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Abelian-by-FC-hypercentral groups

['pynnel, sBasromuecs pacmupenneM abeseBbx
NnocpencTBOM FC-rUnepueHTPaNbHBIX Py

A splitting Theorem for FC-hypercentral group G and ZG-module of finite rank is obtained,
According to this Theorem, under certain conditions, every extension E of the ZG-module 4 by
the group G is split and all the complements to A in E are conjugate in E.

Ina FC-runepnentpanbHoil Tpynnel G B ZG-MOLyNA KOHEYHOTO paHra NolydeHa Teopema O pac-
mensiexnad. CorsiacHo STOH Teopeme NpPH ONpeleleHHLX YCJIOBHAX Kaxzoe pacurHpenue E ZG-mo-
nyas A nocpefcrsoM rpynnu G pacuieniisieMo H Bee JonoiHeHHs K A B E conpsmKeHs B B,
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Hnsa FC-rinepueﬁ_rpam.Ho_T rpyne G H ZG-MONYJA CKiHYeHHOro PAHry OfepiKaHa TeopeMa Mpo
posmenuienna. 3rifHo 8 niel0 TEOPeMOIO IPH NEBHHX yMOBax KoxHe posmupenus E ZG-Mofxyis
A sa fonomoroto rpymu G e posmemnioBasEEM i Bei fonosuerns xo0 A B E cnpsxeni B E.

In recent years a number of results have been obtained which say that, under
certain conditions, every extension E of the ZG-module 4 by the group G split
and all the complements to A in E are conjugate in E. We say that E splits
conjugately over A. Most of these results concern a group G which is generali-
zed nilpotent (or supersoluble) and a module A which has no factors which are
G-trivial (or cyclic as abelian groups). Results of this type may be found in
[1—6] and may also be found.in [7—9] in a cohomological setting where, in
particular, it is shown that H* (G, 4) = H* (G, A) = 0.

In [10, 11]1D. I. Zaicev considered these splitting theorems for a hyperfinite
group G and a module A4 which is either artinian or noetherian. In [14] he be-
gan to consider modules over FC-hypercentral groups showing that such a mo-
dule with a finite composition series has a decomposition into a direct sum of a
finite submodule and a submodule with no nonzero finite factors. Here we con-
sider a splitting theorem in which G is FC-hypercentral and the ZG-module A
has finite rank as an abelian group. (By the rank of the abelian group 4 we
mean Mal’cev special rank or Prufer rank.) We prove the following.

Theorem. Let G be a locally soluble FC-hypercentral group and let
A be a ZG-module which has finite rank as an abelian group.

i). A has no nonzero G-hyperfinite images if and only if A has no nonzero
finite G-factors.

iif). If A has no nonzero G-hyperfinite image then every extension E of A by G
splits conjugately over A.

A G-hyperfinite image of 4 is a ZG-homomorphic image of A which has an
ascending chain of ZG-submodules in which the factors are finite. A G-factor
of A is a factor B/C where B and C are ZG-submodules of 4.

It follows from i) that if A has no nonzero G-hyperfinite images then A
must be torsion-free and divisible and so (as an abelian group) A is just the
direct sum of finitely many copies of Q, the additive group of the rationals.
In particular, G/Cg (A4) is a Q-linear group and so is soluble. The simplest exam-
ples in which the hypotheses of part ii) of the theorem occur and in which we
have splitting is when G acts faithfully on A so that G is a soluble Q-linear
group and A has a finite G-composition series in which the irreducible factors
are all infinite.

However, in the statement of part ii) of the theorem there is no assumption
that G acts faithfully on A and the simplest way to construct examples of non-
split extensions in which A has finite factors is to include an extension of A
by C¢ (A) which is non-splitting. -

For example, let M = A @ B be a sum of two copies of the rationals with
an isomorphism @ : A — B. Let x be the automorphism of infinite order which
fixes each element of A and maps 0 € B to b + @ (b). Form E, the split exten-

sion of M by (x), and let G = E/4A = Q @ Z. Let C be any submodule of
M not contained in A so that C containsanelement a + b with a€ 4, bEB
and b=0. Then @+ b)x=a+ b+ ¢ (b) € C and so @ (b) € C. Hence 4 N
1 C =~ 0 and so 4 is not a direct summand of M. Thus E does not split over A.

It should be noted that there is no point in considering extensions by hy-
perfinite groups. For, if G is hyperfinite, then its irreducible modules are ele-
mentary abelian p-groups [1] and so, if A has finite rank, its irreducible G-fac
tors are all finite. :

We begin by proving part i) of the theorem.

Let G be a locally soluble FC-hypercentral group and let A be a ZG-module
which has finite rank as an abelian group. Then A has a nonzero G-hyperfinite
image if and only if it has a nonzero finite G-factor.

Proof. Wemay assume that G acts faithfully on 4. It is clear that if 4
has a nonzero G-hyperfinite image then it has a nonzero finite G-factor. So,
conversely, we assume that A has a finite G-factor U/V which may be taken to be
irreducible and so is a finite elementary abelian p-group.

Choose a submodule X of A maximal subject to X | U = V. Replacing
A by A/X we may assume that A has a unique minimal submodule U, and U
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is a finite elementary abelian p-group. Let T be the torsion part of A; then T
is a nonzero p-group and, since it has finite rank, T is G-hyperfinite. So we
may assume that A/T is nonzero.

We now prove by induction on r = r (4/T), the rank of A/T, that A has a
‘nonzero G-image which is a (hyperfinite) p-group. If A/T is not rationally
irreducible then there is a submodule B/T of A/T such that r (4/B) <<r and
& (BIT) << r. By induction, B has a nonzero G-hyperfinite p-image B/C. So the
torsion part of A/C is B/C and, by induction again, A/C has a nonzero G-hyper-
finite p-image. Therefore we may assume that A/T is rationally irreducible.

We claim that A/T is faithful for G. If not, then Cs(A/T)5= 1 and so
there is a nontrivial element x€Cq(A4/T)N A(G), where A(G) denotes the
FC-centre ot G. Let F = (x9); then F is generated by finitely many conju-
gates of x and, if K= Cg (F), we have |G/K | <C co.

For each y € F— 1, the mapping ¢, a—>a(y — 1) is a ZK- homomorp-
hism of A into T and, since G acts fai%hfully on A, ¢, is a nonzero homo-
morphism. Thus A/Ca (y) 2225 A (y —1) is a nonzero K-image of A which
is a p-group. Suppose that F = (x'1, ..., x0); then Ca (F) = ) 2=iCa (%) and
s0 A/Ca (F) is a p-group. But C4 (F) is a ZG-submodule of A and, since A
has finite rank, A/Ca (F) is therefore a nonzero G-hyperfinite p-image.

Thus we may assume that A/T is faithful for G so that G is an irreducible
€Q-linear soluble group and so is abelian-by finite [13] (Theorem 3.24). Let H
be an abelian normal subgroup of finite index in G and let H, = Cy (U) so
that | G/H,| << co. Now H, is abelian and A has a nonzero H,-trivial p-sub-
module U. By Lemma 2.8 of [1], A has a nonzero H,-hypertrivial p-image
AD. If {s, ..., sy} is a transversal to H, in GthenD, = j=iDs; is a ZG-
submodule of A and A/D, is a p-group. Since A has finite rank, A/D, is a
nonzero G-hyperfinite p-image of 4. '

Lemma 1. Let G be an FC-hypercentral group and let A be a ZG-mo-
dule which has finite rank as an abelian group. Let B be a submodule of A such
that B has no nonzero finite G-factors and G induces a finite group of automorphisms
on A/B. Then there is a unique submodule C of A such that A = B @ C.

Proof. We may assume that G acts faithfully on A and we proceed by
induction on r = r (B) to show that B has a complement in A. If B is not ratio-
mally irreducible then it has a submodule B, such that r (B/By) << r and r (B;)<<
<< r. Then A/B, contains a submodule C; such that A/B, = (B/By) @& (C/By).
Now C,/B; == z6A/B and so G induces a finite group of automorphisms on
.C,/B;. Again by induction C; has a submodule C such that C; = B; & C and
hence A = B @ C. So we may assume that B is rationally irreducible. This
means that every proper G-image of B is torsion. But since A has finite rank,
any nonzero torsion factor will have nonzero finite G-factors. Thus B has no
proper nonzero G-images and so is actually irreducible as a ZG-module.

Since G is FC-hypercentral there is a nontrivial element x€Cgs(A4/B)()
NA(G). Let F=(x6) and L = Cg(A/B)(\Cqs(F), so that G/L is finite. Then
L acts trivially on A/B and B has no finite L-factors [14] (Proposition 2).
For each y€F, A(y—1) is a ZL-submodule of B and so has no finite L-
factors. Also A/Ca(y)=z, A(y—1) and so A/C4(y) bas no finite L-factors.

If F = (x", ..., x™), then Ca (F) = 2iCa (") and so A/C4 (F) has no fini-
te L-factors. It follows that C4 (F) + B = A.

But Ca (F) is a ZG-submodule and so C4 (F)( B is equal to either 0 or B.
If C4 (F)= B then, since C4 (F) + B = A, we have Ca (F) = A, contrary to
G acting faithfully on A. Therefore Ca (F)NB =0 and A =C,4 (F) @ B.

Now suppose that A = B @ C = B & C,. Then G induces a finite group
of automorphisms on each of C and C, and hence also on C -+ C,. Therefore
every irreducible G-factor of C + C, is finite and so B | (C+ C,) = 0. It
follows that C = C + C, = C,. '

Lemma 2. Let G be a locally soluble FC-hypercentral group and let A be
.a ZG-module which has finite rank as an abelian group and such that A has no
nonzero finite G-factors. Let E be an extension of A by G and let N = Cg (A).
Then there is a normal subgroup M of E such that N = A X M and M is con-
dained in all supplements to A in E. '
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PArdbf We¢ show first that there is a normal subgroup M such that
X M. :
Bﬁ* Choose M to be a normal subgroup of E maximal with respect to M << N
and M () A.= 1. By considering E/M, we may assume

(*) if S is a nontrivial normal subgroup of E contained in N, then S
N A 5= 1. We show that, under this assumption, N must be egual to A.

Suppose that N =%~ A; then, since E/A is FC-hypercentral, there is a nont-
rivial normal subgroup L/A of E/A with L< N and L/A << A (E/A). But
then L/A is a locally soluble FC-group and so contains a nontrivial characteris-
tic abelian subgroup K/A. (If Z (L/A) = 1 then L/A is periodic and we may
take K/A to be the socle of L/A.) Let x € K —.A and F = (x£). Then F/A is
abelian and E/Cg(F/A) is finite. Let C = Cg (F/A); then [F, C, F1 < [A, FI'=
= 1, since F<CN = Cg(4). Also [C, F, FI<<I[A, Fl='1 and so, by the
Three Subgroup Lemma [13] (Lemma 2.13), [F’, C] = 1. Therefore F’ is centra-
lized by C and so G induces a finite group of automorphisms on F’. It follows
that any irreducible G-factors of F’ are finite. By the hypothesis on 4 it fo-
llows thet F* = 1 and so F is abelian. We may therefore consider F as a ZG-mo-
dule. By Lemma 1 there is a normal subgroup C of E such that F = 4 x C.
But this is contrary to (*) and so we have N = A.

This completes the proof that N = A X M. Now let E; be a supplement
to A in E so that E = AE; and N= N [\ AE; = A (N | E,). Note that .
NN E < E/and[N N E, Al =1sothatN 1 E; < E. i

Now N/N | E; = z6 A/A | E; has no nonzero finite G-factors. But

M(N N EI},"’NH El &“zaMfMﬂEl e=,6N/A (MﬂEl)

and, since E/A is FC-hypercentral, it follows that M (N N Ey) = N ) E,,
and so M < E;.

. LetG be a locally soluble FC-hypercentral group and let A be a ZG-module
which has finite rank as an abelian group. If A has no nonzero G-hyperfinite
image then every extension E of A by G splits conjugately over A.

Proof. It follows from that A has no non-zero finite G-factors and, in
particular, A is torsion-free. By induction on the rank of A we may assume
that A is rationally irreducible (and, as in Lemma 1, 4 is irreducibleas a ZG-
module).

Let N = Cg (A); then E/N is an irreducible Q-linear soluble group and so
is abelian-by-finite [13] (Theorem 3.24). Let H/N be an abelian normal sub-
group of finite index in E/N. By Proposxtmn 2 of [14], A has no nonzero finite
H-factors and, in particular, [4, H] =

By Lemma 2 N = 4 X M for some M < E and each supplement to A in
E pontains M. Let A = N/M =A as a ZG-module, where G = E/N. If H =
= H/N, then [4, H) = A and so, by Theorem B of [1] E/M splits conjugately
over N/M. )
~ Let K/M be a complement to N/M. Then KA =Eand K 1 4 =K
nNcnA=MqnA=1sothat K isa complement to 4 in E.

I Kyis any other complement to A then K; > M and so Ky/M is a comple-
ment to N/M and hence i: conjugate to K/M.
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