that there are no zero-frequency anomalies for separate fermionic frequencies, they could exist for the
sums of two. In the next section we introduce four-time correlation functions and spectral densities and
separate the terms with different time and frequency dependences. In section [3 we consider the four-
time Matsubara Green’s functions and show how the zero-frequency anomalies enter and modify the
spectral relations. The connection with generalized cumulants will be considered as well. We provide the
high-frequency asymptotics in section[4)and in the last section we conclude.

2. Four-time correlation functions and spectral densities

First of all, we should introduce the four-time correlation functions. They can be defined in a usual
way as follows:

Kapcep(t, to, t3, ta) = (A(11) B(£2) C(13) D (1)), @.1)

33004-2



Spectral properties of four-time fermionic Green’s functions

where operators A, 3, C, and D are of the fermionic type, e.g., ordinary creation and annihilation opera-
tors or operators with a more complex commutation relations like the Hubbard one, and

()= %Tre_ﬁH(...) 2.2)

is a thermodynamical averaging. Here, we consider only the case of equilibrium many-body systems for
which correlation functions are time-shift invariant

Kapep(t, 2,13, t4) = Kapcp (81 — t,tp — £, 13— L, 14 — 1). 2.3)

Spectral density is defined as its Fourier transform

1 +00 +0o +00
Ispcp (W1, w2, w3,w4) = Wfd(tl_ t4)fd(f2— t4)fd(t3— t4)
—00 —00 —00

x Kapcep (b1, b, t3, 1g) @1 1F020F 03104 A () 1 @)y + w3+ 04). 2.9
Here, symbol A(w; + w2 + w3 + wy4) represents the conservation of the total energy (frequency)
w]+wr+w3+wg =0, (2.5)

which follows from the time-shift invariance .3). Below, in all equations, we shall keep all four frequencies
in order to obtain simple rules for constructing of different contributions, but one should keep in mind that
according to only three of them are independent.

In the case of fermionic operators, spectral density includes four different contributions

I1Bcp (W1, w2, w3, w4) = AW + w2 + w3 +w4) [Iapcp (W1, W2, W3,W4)
+6(w1 + w2) g ep (w1, —w1, w3, —w3) + § (W2 + W3) I 55 (W1, —W3, W3, —W1)

+6(w1 +w2)6 (w2 +w3):m(w1,—w1,a)1,—w1)] (2.6)

with different frequency dependences

- 1 —Be.
Inpcp(@1,w2,w3,00) = — Y. € P A;BiCppDyj8(ej +w1)8(E f + w2)B (€ pp +w3), 2.7
il
o
EpFE]
_ 1 B
Fgeplwr, —w1, w3, —w3) = - lz e 'Bnglelfoprj(s(Ejl +w1)6(€fp +w3), (2.8)
5L
EpFE]
- 1 —Be.
Fgepw1,—ws3,w3,—w1) = - IZ e ﬁEJAﬂBlfopD,,jé(ejl+w1)6(efp+w3), (2.9)
E]l:fg;
EjFES

1 _Be:

Lgep@1,~on,01,-01) == ) e ﬁE]Alelfoprja(&'jl +w1). (2.10)

jlfp

Ef:{;‘j

E1=€p
For bosonic operators, additional terms with §(w;) could appear [31]. Expression already displays
the zero-frequency anomaly — the presence of terms with d-function factors, which results in different
time dependences of the contributions in the correlation function

Kagep(ty, 12, 13, 13) = Kapep (11, 12, 13, 1a) + K e (11 — 2, 13— 1)

+K2ﬁ5(tl — I, 13— )+ KgABCD(tl —fhh+i3— 1) (2.11)
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with a different asymptotic behavior at large time values t; — oo, f; — oo, f3 — oo, and f; — oo. The
first term always goes to zero Kapcp(l1, f2, 13, f4) — 0, the next two terms Kz ep(t — f2, I3 — £4) and

K556t —1t4, 13— 12) are finite for finite differences |11 —£2| < 0o, | f3— 4] K coand |11 — 4] K 0o, |[l3— 12| <
oo, respectively, and the last term f(m(tl — o + 13— 1) is finite for finite values of |f; — o + 13 — 14| K o0.

Besides, the total spectral density satisfies the following cyclic permutation identities (w; + w2 +
w3+ wy=0)

.
Iacp (@1, w2, 03,04) = Ipcpa(w2, W3, w4, 01)eP! = Icp Ap (W3, W4, w1, W) P @172

= IDABC(w4)wlyw2)w3)e_ﬁw4) (212)

and for a given set of operators A, B, C, and D there are 4! = 24 different correlation functions (2.11) but
only 3! = 6 nonidentical spectral densities (2.6).

3. Four-time Matsubara Green'’s function
Now we introduce four-time Matsubara Green’s function

K (11,72,73,72) = (T A1) B(12)C(13) D(14)),
K (11,72,73,70) = K (01 = 7,72 - 7,73 - 1,74 = 7). 3.1)
Due to the imaginary time ordering 7, its Fourier transform contains 4! = 24 terms which can be collected

into 3! = 6 contributions

) B B B B
KC(4) (iwnlyiwngriwngyiwn4) = EdeldeZde3de4e(iw"1T1+iw"2T2+iw”3T3+i‘””4r4)KC[4) (T1,T2,T3,T4)
0 0 0 0

= RABCD(ia)n]»i(’-)ng)ia)ng;»i(’-)m;) +RDCBA(iwn4riwn3’iwnzriwnl) +RACDB (iwnl»iwng»iwm»iwng)

+ RBDCA(iwngriwn4;iwn3riwn1) + RADBC(iwnl,i(l)n4,iwn2,i(l)ns) +RCBDA(iwngiiwngviwmpiwnl); (32)

where

KaBep(iWp,,iWp,, Wy, iwy,,) = Z Y AjiBifCrpDpiB(j,iwn,, Liwn,, f,iwn,, p,iwn,) (3.3)
jlfp

collects the terms connected by cyclic permutations and iw, =i(2n+ 1)z T are fermionic Matsubara fre-
quencies which satisfy the constraint

iwp, +iwy, +iwp, +iw,, = 0. (3.4)

In equation (3.3), cyclic permutations are included through quantity

B 71 T2 73 B T2 T3 T4
e_ﬁgffdrlfdrgfdrgfdu—e_ﬁ‘”fdrgfdrg‘[dufdn
0 0 0 0 0 0 0 0

B T3 T4 T] B T4 71 T2
+e_ﬁ£ffdrgfdr4fd11fdrg—e_ﬁgpfdufdrlfdrgfdrg
0 0 0 0 0 0 0 0

x expl(ej; +iwn )11 + (€1f +iwp,) T2 + (Efp +iWpy ) T3 + (€pj +iwWn,)T4l, (3.5)

.. . . . 1
B, iwn,, L iwn,, fiwp,,p,ivy,,) = B

which satisfies an obvious relation

ng(j,i(,Unl, lriwnzyf)iwn3rpyiwn4) = _qs(lyiwnz)f)iwngyp)iwn4rj)iwn1)- (3-6)
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In a general case, when all possible nontrivial sums of Matsubara frequencies are nonzero or when there
are no eigenstates with the same energy values, function (3.5) is equal to

B(j,iwn,, L iwn,, f,iwn,, p,ivn,) = Aliwy, +iw,, +iw,, +iwy,)
e_ﬁgj e_ﬁgl

(€1 —iwnl)(sfj —lwp, —iwy,)(Epj +iwy,) (ef1 —iwnz)(epl —iwp, —iwn3)(£jl +iwy,)
ePer e Per

+ ; ; ; ; - ; ; ; : . 3.7
(€if —wpg)(€jf —iWpy —iwp,)(E)f +iwy,)  (€jp —iwn,) €y — Wy, —i0y)(Efp +iwy,)

Besides, we should consider several special cases, when we have levels with the same energy value: the
case of €; = €5 # €p, €1 and iwy, +iwy, = Wy, —iw,, =0. Now we have an additional contribution

lim lim - lim lim | B, iwn,, Liwn,, f,iwa,, p,iwg,)
Ef7Ejiwn, ——lwp,  lwp, ——lwp Ef7Ej
pe e
£ . . .
T (erj—iwn,) (E€pj —iwny)

=A(iwy, +iwy,)Aliwy, +iwn4)A€j, (3.8)

Another case of €, =¢; # €,£f and iwy, +iwy,, = —iwWp, —iwy, = 0 produces a different additional contri-
bution

lim lim - lim lim | B, iwp,, Liwn, f,iva,, p,iv,,)
Ep—Eliwp, ——iwy,  iwp,——iwp Ep—El
ﬁe_ﬁgl

JE " - .
’(Efl—lwnz)(fjl—lwn4)

=-A(wy, +iw,,)A(iwy, +icu,,2)A€’7 3.9

The case of ¢; = € # €5 = €; and iwy, = —iwp, = iwy, = —iw,, does not introduce any additional contri-
butions but it should be considered separately to avoid double counting. Here,

Aej,ef:{ (1): ij;g; ) Asj,ele_Aej,sf- (3.10)
Special consideration of such terms is required because in many cases, e.g., in numerical calculations, it
is very difficult to tune up independently the energies of each many-body state ¢; in order to apply the
tricks like and (3.9), and they should be incorporated in the theory explicitly. On the other hand, they
correspond to the cases when the consequent action of two fermionic operators returns the many-body
system back to the initial state or to the state with the same energy (true or accidental degeneracy) and
represent the elastic scattering collisions. Such processes determine the difference between the isother-
mal (e.g., static) and isolated (Kubo) susceptibilities [5].
Finally, we get

s13(].ria)}’l1) lyiwnzyf)iwn3)p)iwn4) = i/;(jriwnly lyiwnzyfriwngl p;iwn4)
petei
)Aé‘j,&'f . .
(e1j —iwn,)(€pj — iwny)
ﬁe_ﬁgl
)AEp,El . .
(Efl - lwnz)(gjl - 1wl’l4)

+A(lwp, +iwp,)Alwn,, +iwy,

= Aliwp, +iwp)Alw,, +iwy,

(3.11)

or

gB(jviwnl) l,iﬂ)nz,f, iwng, p) lwn4) = A(lwnl +iwl’l2 + iwng + iwn4)Aej,£fAel,£p

e_ﬁgj e_ﬁgl

(e1j —iwp)(Efj —iwp, —iwy,)(Epj +iwy,) (€ —iwn,)(Ep; —iwy, —iwn,) (€ +iwp,)
efﬁ&‘f e_ﬁ‘gp

+ . - - - - - . . -
(epf —lwny)(€jf —iwn, —iwn ) (E€1f +iwp,)  (€jp —iwn,)(€1p —iWp, —1Wn) (€ fp +1Wn,)
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e Pej 1 1

; + :
grj—iwp,  €pj—iwnp,

}

= M@, +i0p, +i0n, +i0n)Ae e Doy, |

(Elj + iwm)(epj +iwn4)
1 e Pe e Pev

Epl —iWp, —iwn,

+

(ej1—iwp,)(€j1 +iwn)  (€jp—iwn,)(€)jp +iwn,)
+A(lwp, +iwy, +iwy,, + ia)m)Agj,nggl,gp

e bej e Per

1
Efj—lwp —1wg, L(e1j —iwp ) (€1 +iwp,) (€17 —1Wn,)(€1f +iWp,)

1 1
L)
Ef1—1Wp, Ejl—lWp,

e_ﬁgl

+ - -
(ej1+iwn) (€ f1 +iwn,)

Ad . . 0, VA A e Pei 4 e Pe 1 1
+A{wn, +iwn, +i0n, +iwn,) A e Mg, - - [ — + .
! 2 3 TR (g —iwp, ) (€ —iwpy) Lej —iwy, €)1 —iwy,
_ ﬂe_ﬁgj
+ Aiwp, +iwp,)A(iwp, +iwy)Ae e Ae ) e - -
! 2 3 T (g — i) (€ — iwp)
ﬁe_ﬁgl

= Aliwp, +iwn,)Alw,, +iwn2)Agj,EfA5p,gl €71~ iwm) €10 )
ny J ny

ﬁASj,EfAé‘p,El

+ - p
(€17 —iwp,) (€1 —iwny)

[Awn, +i0n) MA@, +iwn,)e P = Alw,, +iwn,) Aliwn, +iw,,)e Pe].

(3.12)

Now we can introduce spectral representations for four-time fermionic Matsubara functions. For the
first term in (3.2) we get (w4 = —w1 — W2 —W3)

ﬁABCD(iwnl ’ iwngriwny lwn4) = RABCD(iwnl )iwnzriwn3)iwn4)
+00 +0o =

Iii(wl,_whw:’n_wi’w)
+ BA(wy, +iwy,)A(w,, +iw dw; | dws-ABCD
Pl +1wm) Aln, "4)_[0 1_[(? @1~ i) @3~ i0,,)

+00 +oo I— ( )
. . . . A8c pW1, —W3,W3, —wW1) _
= BA(iwp, +iwp,)Alwy,, +1wn2)fdw1fdw3 ABCD e~Pon
—00 —00

(w1 —iwy, ) (w3 —iwy,)

FHgepwr, —w1, 01, —w1)
(wl - iwnl)(wl - iwn3)

+00
+ BA({wy, +iw,,)Aliwy, +iwn4)fdw1
—00

FHgepwr, —w1, 01, —w1) o—Pon
»

+00
= BA(iwp, +iwp,)Aliwn, +iwn2)fdw1
—00

; ; (3.13)
(w1 —iwp, ) (W1 — iwy,)
where
+00 +00 +oo
KaBep (iWpy, iWn,, 1wy, iwy,,) = Aliwy, +iwg, +iog, +iwn4)(fdwlfdwzfdwslABCD(wl,wz.w3,w4)
—00 —00 —00
1 e_ﬁwl
X . . . . - . . . .
(w1 —iwp ) (W1 + W2 =Wy, —iWp,) (—wWs +iwy,) (W2 —iWy,) (W2 + W3 —iWy, — W) (—W1 +iWy,)
e~ Blwi+w?) ePwa

(w3 —iwny) (W3 + W4 —iWp, —iWp,) (—w2 +iwp,) (W4 —iwWy,) (W4 + w1 —iWy, —iWy,) (—03 +iwWs,)
+oo +o0

- 1 1
_fdwlfdeIﬁ@(wly_wlrw?);_w?)){
—00 —00

1
; ; ; + ;
(w1 +iwp,) (w3 +iwy,) | w1 —iwy, 03 —iwWy,

1

w3 — W1 —iwy, —iwy,

+

e_ﬁwl e_ﬁwS
(@1 +iwn,) (@1 —i0n,) (@3 +iwp,) (@3 —i0,,) ] }
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+00 +00o

+fdw1fdw3fzfcﬁ(w1r—w3rw3,—wl){

—00 —00

e P 1 1
; ; ; + ;
(01 —iwp) (W3 —iwp,) | —w3 —iwy,, —w1—iwy,

%

1 1
+ ]) (3.14)

w1 +iwy,, w1 +iwy,

1 1 e Plwr-ws)

w1 — w3 —iwy,, —iwy,

+

(w1 +iwy,) (W1 —iwy,) (W3 +iwg,) (W3 —iwy,)

1+e P
(w1 —iwp, ) (W1 —iwp,)

+00
_fdwl 5D W1, —W1, w1, —W1)
—00

Similar expressions can be written for the other five contributions in (3.2). One can see from (3.13) and
(3.14) that spectral densities contribute only in the normal components (3.14), whereas the spectral
densities (Z.8)-(2.10) contribute both in the normal and in anomalous components.

3.1. Zero-frequency anomaly and cumulants

It follows from equation (3.13) that there are two types of contributions: the normal one
Kapepiwp,,iwn,,iwy,,iw,,) with all frequencies being different and the anomalous one with additional
constraints on the frequencies. Based on this, one can rewrite the four-time Green’s function (3.2) in the
form

AP . . . =(4) /- . . .
KC( )(1wn1,1a)n2,1wn3,1a)n4) =Kc( )(1wn1,1a)n2,1wn3,1wn4)

I‘(?B,CD

+ PA({wy, +iwn,)Aliwy, +iw,,) (iwp,,iwn;)

I‘(?C,DB

+ BA({wy, +iwp) Aliwy, +iwy,) (iwp,,iwn,)

+ BAGwp, +iwn,) AWy, +iw,,) KAPEC (w,, ,iw,,), (3.15)
where

=(4) - . . . X . . . . e . . . .
KY (iwn,,i0n,, 10, i00,) = K apcp (@, 10py, i@y, i0,) + KB A0y, 10y, i@y, i0n,)
+ R AcDB (iwnl ) iwn3 ) iwl’l4! iwnz) +8RBDcA (iwnz ) iwn4» iCUn3 ) iwnl)

+ §ADBC (la)}’ll ) iwn4 ’ ia)}’lz ) 1wn3) + §CBDA (lwn3 ’ iwng ) iwn4 ’ lwnl) (316)
collects all normal contributions. The anomalous contribution has the form:
- . . 1 _Be: . .
KL{‘B’CD (wp,,iwp,) = - Z e Fei gAj? (iwn, )g](”:D (iwny), (3.17)
Z “ J j
if
E’j :&‘f

where the quantities

AiB BijA
AB ; j1bIf jLALf
B Gw,. ) = + 3.18
gjf( nl) zl" iwl—elj iw1+£lj ( )
could be considered as unaveraged matrix elements of the two-time Green’s function
~ 1 [ AifBr; BirArj
Gapliwy) = — Y e Pei [ I ST 5 0 g 8B ), (3.19)
ij wp+ejf lwp—€jf ] Y
Here,
0 1 .
bV = — —Inz=—eF (3.20)
S 0(-P¢j) Z
could be considered as a first cumulant (Ursell function) [32H34] of the Boltzmann distribution.
Anomalous term can be represented as a sum of two contributions
KCAB'CD (iwm ’ iwng) = GAB (iwnl ) GCD (iwm) + Ké‘,‘fi‘CD (iw’ll ’ iwﬂs)’ 3.21)
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where the reducible part [product of two two-time Green’s functions (1.3)] is separated and the irre-
ducible one is equal to

RACD (i, ity = fz (606,76 =B 606151 | g1F (0 855 (ns). (3.22)
ifi'f
Sj_Ef

Let us consider the case of non-degenerate states, when there are no different states with the same energy
value. In this case, expression (3.22) takes up a straighter form

f(ﬁii‘CD(iwm,iw%) = Z ZJZgﬂB(lwnl)gff (iwny), (3.23)
if

where Joe 5p0
@__0 0 0 T s 00

if " 0(-Pej) 0(—Pey) nZ o(—Pep)  0(-Pe)) b 0ur =0y ¢29
is the second cumulant of the Boltzmann distribution. Based on this, one can consider an expression in
brackets in as a generalization of cumulant expansions for the case when degenerate states are
present in the many-body system.

For noninteracting fermions, the irreducible four-time Green’s function (3.22) is equal to zero
Kffr'CD (iwp,,iwy,) = 0. For interacting fermions, there are not so many exact solutions for multi-time
response functions. One solution is known for the impurity problem [35] in the dynamical mean field
theory [36}[37] for the Falicov-Kimball model [38][39] with a generalized partition function

3 =Trexp (~BHimp) T exp |- f dr f di'A@-thd' mdah |, (3.25)

where the impurity Hamiltonian
Himp=Udefo+E1fo+EoffT—u(de+fo) (3.26)

describes the local Coulomb interaction of value U between the itinerant d and localized f-electrons
and A(r —7') is a generalized field. Here, E; and E, are energies of the occupied and unoccupied f-
state (Ey — 0), respectively, and y is chemical potential. An occupation of the f-state fT f is a conserved
quantity that allows one to find the two-time Green’s function (3.19) in the form

G 4t (lwy) = wogo(iwy) + wi g1 (iwy), (3.27)
where
) 1
8oliwp) = fon+ = Al
giliwp) = ! (3.28)

wp+u—-U-Aiwy)

are Green’s functions for the sites unoccupied and occupied by f-electron, respectively, and

wo=bWM = In3,
0=by = 5 ™
0
_ ,
wy=b;" = 0(—,BE1)ln‘3 (3.29)

are the corresponding probabilities of finding such sites (wp + w; = 1).
The normal contributions in the four-time Green’s function (3.16) vanish in this case

I?C(fl) (iwnl,iwnz,iwn3yiwn4) = Or (330)
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whereas anomalous contributions are equal to
>ddt,dd’ . . . . . .
KT (0, i0pg) = w0 g0 (@) 80 ({0ng) + w1 1 ({0p,) 81 (i y),

—dd.dtdt

RAGTd iy, Jiwp,) =0, (3.31)

and for the irreducible part (3.22) we get

_ddtddt . . . .
ch,ldrr,dd (lwnl:lwng) = Z b;2]€)‘g] (lwﬂl)gf(lwng)
Jj,f=0,1
= wow [go(iwn,) — g1 (iwn,)] [goliwn,) — g1 (iwn,)]
= U? wow go(iwn,) g1 (iwn,) 8o iwn,) g1 (), (3.32)
where
ab(l) ab(l)
11720 = 5C8E) T a(-pEy O
ab(l) ab(l)
b =bf) =t —=—L2 —=—wow, (3.33)

d(-BEy) O(-BE1)

are second cumulants for the f-state occupation probabilities. Unfortunately, the complete four-time
Green’s function for the lattice Falicov-Kimball model is unknown; the solutions of the Bethe-Salpeter
equation in an electron-hole channel have been obtained [40-42] but these solutions break the permu-
tation symmetry of the general expression (3.15) and more complicated approximations that include the
scattering effects in different channels on equal footing, e.g., parquet one [43}/44], should be used.

In the many-body theory, cumulant contributions appear in a natural way in the strong coupling
approaches [45H50] and in some cases they are the only contributions that enter the expressions for
a dynamical response, e.g., dynamical charge susceptibilities [40H42] and cross-sections of the inelastic
light (Raman) and x-ray scattering [27H29] for the Falicov-Kimball model.

3.2. Analytic continuation and reverse engineering problem

Next, we can perform an analytic continuation from the Matsubara frequencies to the real one and
for each term in (3.13) we will get different sets of the branch cuts as for single frequencies

iwn, —we +i0*, a=1,2,3,4, (3.34)

as for sums of two frequencies
Wy, +iwy, — 0q +wy +i07. (3.35)

Differences in the analytic properties of each term in and, as a result, in allow one to solve
the reverse engineering problem: extracting all spectral densities from the single Green’s function. To do
this, one should consequently extract nonanalyticities at all brunch cuts of type and but in
different order, which will produce a set of equations for the unknown spectral densities. For the above
considered impurity problem for the Falicov-Kimball model, one can get from equation expressions

for the spectral densities and (2.9), e.g.,
s -2 b2 Im gj(iw, ) Im g i
2at aat @1, 01,03, ~W3) = ?jfz,m ipImgjiwn, ) Imgy(iwn,)

1
= —zwow Im [go(iwn,) — g1 (wn,) | Im[go(iwn,) — g1 (wn,)] (3.36)

and all other spectral densities are equal to zero. In general, the procedure is very cumbersome and will
be not presented here, see for the details [31].
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4. High frequency asymptotics

In many applications, e.g., for the correctness checking of analytic approximations or for the memory
consumption limitations for storing the high frequency tails in numerical calculations, it is useful to have
the high frequency asymptotics of the four-time fermionic Matsubara Green’s functions. It is obvious
that for different directions in the three-frequency space defined by a constraint one can observe a
different asymptotic behavior and we shall present the results for some cases herein below.

1. liwp] ~ Q, [iw, +iwm| ~Q, Q> E

First of all we consider the most general case when each Matsubara’s frequency |iw,| ~ Q as well as
each nontrivial sum of Matsubara frequencies |iw, +iw ;| ~ Q with taking into account the constraint (3.4] -
are much larger in modulus than the possible many-body state energy dlfferences Q> E=max|ej—gl.
The first 1/Q3 order terms in the high frequency expansion of (3.2) using (3.11) are equal to

KC(4) (iwn,,iwp,,i0,;,10,,) —
({[{A, D}, B], ChH N ({[A,{B,D}],ChH N {[C,{A, D}, BY)
W iwn, (Wn, +iWp,) Wk iy, (W, +iwy,) 10, iwy,, (0, +iwy,,)
@A lsDLCH B UHC,DLAI  {A (B {C, DHY ,
iWp 10y, Wy, +iwy,)  i0p, i, (W, +iwy,) 10 ioy,, (0, +iwy,,)

4.1

where we have introduced anticommutators {X;, X>} = X; X2 + X» X; and commutators [X,Y] = XY -Y X
of operators, and in the case of the ordinary fermionic creation and annihilation operators it is equal to
zero (but this is not correct for the Hubbard operators).

The next 1/Q* order contributions are equal to

1

iy, (wy, +iwp,)iwy,,

RABCD(iwnl ,iwnz,iwns,iwm) _—

{ ([A,HIBCD) ([AB,HICD)  (ABC[D, H]) }
X : +—= - + p ) 4.2)
iwy, iwy, +iwy, iwp,
where we have used the identity
erj(GIAID = (GILA, HI). 4.3

The presence of different frequency denominators does not allow one to collapse the total expression
(3-2) in a compact form like (4.1).

4.2. liwp, | ~E, liwp] ~ Q, liw, +iwm| ~Q, Q> E

Next, we consider the case of the finite frequency value |iw,,| ~ E. Other Matsubara frequencies
liw,l ~Q (n=2,3,4) as well as each nontrivial sum of Matsubara frequencies |iw, +iw;| ~ Q2 are much
larger in modulus than the possible energy differences () > E = max|e; — £|. The first terms in the high
frequency expansion of using are equal to

1 . 8aBicD,H ((Wn)  Fascip,H (W)
————————— {&acpivy) + — - + -
(iwp, +iwn,)iws, iwy, +iwp, iwn,
1 {3 (i) + S a,pic,H ((wy,) . Fa,pci H ((wy,) }
- - . .~ ADCB n . . .
(lwn3 + lwn2)1wn2 lwn3 + 1Wp, 1Wp,
{‘[y (0, )+ Sa,cipB,H ((wn,) N Sacoi,mion,) }
AcpBiwn, - - -
(iwp, + la)nz)lwn2 Wy, +iwy, iwp,
: 84,BDC,H (iWn)  Fappic,H (W)
- Fa,Bpclivy) + — - + ;
(i@, +iwpy)iwn, 1wn3)1wn3 iwp, +iw,, iwn,
. & A,DIBC,H] (iwnl) Fa,pBic,H) (W)
Fappcliwy) + — -
(lwn2 + 1wn3)1wn3 iwy, +iwn, iwn,
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1

BT — {gA,CBD(iwnl) +
(iwp, +1wn4)1wn4

Facip,H) (iwy,) N Fa.cBip,H ((wy,)
iwp, +iwy, iwp,

. Sc,mp a(—iwy,)  FB,HICD A(-iWy,)
- FBeD,A(—iwp,) + —— - + -
iwy, (1a) ny +iwn,) Wy, +iwn, 1wp,
. Sioc,mB,a(—iwn)  Fp,mcBal(=iwy,)
{3DCB,A(—lwn1) +— - =L 4 - A
iwy, (1(1),,4 +iwy,) Wy, +iwy, iwp,
. Ficp,HIB,A(-iwy,)  §ic,HIDB,A(=iwy,)
{C&CDB,A(_lwnl) + — - =+ - -
1wn3 (1wn3 +iwp,) iy, +iwn, Wy,
. SBp,mcA(-iwy)  FB,mDC,A(-iWn,)
+— {C&BDC,A(_HUVQ) + — - L+ - !
iwp, (1a)n2 +iwp,) iwy, +iwy,, iwn,
. Sws,mc,a(-iwn)  Fp,mec,al-iwn,)
&pBc,A(—iwp,) + —— - + -
1w,14 (1a),,4 +iwp,) iwp, +iwy, iwp,
) e HID,A(-iwy,) CJ;[C HIBD,A(=iwpy,)
+t {3CBD,A(—lwn1) + ; - A A
Wy, (1a) ny +iwn,) W, +iwy, iwp,
(CDAB) (DABC) N (BADC)
Wy, (iwy, +iwy)iwy,, 1wy, (0, +iw,)io,, 10, (W, +iog,)io,,
(CBAD) . (DBAC) (BACD)
Wy, (i, +iwy,))iwy,, 0y, (0, +iwy,)iw,, 1o, (0, +ioy,)io,,
(CABD) (DCAB) . (BCAD)
Wy, (i, +iwy))iwy,, oy, (0, +iwg)io,, 1o, (0, +iog,)io,,
(CADB) . (DACB) (BDAC) @4)
iWn, (W, +iwp))iwn, 10y, (W, +i0,)iw,, i, (Op, +i0g,)i0p, '
Here, we have introduced the function
. 1 « _g., AjiXij ax (W)
Faxiwy) = —Ze be; ]—] = f don, (-w) ———— p , (4.5)
A 7l €1j—iwp iwy, —w

where p 4x (w) is fermionic density of states (1.2) which can be obtained from the corresponding Green’s
functions and n.(w) = 1/ (e +1) is the Ferm1 distribution function. The spectral representation for
function differs from the one for the Matsubara and the retarded (advanced) Green’s functions
by the Fermi factor n, (w) and is similar to the one for the so-called “half” Green’s functions [51].

One can imagine that the first terms in braces in produce contributions of the order 1/Q?
whereas the other ones are of the order 1/Q3, but it could be shown that in the case of ordinary creation
and annihilation fermionic operators, the total contribution of these terms is of the order |iw, |/ 03, that
is of the same order as the other terms are.

The cases of [iwy,| ~ E, liwy,| ~ E, or |iwy,| ~ E can be obtained from the above expression by the
corresponding permutation of operators and frequencies.

Next we consider the cases of the finite values of the sums of two Matsubara frequencies.

4.3.

+iwg,| ~ E, liwy| ~ Q, liw, +iwp,| ~Q, 2> E

First we assume that only one sum of two frequencies is finite |iw,, +iwy,| = liw,; +iwy,,| ~ E, includ-
ing the case of iw,, +iw,, = —iw,, —iw,, = 0. Single Matsubara frequencies |iw,| ~ Q as well as other
sums of Matsubara frequencies |iw, + iw,;| ~ Q are much larger in modulus than the possible energy
differences Q > E. The first 1/Q? order terms in the high frequency expansion of using are
equal to

Bep,aBiwp, +iwy,)  Bapcpliwy, +iwy,) . . CaB,cD
— + — + BA(iwp, +iwp,) —————
W, iwy, iwp, iwn, iwp, iwy,
Bpapciwy, +iwy,) Bpcpaliwy, +iwy,) , , Cpc,BA
+ — + — + PA(iwy, +iwp,) ————
iwn,iwn, iwp,iwn, iwp,iwn,
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Bpacplivn, +iwy,)  Bep,paliwn, +iwy,) . . Ccp,Ba
- — + Skt + AW, +iwn,) ———
iwp,iwy, iwpiwn, P (O
Bpc,apiwn, +iwy,)  Bappcliwn, +iwy,) CaB,pc
- S 24 M 2+ BA(iwp, +iwp,) ——————|. (4.6)
iwp,iwy, iy, iwp, iwp, iwp,
In this expression we have introduced the bosonic “half” Green’s function [51] using
+00 ( )
. Py, v, W
By, v, (iwy) = f don_(-w) —=2—, 4.7)
iwy —w
—00

where iw, = i2vr T are bosonic Matsubara frequencies, n_ (w) = 1/ (ef“ — 1) is the Bose distribution func-
tion, py;, v, (w) is bosonic density of states (1.2), and C,p is an anomalous contribution defined by .

The cases of |liwy, +iwp,| = liwy, +iwp,| ~ E or liwy,, +iwy,| = liwy, +iw,,| ~ E can be obtained from
the above expressions by appropriate permutation of operators and frequencies.

The last case which we consider is the case of large frequencies |iw,| ~ Q but finite sums |iw,, +iwy, | =
liwp, +iwy,| ~ E and |iw,, +iwg,| = liw,, +ioy, | ~ E (Q > E). The first 1/Q2 order terms in the high
frequency expansion of using (3.12)) are equal to

Bep,ap(iwy, +iwn,)  Bapcpliwy, +iwy,) . . CaB,cD
—— + — + PA(wy, +iwy,) ————
iwn,iwy, iwp, vy, iwn, Wy,

Bpa,pcliwy, +iwy,) N Bpc,paliwy, +iwy,,)
1wy, 10 n, iwy,iwn,

+ %BA'Dc(iwnz +iwn1) + EBDC,BA(iwm; +iwn3)

105,105, iwy,ion,

%AD,CB(iwnl +iwy,) N SBCB,AD(iwﬂg, +iwpy,
Wy, 1wy, Wy iwy,

Bpacpliwy, +iwy,) N Bep,paliwn, +iwp,)
Wy, iwn, iwp,iwp,

. . Cpc,pa
+ BA(iwp, +iwp,) ———

no iwn4
Cpc,Ba

iwp,iwy,

+ BA(iwp, +iwy,)

) . ) CcB,AD
+ PA(iwp, +iwy,) —————
iwn,iwn,

. . Ccp,BA
+ BA(wy, +iwy,) ———
iwp,iwn,

Bpc,apiwny, +iwy,) N B ap,pcliwn, +iwy,
iwp,iwn, iwp, iwp,
N Bpc,apiwy, +iwy,) N B appciwy, +iwy,)
iwp,iwy, iwp, iwn,
Bpa,cpliwy, +iwy,)  Beppaliwn, +iwy,) . . Cca,pA
+ - - + - - + BAGwp, +iwp,) ———.
iwy,i0n, iwn,iwn, Wy, iop,

C
) + AWy, +iw,,) —22PC

n iwm
Cap,BC
iwp, iwy,

+ BA(wy, +iwy,)

4.8)

The other cases can be obtained by appropriate permutation of operators and frequencies.

The order of magnitude of the terms in high frequency expansion strongly depends on the way we
increase the frequencies:

(1) for the general case of |[iw,| ~ Q and |iw, +iw,| ~ Q (Q > E), we have contributions of the order
1/Q%

(2) for the case when one Matsubara’s frequency, e.g., liwy, | ~ E, is finite and all the other are large
liw,| ~ Q and |iw,, + iw,| ~ Q, we have contributions of the order 1/Q53;

(3) for the case when one or two sums of Matsubara frequencies are finite, we have contributions of
the order 1/Q? with additional spikes (zero-frequency anomalies) when these sums of frequencies
are equal to zero.
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5. Summary

In conclusion, we have presented a general approach of derivation of spectral relations for the four-
time fermionic Green’s functions completed by the consideration of the zero-frequency anomalies. It is
known that for the two-time Green’s functions such anomalies contribute only in the bosonic functions
and do not exist for the fermionic ones. Here, we have shown that zero-frequency anomalous terms are
present in spectral representations for multi-time fermionic Green’s functions when the sum of any two
fermionic Matsubara frequencies is equal to zero.

Equation together with and provides a spectral representation of the four-time
fermionic Matsubara Green’s function in terms of spectral densities (Z.7)-(2.10). Special consideration
of the processes involving the states with the same energy values (the same states or true or accidental
degeneracy) is required in order to get correct spectral representations and correct expressions of anoma-
lous nonergodic contributions that appear to be connected by equation with the second cumulants
of the Boltzmann distribution function.

An algorithm of analytic continuations for the solution of reverse engineering problem: extraction
of the spectral densities from the known expressions for four-time Matsubara Green’s functions is de-
scribed.

In addition, it is shown that high-frequency expansions for the four-time fermionic Green’s functions
demonstrate a different asymptotic behavior and have a different order of magnitude from Q~* to Q=2
for different directions in the frequency space.
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CnekTpanbHi BNaCTUBOCTi YOTUPUNYACOBUX GpepMiOHHUX
byHKUil 'piHa

A.M. LBaiika

IHCTUTYT Qi3nkn KoHAeHcoBaHMX cuctem HAH YkpaiHu, Byn. CBeHuiubkoro, 1, 79011 JIbBiB, YkpaiHa

OTpYMaHO B HalbinbLL 3aranbHili opmi cnekTpanbHi CNiBBIAHOLLIEHHSA ANS YOTUPUYACOBUX PepMiIOHHUX PYH-
KUji ['piHa. BuaineHo aHOMasibHi BHECKU Ha Hy/IbOBIiA YacToTi, AKi paHiwe 6yaun BigoMi TiNbKn ans 6030HHUX
GYHKLl ['piHa, Ta BUCBITAEHO iXHili 3B'930K 3 ApYrMn KyMynsiHTaMu GyHKLiT po3noginy bonbumana. Mprisese-
HO BMCOKOYACTOTHI PO3KJAAN YOTUPMYACOBUX GpePMIOHHNX GYHKLUIl ['piHa ANs pisHUX HANPAMKIB B MPOCTOPi
4acror.

KnwouoBi cnoBa: 6aratoyacosi ¢yHkUii [piHa, CNeKTPpanbHi CriBBIAHOLIEHHS, HEEProANYHICT
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