YK 519.41/47

B. A Kpexnun, A. B. Cnusaxoscrkull

06 omHOM Kjacce rpymm, .
umeromem C-cenapupyomue moarpy sl

TIyers C — cBOHCTBO MOATPYHIEL GEITH AONOJHAEMOX BO Beeil rpymme G.
B coorsercrBum ¢ pa6oroit C. H. Ueprukopa [1], co6erBennyio nmoarpynmy N
rpynnsl G HasoBeM C-cemapHpyiomeR HOATPYIIION Tpynmsl G, ecld KaxIas Hox--
rpynmna B3 G, He coflepakamascs B N, fonoHsemMa Bo Beell rpymme G.

B pa6ore [2] npuBeneHo KOHCTPYKTHBHOE ONHCAHHE KOHEYHBIX TPYIII, HMe-
IOIMUX XOTA 6Bl OMHY JOIOJNHSEMYIO BO BeeH rpynme ee C-CenapHpyIOMyo HOA-
TPYIIY, 4 TaKkxe JOKasaHa paspelluMocTh TaKHX rpynn.OcHOBHAs 3ajdua Ha-
cTosimed paGoThl 3aKOYaeTcs B JIOKA3aTeNbCTBE PAa3PElIMMOCTH IIPOHSBOME-
HEIX KOHEUHHIX Ipymm, EMmetomux C-cenapupyiomue moarpynmsl. Kpome sroro,
paccMaTpHBaeTCs CTPOEHHE IPHMAapHBIX KOHEYHHLIX I'PYIN, HMEIOMHX JONOJHI-
emele C-cenapHpyIOIHe MOATPYNIE, NOAYIeHHOe C NOMOIIBIO KpPHTEpHeB abe-
JIEBOCTH H SJeMeHTapHOH abesleBOCTH HOPMAaJbHOTO JEIHTENST IPHMAapHON KOHey-
HO# T'DYIIIBI, UMEIONIHX CaMOCTOATeNbHE HHTepec. Tema paboTHl IpelyioxkeHa
C. H. YepHrKOBEM. :

l.IlpegpBapuTedbHBE H BCOHOMOTaTeJNbHEE pe-
8YyJABTAaTEH. "

Teopema 4.2 [3]l. Ecau G — npocmas K-epynna ¢ xoarosckoid 2'-nod-
epynnotd, mo G == PSL (2, p), 20ep — npOCIMOe 4UCA0 Mepcena, 60avtuee wucaa 3.

Ham meo6xonum Taxike clefyomui pesyabrar (cM., Hanpumep, [4]).

Teopema A [4]. Hepaspewunas koHeuras epynna ¢ abenesoil 2-cunos-
cKoti nodepynnoii usomopra aubo PSL (2, pt), aubo epynne SHxo, aubo epyn-
ne Pu.

Jlemma 1. Hycms G — rkoreuran epynna, umeiowan C-cenapupyrouyue
nodepynnet. Toeda aubo ¢ G Hatidemes donoaraeman C-cenapupyrouas nodepynna,
aubo e G cywecmayem edurcmsernan, nedonoarsemasn C-cenapupyrowan nodepyn-
na, npuden ee undexc 8 G npocmoe 4ueA0.

-loxasateansbcTBo. [Iyers B rpynme G cymecTsyer Gojee OXHOH
C-cenapupyromesl IOATpynnel. PaccMoTpHM JBe pasiaugHbie C-cemapHpyiomue
noarpymmst M u N. Jlerko sameruts, uto (M (1 N) — C-cenapupylomas nof-
rpynna rpymmst G, ® qm6o (M 1 N) = M, mubo (M | N) = N. Tlosromy,
6o M, 6o N monosHsiemMa Bo Beeft rpynme G, 4To B Tpe6oBasoch HNOKAa3aTh.
' ITycte Teneps B rpymme G cymecTByeT eruHcTBeRHas C-cenapupyomas Io-
rpynna M. Ecam oma pomonsiema B G, To Bee jfokasano. [Iyers M Hemomos-
Hsiema B G. Jlerko sameruth, 910 M = G. A noatomy | G : M [ — mpocToe 9HCIIO,
uHave Opl B (G cyImecTBOBa/JIA eme OfiHa C-cerrapﬁpymm,aﬂ noxrpynna. Jlemma no-
KasaHa.

OtMmeTHM crefyionye JBa O4eBHIAHEIX (hakTa.

1. Tlepeceuenne Jroforo MHOXkecTBa C-cemapHpYIONIHX NOATPYNN SIBJIS-
ercst C-cermapupyiomel ToArp yImok.

2. G (G? = G, tie C (G) — nepeceuenre Bcex C-cenapHpyoOMEX MOATPYIH
rpynne G.

Jlemma 2. [ycme G — Koredurnasn apynna umerowan C-cenapupyroujue
nodepynnet it N = G. Ecau N & C (G), mo C (G/IN) = E, m. e. GIN — gnoane
harmopusyeman apynna.

INoxasatenbcTBo. [Tyetb K< G = G/N. OGosmauum uepes K mpo-
o6pas moxrpynmst K B rpymne G. Ouepunmo, K =N, a smaunr, C(G) 5K,
orkyaa G=KD m KN D= E. Tlostomy G=KD u KND=E. Cnegosa-'
TespHO, Tpynna G Bhonme dakrTopusyema. Jlevma moasama. -

Jlemma 3. Hycms G — roneuran epynna, umerowyds C-cenapupyrouyue
nodepynnet w N «G. Ecau N < C(G), mo G/N — epynna, umerowas C-cena-
pupyrougtie nodzpynnest. L o

Hoxasareasbcrso. Ilyers G=G/N, K=G u K¢ (C(G). Torna
K& C(G), a smaunr G =KL, rne K(\L = E. Cnegosarensro, G = KL u
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KNL=E.B cuny npouspoJbHOCTH BEGOpa NoArpymner K mosmyyaem, 9TO
C (G) — C-cenapupylomas mnoprpynna rpymnel G. Jlemma nokasana.

Ws nemm 2, 3 HeNOCPEACTBEHHO BHITEKAET CJIELYIOMee yTBEpPKIEHHE.

CunencrBue 1. IIpoussorshsitl 2omoMOpghHsil 06pas KOHEUHOU epynibl,
umerowjett C-cenapupyrougue nodepynnol, sersemcs epynnoi, umeroued C-cenapt-
pyiouge nodepynnbt.

Jemma 4. Hyerw G= (G, X Gy X ... X Gp)(x), ede Gi =Gy, 1=
=1,2,..,p—1, Gi=G, ux"€(G, X Gy X ... X Gp), p=>1. To2da 8 nod-
epynne Gy X G, X ... X G, naiidemes sremenm [ maxotl, 4mo G = (Gy X Gy X ...
o X Gp) > (&P

TloxasareabcTBO. Eomm 2= 1, 1o Bce pokasamo. Ilycrh xP== L.

Torpa xP = g,g, ..- 8p» TAe g; €G;. TlockonbKy xxPx—! = xP, TO gig3.-- &, =

= g18s --- &p» OTKYHA g;lg} = (glg;"} (g3g5™) - (gpg;_"l , a CJenoBaTelbHoO,
gi=gy 85=gs - g =8p & = gy PaccMoTpuM Teueps SJEMEHT grlx.
Ero p-1 crememp pasEa grlxgrx .. grlx=grlgrt.. gl = g e
85818y - 8o = 1. Jlemma mokasana.

Jlemma 5. ITycme G = PSL(2,p") (x), 20e PSL(2,p") =G, x7€PSL(2,
p"), g—npocmoe 4ucao. Ecau p=2, wumu p>2 un HedemHoe, mo
e PSL(2,p") cywecmsyem maxot siemenm y, umo G = PSL (2, p*) ™ (yx).

HoxasatenbcTBOo. Ecnu x9 = 1, T0O yTBepIKIEHHE OYEBHIHO. ITycrs
x95= 1. Tag xak B rpymie PSL (2, p) mer ueHTpa, TO OTOGparkeHHe g—-x—'gx,
g €EPSL (2,p") sBnsercss BHEWHHM apToMopdusMoM stoi rpymmsl. Ecmm p =2,
TO X MOXKHO NpejcTaButh B BHne af, rae a€PSL (2,p"), a f— aBroMopdusM,
CBSISAHHBII C OCHOBHEIM ToJeM. Tak xak x2€PSL(2,p"), t0 fP=1mn
(@'x)? = 1.

Ilycts Tenmepp p>>2. Ecim g =2, T0 H3 HEYETHOCTH M CJEAYET, 9YTO X
mpencraBamM B BHAE X = ad, rne a€ PSL(2,p"), a d —nmaroHanbHBIH aBTOMOP-

1
duam. IIycTh OH HHIYOHPYETCS COUDSIKEHHEM C IOMOLIBIO MaTpHIIEI (0 2) :
0

: ; COUpSDKEHHE ¢ TOMOINBIO MATPHIEI b €cTh BHYT-

Honoxum b = (

pennm# aBromopdusm rpymmst PSL (2, p). Torna

er=[( g oo )= (e o) )

ITostomy siement (bd)® HHAYUMpYeT TOMKIECTBEHHbIH AaBTOMOp(HSM TIpyIHEI
PSL(2,p", T.e. (bd)?=1. Orciona (ba—1x)? = (bd)® = 1.

[Iycrs Tenepys p>2, ¢=>2, x7€ PSL(2,p"). Torna x MOXHO HpejcTa-
BUTh B BHJE X = adf, rne a€PSL(2,p"), d— nmaroHajbHBIH aBTOMOP(U3M,
d2 € PSL (2, p"), f— aBromopdusy, cBasammbil ¢ mosem. Torpa f/=1, u moro-
My n = gr. Ecig o — NpousBOJIbHBIA SJEMEHT OCHOBHOTO NOJIA, TO fo) = ar".
Ys sxmouenus (adf)’ € PSL (2,p") cnenyer, uro (df)? € PSL (2, p"). Tlockoabky

() = dfdf ... df = dd” @ ... T[T = o H T
TO dl-i-.ﬂr-l-;ri'%-’r-u--HJ(‘F"_Br €PSL (2, p?).

B cuay meueTHocTH wHeaa 14 pr —+ p¥ 4 ... 4 p@—r u srmovenua d*€PSL (2,
p") cnenyer, uro dEPSL(2,p"). Tlostomy x=2>bf, bEPSL(2,p") B
(6"'x)"= f? = 1. Jlemma Hoxasana.

2.[lpumMapHEEe KOHEeUYHEHEe TpyOoDOone ¢ JAONOJHA-
eMbHMH CCeNapHPYWIIHMHE ODOATpPYyHOOAaMH.

JNemma 6. Ilyeme K — nopmansteil Oeaumers npumaprol KoHe4HOU
epynnot G. Ecau nepecewerue K (| Z (G) donoanseno 8 K, mo K — abenesa epyn-
na, npu smom skcnoxenma epynnol K te npessiuaem skcnonermy epynnet K )

N Z (G). o
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HoxasarensctBo. Ilockonbky rpymna K () Z (G) momonHsiema
B K, 10 K= (K N Z(G)) X D. Hanee kommyrautr K' = (K 1 Z (G))’ X D' =
= D’. Tlockoneky D’ = Gu D’ | Z (G) = E, to D' = E, a caenosaTesbHo,
D — a6enesa rpynna. Torna u rpynna K aGeneBa.

ITycrs sKcrniosesTa moArpynnel X npeBhIIaeT SKCIOHEHTY nepecedenust K ()
N Z (G). Torma, o4eBHAHO, CYLIECTBYET HaTypaabHoe dHcao [ > 0 Takoe, 4ro
nogrpynna S =@ (@ (... ® (K)...) aexur B rpynmne D U OTJIHYHA OT €NUHHY-

3 :
HO# moxrpynnst E. CnenoBarensso, S () Z (G) = E, 4T0 IPOTHBOPEYHT COOTHO-
wennio D 1 Z (R) = E. JlemMma nokasaHa.

Hs mnocnepsero yTBepKAeHHS, B YaCTHOCTH, CHEAYeT CJeLyIlee Ipel-
JIOKEHHE.

Cnencrsue 2. Hopmarsueul Oeaumess npumapHod epynnel mozda u
MoAbKO mozda ABAAEMCS INCMERMAPHbIM abenegoim, Ko20a e20 nepecederue C yerm-
pos ecetl epynnet — anemermapuan abesesa nodepynna, OONOAHAEMAS 8 JMOM
HOpMArbHOM Oeaumene.

Jlemma 7. IIyecms G — koneunan epynna, umeowjas C-cenapupyroujue
nodepynnet. Ecau x & C (G), mo Cg ({x)) = (x) X A, 20e A — snoane garxmo-
pusyeman epynna. _

JogasarteannbctBo. Ilockombky x¢ C (G), To G ({x)) = (x) X
X A= ({x) X D)L= ({x) X L)D, L N D =E, tne D — npousBoabHad
noxarpynna rpynmel A. 3maunt, A — BHoJHe (axkTopH3yeMas Ipymma, 4TO H
TpeBoBasioch OKAa3aTh.

Jlemwma 8. Koneurnasa npumapras epynna G mozda w moasko moada 0baa-
Oaem donoansemod C-cenapupyroweti nodepynnot, koeda G — epynna 00”020 us
credyrowux munos:

1) G — anemenmapran abenesa p-nodepynna,

2) G — Heabenega epynna, pasioNcUMas 8 NOAYNPAMOe npouseederue sae-
Menmaprotl abeaesotl p-nodepynnsl t YUKAUYECKOL 2PYNNbL NPOCMO20 NOPROKA p.

HJoxasaTeabcTBo. HOCI{OJIBI{y B G cymecTByer JIOIOJHsEMas
C- -Cerapupyiomas moArpymnna, To B G Hafinercd 5JIEMEHT X IPOCTOTO IOpsAnKa
He ymexxamu#t B C (G). Torma BosmokHEL ABa ciayyas: x € Z (G) mubo x ¢ Z (G}

B mepeoM ciygae B cuay Jemdel 7 rpynna G siemeHtapHasi abeneBa, a
sHauut, 0 — rpynna THna 1.

Bo Bropom ciydae G = ({x) X Z (G)) D = (Z (G) X D)» {x). B cmny
nemMel 7 Z (G) — smeveHTapHas abesea rpynna. I109ToMy COMVIACHO CIEACTBHIO
2 mosryuaercs snementapHas abenesoctb rpynnsl Z (G) X D, 1. e. G — rpynna
Tuna 2. JlemMa foKasaHa.

3. HexoTopke cBOficTBa CHJIOBCKHX ODOArpyOd
KOHeuHOH Trpynne, uMmeome# C-cemapHpyiomue
noxarpynuns. OcHOBHOH pesyabraT npeipliymiero naparpada NaeT HH-
(hOpMAIHIO O CTPOEHHH CHJIOBCKOH HOATPYNIBl KOHEUHOH rpynusl G, HMeromed
JononHsgeMyio C-cenapHpyIOMyIo NOATPYIIY, KOTopas He JEKHT B CerapaTrope
C (G). Cnenyromu#l pesynbTar NOKashBAeT, YTO BCE CHJIOBCKHE IIOITPYIIIBI
rpymmsl, uMeiomesl C-cenapHpyIONEe HOATPYIIIE], 32 HCKJIIOUEHHEM OBITh MOKET
OIIHOH, CHJIOBCKOH MNOATPYIIEI, SJeMEHTapHbe abeseBHl.

Jlemma 9. I ycmb G KoHeunas epynna, umerowas C-cenapupyrouue

nodepynns. u |G| = pi* ,02 .-pn. Tozda aubo

1) sce cunoeckue p;, i = 1, 2, ..., n, nodepynne. epynno. G sremermapHoie
abenesel, Aubo
2) cunosckue p;, i=1, 2, ..., j—1, j+ 1, ..., n, nodepynnet epynne. G

anemenmaprole abenesbl, a curosckas pi-nodepynna epynnot G He aNeMeHMApRas
abenesa, npu amom oxa fe aescum 8 C (G).
HoxasarenbcrBo. Ecma B G cymecrsyer pononssemas C-cema-
pHpyOImas moirpynna, To #3 patotsl [2] cienyer HCTHHHOCTD JIEMMEL
Ocraerca B cuyy Jemmbl 1 pacemortperb caydait, korga G = C(G) (x},
rae x*" =1, n>1, C(G) wegononasema B G. Jlerko sameruThb, 9to XPEC (G)
ITycre Q—-—HPOHSBOHbHaﬂ CHJIOBCKasi moArpynma rpynmnst G takas, aro (| Q],
p) = 1. OueBupro, Q — C (G). Torma B cuay Teopems: 4.2.4 us [5] Ng (Q) &
& C (G). Iostomy cymectByer amement y ¢ C (G) rakoi, aro. (|Q|,|y]) = 1.
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Gregoparamsio; Q % () = (@ (@) (¢ Qu tre @ =D (Q) X @, orysa
D (Q) ='E = .Q — sneMenrapras aGenepa rpymnma. Jlemma [oKasaHa.

. Jlemma 10: ITyems G= C (G) (x), 20e |G : C (G)[ = p. Toeda cunos-
ckas p-nodepynna epynnet C (G} donoausena 8 C (@).

HoxasatepbcTBo. [lyers F — culOBCKas p-HOATpYyNNa IPYIIbL
G, cogepxamas  (x). Torma F= (F ) C(G) (x) u L = (F N C (G)) — cu-
-JoBckas p-nogrpynna rpynnst C (G). Iockoneky F & C (G), 10 G = FD, rze
F N D = E. Tlostomy D < C (G) un, cnenosarensso, C (G)=DL, 910 4 Tpe-
6oBaJIOCh HOKA3aTh. . .

" 4. OcHOBHO# pesyuabTar.

. Teopewma. Koneunan epynna, umerowas C-cenapupyiowue nodzpynnot,
paspeuuma. :

. MHorkasartenbcrTBo. Eciu B rpynne ( CyIECTBYeT IONOJHsEMAas
'.C cenapupyiomas NoArpynna, To H3 Teopemsl 6.1 [2] citenyer ee paspemraMoCTb.

B cunmy snemmer 1 ocranoch paccMorperb caydali, Korma G = C (G) (x),
16 C (G)|= p u C (G) nepononusema B G. Ilyctb G — KOHTPTIpEMEpD MHHH-
Maanoro nopsigka K xanmo# teopeme. Toraa C (G) — Hepaspewmmas rpynna.
_BOSMO}KH]:[ C/IeNyIOHe ClIyIan:

I. |G:C (G)| = 2. 3néchb cunoBckas 2-noxarpynna rpynnsl C (G) (o6osHa-
anM ee yepes L) pononuasemaB C(G) (cM. memmy 10). [Ipu sToM, He Hapymas ofm-
HOCTH paccylIeHHH, ronaraeM L* = L. B cuwiy MuHHMaspHOCTH rpynnbsl G
C (G) — mubo npocrast rpymna, aubo C (G) = G, X G, u Gf = Gy, Gz = G,.

Bo Bropom ciydae B cuay Jemmel 4 G = C (G) » (y), 9TO OPOTHBODEYHT
meponosHsieMoctd rpynnsl C (G). B nepBom ciyuae B cuixy Teopemsl 4.2 us [3]
C (G) = PSL (2, p), rae p — npoctoe yucao Mepcena, Gospiee gncaa. 3. Onarb
B CHJIY JIEMMbI b mosry4aem jgonoJusieMocts rpynnsl C (G). Ilpuman x npoTHBo-
peuuto. Ciyuaii I pacemorpes.

II. |G:C.(G)|> 2. B cuny ynemms 9 cuiioBckas 2-moarpymnma rpynnsl G
siBJisiercsl sJeMeHTapHOf aGenesol u sexkutr B C (G). Torna us Teopemst A cile-
nyet, aro C (G) =2PSL (2, p"), nubo C (G) nsomopdra rpynue Hduxo, aubo C (G)
‘usomopdra rpynne Pu. ITockoneky B C (G) cymecTByer I0MONHAEMAst CHIOBCKAS
noxrpynmna, To C (G) ecrecTBEHHO He MOXKET ObITh H30MOpGHa rpynne JHKO HIH
rpynne Pu. Ocraercs pacemorpers caydail C (G) =< PSL (2, p").

Tax kax B C (G) cymecTByeT HONOJHsieMas CHJIOBCKAs ¢-MOATpPYNNa, ¢ > 2,
TO B CHJIY pe3ynbraroB u3 [6] BosMOXKHEI cremyrompe cuTyanum: 1) pt =
=3 (mod 4);2) p=2un>2; 3) p=1lun=1,4) p=Tun=1.

PacemorpuM HX.

1. C(G) =< PSL (2, p"), rne p"‘EB{mod 4). I"pynna C (G) pomyckaer TOJb
Ko omuy (akropmsammo C(G) = ND, r,n‘eb |=pr(pr—1)/12 n |D|=pr+1.
Torpa B cuny nemmsr 10 smbo N, 160 ABNAETCS CHJIOBCKOH TNOArpPYIIIOMH
rpymusl C(G). Ecimu N — cunosekas noprpymna rpymnel C (G), to pn(p* — 1)/
/2=p!, orkyma p*i(pr—1)=2, a cregoparensEo, pr= 3. IlosTomy
C(G)=PSL (2, 3) cﬂA;——paSpELUHMElH rpymoa. Ilpumin K OpOTHBOpEYHIO C
HAILUM TPe0JOKEHHEM.

I[Tycrs D — cuioBckast noarpynna rpynnst C (G). Owesupao, D — cuioB-
ckas 2-noarpynna rpynnst C (G). B cany semmer 10 | G : C (G) | = 2, 4To nIpoTH-
BODEUYHT HallleMy MpPeIOJIOKEHHIO,

2. C (G) =2 PSL (2,2"), rae n > 2. B cuny nemmsr 5 rpynna C (G) gonoa-
Hsema B (G, 9TO NPOTHBODEUHT HAIIEMY MPEATIOJIOKEHHIO.

3. C(G) == PSL (2, 11). B rpymme C (G) monoJHsieMa TOJBKO CHJIOBCKAS
11-nogrpynna. Torza B cuay asemme 10 |G : C (G)| = 11. Eciu x nefictByer
ToxKaecTBeHHO Ha cenapatop C (G), 7o mo snemme 7 rpynna G pasperuuma, 4ToO
[POTHBOPEYHT HalleMy mnpennoJoxenuno. 3uaunt x € (Aut G//nn (G)). Ho,
KaK H3BECTHO, NOPSAOK IPYINGl BHEIIHHX aBToMOpduaMoB rpynnel PSL (2, ll)
paBeH JBYM. Hprmum K WpOTHBOpEeYHIO ¢ TeM, uto | G : C (G) | = 11.

4, C(G) = PSL 2, 7). B cuay Jaemmbl 5 mnosydaem JOIOJHSEMOCTb
'C (G) B rpynne G, 4T0 NPOTHBOPEUHT Haiuemy npennosnoxkenuio. Coayuah 4 pac-
CMOTpeH, a BMecTe ¢ HHM paccMoTpeH M cayudai II. Teopema morasana.
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