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Using the method of nonequilibrium statistical operator by Zubarev, an approach is proposed for the descrip-
tion of kinetics which takes into account the nonlinear hydrodynamic fluctuations for a quantum Bose system.
Non-equilibrium statistical operator is presented which consistently describes both the kinetic and nonlinear
hydrodynamic processes. Both a kinetic equation for the nonequilibrium one-particle distribution function and
a generalized Fokker-Planck equation for nonequilibrium distribution function of hydrodynamic variables (den-
sities of momentum, energy and particle number) are obtained. A structure function of hydrodynamic fluctua-
tions in cumulant representation is calculated, which makes it possible to analyse the generalized Fokker-Planck
equation in Gaussian and higher approximations of the dynamic correlations of hydrodynamic variables which
is important in describing the quantum turbulent processes.
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1. Introduction

The development of the nonequilibrium statistical theory which takes into account one-particle and

collective physical processes is a difficult problem in modern physics. The separation of contributions

from the kinetic and hydrodynamic fluctuations into time correlation functions, excitation spectrum,

and transport coefficients allows one to obtain more information on physical processes at different time

and spatial intervals that define the dynamic properties of a system. A considerable success was achieved

in the papers [1–4] in which the approach of a consistent description of kinetics and hydrodynamics of

classical dense gases and fluids is proposed based on the Zubarev method of nonequilibrium statistical

operator [5–8]. It is appropriate to apply this approach for the study of the dynamics of quantum liquids

such as liquid helium in the normal and superfluid states. The quantum system of Bose particles serves as

a physical model in theoretical descriptions of both equilibrium and nonequilibrium properties of liquid

helium and trapped weakly-interacting Bose gases [9, 10]. Many books [11–15] and articles are devoted

to a theoretical description of this system.

In the studies by Morozov [16, 17] and Lebedev, Sukhorukov and Khalatnikov [18] the theoretical

approaches were proposed to the description of nonlinear hydrodynamic fluctuations connected with

the problem of calculating the dispersion for kinetic transport coefficients and the spectrum of collective

modes in the low-frequency area of the superfluid Bose liquid. The microscopical derivation of hydro-

dynamic equations of a superfluid liquid taking dissipative processes into account was presented by

Kovalevsky, Lavrinenko, Peletminsky and Sokolovsky [19], where kinetic coefficients are expressed in

terms of time correlation functions of the corresponding flux operators. The generalized Fokker-Planck

equation for nonequilibrium distribution function of slow variables for quantum systems was obtained

by Morozov [20].
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The problems of building a kinetic equation for Bose systems based on the microscopic approach

were considered by Akhiezer and Peletminsky [21] and by Kirkpatrick and Dorfman [22–24]. The results

of [22, 23] were extended and used to describe the trapped weakly-interacting Bose gases at finite temper-

atures [25, 26]. Lauck, Vasconcellos and Luzzi [27] developed a nonlinear quantum transport theory for a

far from equilibrium many-body system, which is based on nonequilibrium statistical operator method.

The hierarchy of generalized evolution equations of dissipative processes in a Bose fluid was derived

by Madureira, Vasconcellos and Luzzi [28, 29]. The proposed approach may be suitable for a descrip-

tion of the transport coefficients in molecular hydrodynamics, where the coefficients are frequency and

wavelength dependent. Molecular hydrodynamics of nondegenerate Bose gas [30, 31] and degenerate

one [32, 33] was derived using the method of two-temporal Green functions [34, 35].

The nonequilibrium statistical operator of many-particle Bose system which consistently describes

the kinetics and hydrodynamics, was derived in [36, 37]. The quantum nonequilibrium one-particle dis-

tribution function and the average value of density of interaction potential energy have been selected

as parameters of a consistent description of the nonequilibrium state. Generalized transport equations

were obtained for strongly and weakly nonequilibrium Bose systems with separate contributions from

both the kinetic and potential energies of particle interaction.

The aim of the present paper is to construct transport equations for a quantum system that take

into account nonlinear hydrodynamic processes. Large-scale fluctuations in a system, which are related

to the nonlinear hydrodynamical processes, play an essential role in the transition from normal to su-

perfluid state [38], in the transition from laminar to turbulent flow, and in the acoustic turbulence in

superfluid helium [39, 40]. Similar problems arise while describing low-frequency anomalies in kinetic

equations related to “long tails” of correlation functions [41–44]. To achieve this aim, a nonequilibrium

statistical operator, which consistently describes both the kinetic and nonlinear hydrodynamical fluctu-

ations in a quantum liquid, is derived. Then, a coupled set of kinetic equations are obtained for quantum

one-particle distribution function and generalized Fokker-Plank equations for the functional of hydrody-

namical variables: densities of particle number, momentum and energy. A structure function of hydrody-

namic fluctuations is calculated using a cumulant representation. It provides a possibility to analyse the

generalized Fokker-Planck equation in Gaussian and higher approximations of dynamic correlations of

hydrodynamic variables which is important in describing the phase transitions and quantum turbulent

processes.

2. Kinetic equation for nonequilibrium Wigner function and Fokker-

Planck equation for distribution function of hydrodynamic variables

The observable average values of energy density 〈ε̂q〉t
, momentum density 〈P̂q〉t

, and particle num-

bers density 〈n̂q〉t
are the reduced description parameters of the hydrodynamical nonequilibrium state

of a normal Bose liquid characterized by the energy, momentum and mass flow processes. Operators for

these physical quantities are defined through the Klimontovich operator of the phase density of particle

number n̂q(p) = â+
p− q

2
âp+ q

2

n̂q = 1p
N

∑
p

n̂q(p), P̂q = 1p
N

∑
p

p n̂q(p), ε̂q = ε̂kinq + ε̂intq , (2.1)

where ε̂kinq and ε̂intq are Fourier-components of the operators of kinetic and potential energy densities

ε̂kinq = 1p
N

∑
p

(
p2

2m
− q2

8m

)
n̂q(p), ε̂intq = 1

2V
p

N

∑
k,p,p′

ν(k)â+
p+ k−q

2

n̂k(p′)â
p− k−q

2
. (2.2)

The average value of the phase density operator of particle number is equal to the nonequilibrium

one-particle distribution function f1(q,p, t ) = 〈n̂q(p)〉t
, which satisfies the kinetic equation for a quantum

Bose system.

The agreement between the kinetics and hydrodynamics for dilute Bose gas does not cause any prob-

lems because in this case the density is a small parameter. Therefore, only the quantum one-particle
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distribution function f1(q,p; t ) can be chosen as the parameter of a reduced description. At a transition
to quantum Bose liquids, the contribution of collective correlations, which are described by average po-

tential energy of interaction, is more important than one-particle correlations connected with f1(q,p; t ).
Hence, in order to consistently describe the kinetics and hydrodynamics of Bose liquid, the one-particle

nonequilibrium distribution function along with the average potential energy of interaction should be

chosen as the parameters of a reduced description [36, 37]. The nonequilibrium state of such a quantum

system is completely described by a nonequilibrium statistical operator %̂(t )which satisfies the quantum
Liouville equation

∂

∂t
%̂(t )+ i LN %̂(t ) =−ε[

%̂(t )− %̂q(t )
]

. (2.3)

The infinitesimal source ε in the right-hand side of this equation breaks the symmetry of the Liouville

equation with respect to t → −t and selects retarded solutions (ε→ +0 after limiting thermodynamic
transition). The quasi-equilibrium statistical operator %̂q(t ) is determined from the condition of the infor-
mational entropy extremum at the conservation of normalization condition Sp %̂q(t ) = 1 for fixed values
of 〈n̂q(p)〉t

and 〈ε̂intq 〉t
[36, 37]:

%̂q(t ) = exp

{
−Φ(t )−∑

q
β−q(t )ε̂intq −∑

q,p
γ−q(p; t )n̂q(p)

}
, (2.4)

where the Lagrangian multipliers β−q(t ), γ−q(p; t ) are determined from the self-consistent conditions:

〈n̂q(p)〉t = 〈n̂q(p)〉t
q

, 〈ε̂intq 〉t = 〈ε̂intq 〉t
q

.

Here, 〈(. . .)〉t = Sp(. . .)%̂(t ) and 〈(. . .)〉t
q
= Sp(. . .)%̂q(t ). The Massieu-Plank functional

Φ(t ) = ln Sp exp

{
−∑

q
β−q(t )ε̂intq −∑

q,p
γ−q(p; t )n̂q(p)

}
(2.5)

is determined from the normalization condition Sp %̂q(t ) = 1.
The system of equations for the one-particle distribution function and the average density of potential

energy are strongly nonlinear[36, 37]. The system can be used for a consistent description of the kinetics

and hydrodynamics of both strongly and weakly nonequilibrium states of the Bose systems. Projecting

the transport equations on the components of the vector Ψ(p) = {
1, p, p2/(2m)−q2/(8m)

}
yields the

equations of nonlinear hydrodynamics, in which the transport processes of kinetic and potential parts

of the energy are described by two interdependent equations. Obviously, such equations of nonlinear

hydrodynamics provide more opportunities to describe in detail the mutual transformation of kinetic

and potential energies during nonequilibrium processes in the system.

In this paper, as previously [36, 37], the nonequilibrium quantum distribution function f1(q,p; t ) =
〈n̂q(p)〉t

is chosen as a parameter to describe one-particle correlations. However, to describe the collec-

tive processes in a quantum system, we introduce the operator function

f̂ (a) =
∫

dxeix(â−a), dx =
5∏

m=1

∏
k

dxmk

2π
, (2.6)

where â = {â1k, â2k, â3k}, â1k = n̂k, â2k = P̂k, â3k = ε̂k = ε̂kink + ε̂intk are the Fourier-components of the op-

erators of particle number, momentum and energy densities (2.1). The scalar values amk = {nk, Pk, εk}
are the corresponding collective variables. The average values of the operator function (2.6) represent

a microscopic distribution function of hydrodynamic variables obtained in accordance with Weyl corre-

spondence rule from the classical distribution function [20]

f (a) = δ(A−a) =
N∏

m=1

∏
k
δ(Amk −amk), (2.7)

where A = {A1k . . . , AN k} are the classical dynamical variables.
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The average values f1(q,p; t ) = 〈n̂k(p)〉t
, f (a; t ) = 〈 f̂ (a)〉t

are calculated using the nonequilibrium

statistical operator %̂(t ), which satisfies the Liouville equation. In line with the idea of a reduced descrip-
tion of the nonequilibrium state, the statistical operator %̂(t ) should functionally depend on the quantum
one-particle distribution function and on the distribution functions of hydrodynamic variables

%̂(t ) = %̂[
f1(q,p; t ), f (a; t )

]
.

Thus, the task is to find a solution of the Liouville equation for %̂(t )which has the above form. To this end,
we use the method of Zubarev nonequilibrium statistical operator [5–8]. We consider the Liouville equa-

tion (2.3) with infinitely small source. The source correctly selects retarded solutions in accordance with

the reduced description of nonequilibrium state of a system. The quasi-equilibrium statistical operator

%̂q(t ) is determined in a usual way, from the condition of themaximum informational entropy functional:

S[%̂′] =−Sp{
%̂′ ln %̂′

}−∑
p
γ−q(p; t )Sp

{
%̂′n̂q(p)

}−∫
da F (a; t )Sp

{
%̂′ f̂ (a)

}
.

Then, the quasi-equilibrium statistical operator can be written as

%̂q(t ) = exp

{
−Φ(t )−∑

q,p
γ−q(p; t )n̂q(p)−

∫
daF (a; t ) f̂ (a)

}
, (2.8)

where da → {dnk, dPk, dεk}. The Massieu-Plank functional Φ(t ) is determined from the normalization
condition Sp %̂q(t ) = 1 :

Φ(t ) = ln Sp

{
exp

[
−∑

q,p
γ−q(p; t )n̂q(p)−

∫
daF (a; t ) f̂ (a)

]}
.

The functions γ−q(p; t ) and F (a, t ) are Lagrange multipliers and can be defined from self-consistent con-
ditions

f1(q,p; t ) = 〈n̂q(p)〉t = 〈n̂q(p)〉t
q

, f (a; t ) = 〈 f̂ (a)〉t = 〈 f̂ (a)〉t
q

. (2.9)

The generalized solution of equation (2.3) in nonequilibrium statistical operator method by Zubarev

can be presented in the following form:

%̂(t ) = %̂q(t )−
t∫

−∞
dt ′ eε(t ′−t )T̂q(t ; t ′)

[
1−Pq(t ′)

]
iLN %̂q(t ′), (2.10)

where

T̂q(t ; t ′) = exp+

−
t∫

t ′
dt ′

[
1−Pq(t ′)

]
iLN

 (2.11)

is the generalized time evolution operator that takes the projection into account. To obtain the solution

(2.10) we used the Kawasaki-Gunton projection operator [7, 45] which in our case acts on the arbitrary

statistical operator according to the rule:

Pq(t )%̂′ = %̂q(t )Sp%̂′+∑
q,p

∂%̂q(t )

∂〈n̂q(p)〉t

{
Sp

[
n̂q(p)%̂′

]−〈n̂q(p)〉t
Sp%̂′

}
+

∫
da

∂%̂q(t )

∂ f (a; t )

{
Sp

[
f̂ (a)%̂′

]− f (a; t )Sp%̂′
}

. (2.12)

We consider the action of the Liouville operator on the quasi-equilibrium operator (2.8):

iLN %̂q(t ) = −∑
q,p

γ−q(p; t )

1∫
0

dτ[%̂q(t )]τ ˙̂nq(p)[%̂q(t )]1−τ

−
∫

daF (a; t )

1∫
0

dτ[%̂q(t )]τiLN f̂ (a)[%̂q(t )]1−τ, (2.13)
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where ˙̂nq(p) = iLN n̂q(p). One introduces the operator function as in [20]

Ĵ (a) =
∫

dxeix(â−a)

1∫
0

dτe−iτxâiLN âeiτxâ, (2.14)

then,

iL̂N f̂ (a) =− ∂

∂a
Ĵ (a) =−

5∑
m=1

∑
k

∂ Ĵmk(a)

∂amk
. (2.15)

The second term in the right-hand side of (2.13) can be represented as follows:

∫
daF (a; t )

1∫
0

dτ[%̂q(t )]τ
(
− ∂

∂a
Ĵ (a)

)
[%̂q(t )]1−τ =

∫
da

(
∂

∂a
F (a; t )

) 1∫
0

dτ[%̂q(t )]τ Ĵ (a)
[
%̂q(t )

]1−τ .

Now the expression (2.13) reads

iLN %̂q(t ) =−∑
q,p

γ−q(p; t )

1∫
0

dτ ˙̂nq(p;τ)%̂q(t )+
∫

da
(
∂

∂a
F (a; t )

) 1∫
0

dτ Ĵ (a;τ)%̂q(t ), (2.16)

where

˙̂nq(p;τ) = [%̂q(t )]τ ˙̂nq(p)[%̂q(t )]−τ , Ĵ (a;τ) = [%̂q(t )]τ Ĵ (a)[%̂q(t )]−τ . (2.17)

Taking into account (2.16) we represent the nonequilibrium statistical operator (2.10) in the following

form:

%̂(t ) = %̂q(t )+∑
q,p

t∫
−∞

dt ′eε(t ′−t )Tq(t , t ′)
[
1−Pq(t ′)

] 1∫
0

dτ ˙̂nq(p;τ)γ−q(p; t ′)%̂q(t ′)

+
∫

da

t∫
−∞

dt ′eε(t ′−t )Tq(t , t ′)
[
1−Pq(t ′)

] 1∫
0

dτ Ĵ (a;τ)
∂

∂a
F (a; t ′)%q(t ′)

= %̂q(t )+∑
q,p

t∫
−∞

dt ′eε(t ′−t )Tq(t , t ′)
[
1−Pq(t ′)

] 1∫
0

dτ ˙̂nq(p;τ)γ−q(p; t ′)%̂q(t ′)

+∑
q

∫
da

t∫
−∞

dt ′eε(t ′−t )Tq(t , t ′)
[
1−Pq(t ′)

]

×
1∫

0

dτ

{
Ĵnq (a;τ)

∂

∂nq
F (a; t ′)+ ĴPq (a;τ) · ∂

∂Pq
F (a; t ′)+ Ĵεq (a;τ)

∂

∂εq
F (a; t ′)

}
%q(t ′), (2.18)

which contains both nondissipative %̂q(t ) and dissipative parts that consistently describe non-Markovian
kinetic and hydrodynamic processes with microscopic flows ˙̂nq(p;τ), Ĵ (a;τ). Moreover,

˙̂nq(p) = −i[n̂q(p), Ĥ ]− =−i
(p ·q)

m
n̂q(p)

−i

p
N

V

∑
k,p′

ν(k)
(
δp′,p− k

2
−δp′,p+ k

2

)
â+

p′+ k−q
2

n̂kâ
p′− k−q

2
(2.19)

and one obtains the microscopic conservation law of particle density n̂q:

˙̂nq =−i[n̂q, Ĥ ]− =−i(q · Ĵq) =− i

m
(q · P̂q), (2.20)

23606-5



P.A. Hlushak, M.V. Tokarchuk

where Ĵq is the flow density operator of Bose particles. Respectively, the expressions J (P̂q;τ), J (ε̂q;τ)
contain the microscopic conservation law of the momentum density operator

˙̂Pα
q =− ip

N

∑
p

pα
m

(p ·q)n̂q(p)− i
p

N

2V

∑
k

[ν(k)kα+ν(k+q)(−kα+qα)]n̂kn̂−k+q (2.21)

and the microscopic conservation law of the complete energy density operator

˙̂εq = − ip
N

∑
p

(
p2

2m
− q2

8m

)
(p ·q)

m
n̂q(p)

− i
p

N

2V

∑
k,α

{
ν(k)−ν(−k+q)

2
kα+ ν(k)+ν(−k+q)

2
qα

}
× 1

m

[
n̂k, P̂α

−k+q

]
++ 1

2V

∑
k
ν(k) ˙̂nq. (2.22)

The nonequilibrium statistical operator (2.18) is a functional of the reduced description parameters

f1(q,p; t ) and f (a; t ) contained in self-consistent conditions (2.9) of determination of Lagrange multiplier
γq(p; t ). The values F (a; t ) and f1(q,p; t ) are necessary for a complete description of transport processes
in a system. With this aim in mind, we use the conditions:

∂

∂t
〈n̂q(p)〉t = ∂

∂t
f1(q,p; t ) = 〈 ˙̂nq(p)〉t ,

∂

∂t
f (a; t ) = Sp(

%̂(t )i LN f̂ (a)
)

.

Calculating the average values in the right-hand parts of these equations with nonequilibrium statistical

operator (2.18) we obtain a system of the following transport equations:

∂

∂t
f1(q,p; t ) + i

(q ·p)

m
f1(q,p; t ) = i

p
N

V

∑
k,p′

ν(k)
(
δp′,p+ k

2
−δp′,p− k

2

)
f2(q,p,p′,k; t )

+ ∑
q′,p′

t∫
−∞

dt ′eε(t ′−t )ϕnn(q,q′,p,p′; t , t ′)γ−q′ (p′; t ′)

−
∫

da

t∫
−∞

dt ′eε(t ′−t )ϕn J (q,p,; t , t ′)
∂

∂a
F (a; t ′), (2.23)

∂

∂t
f (a; t ) + ∂

∂a
〈 Ĵ (a)〉t

q
=− ∑

q′,p′

t∫
−∞

dt ′eε(t ′−t ) ∂

∂a
ϕJn(a,q′,p′; t , t ′)γ−q′ (p′; t ′)

+
∫

da′
t∫

−∞
dt ′eε(t ′−t ) ∂

∂a
ϕJ J (a,a′; t , t ′)

∂

∂a′ F (a′; t ′), (2.24)

where

f2(q,p,p′,k; t ) = Sp
{

â+
p′+ k−q

2

n̂qâ
p′− k−q

2
%̂q(t )

}
(2.25)

is the two-particle quasi-equilibrium distribution function of Bose particles,

ϕnn(q,q′,p,p′; t , t ′) = 〈În(q,p; t ) T̂q(t , t ′)
1∫

0

dτ În(q′,p′; t ′,τ)〉t ′
q

. (2.26)

is the transport kernel (memory function) which describes the dissipation of kinetic processes. Quantities
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ϕn J (q,p,a′; t , t ′), ϕJn(a,q,p; t , t ′) are the matrices with elements

ϕn Jl (q,p, a′; t , t ′) = 〈În(q,p; t ) T̂q(t , t ′)
1∫

0

dτ Î Jl (a′; t ′,τ)〉t ′
q

,

ϕJl n(a,q,p; t , t ′) = 〈Î Jl (a; t ) T̂q(t , t ′)
1∫

0

dτ În(q,p; t ′,τ)〉t ′
q

. (2.27)

These elements are the transport kernels which describe the dissipation between kinetic and hydrody-

namic processes. ϕJ J (a, a′; t , t ′) is the matrix with elements

ϕJl J f (a,a′; t , t ′) = 〈Î Jl (a; t ) T̂q(t , t ′)
1∫

0

dτ Î J f (a′; t ′,τ)〉t ′
q

, (2.28)

which describe the dissipation of hydrodynamic processes in a quantum Bose fluid. Transport kernels

(2.26)–(2.28) are constructed on generalized flows

În(q,p; t ) =Q(t ) ˙̂nq(p), Î Jl (a; t ) =Q(t ) Ĵl (a), (2.29)

whereQ(t ) = 1−P (t ). Operator P (t ) is the generalized projection Mori operator which acts on any oper-
ator Â according to the rule

P (t )Â = 〈Â〉t
q
+∑

q,p

∂〈Â〉t
q

∂〈n̂q(p)〉t

(
n̂q(p)−〈n̂q(p)〉t )+∫

da
∂〈Â〉t

q

∂〈 f̂ (a)〉t

(
f̂ (a)−〈 f̂ (a)〉t )

and corresponds to the structure of the projection Kawasaki-Gunton operator Pq(t ) (2.12). It is important
to note that the transport kernels contain both a contribution from quantum diffusion in the coordinate

and momentum space and a contribution from the generalized function “force-force”. One can readily

derive this by substituting (2.19) into ϕnn(q,q′,p,p′; t , t ′) and open the contribution from kinetic and
potential parts of (2.19):

ϕnn(q,p,q′,p′; t , t ′) = 1

m2 q ·Dnn(q,p,q′,p′; t , t ′) ·q′− 1

m
q ·DnF (q,p,q′,p′; t , t ′)

−DF n(q,p,q′,p′; t , t ′)
1

m
q′+DF F (q,p,q′,p′; t , t ′), (2.30)

where

Dnn(q,p,q′,p′; t , t ′) = 〈Q(t ) ·pn̂q(p) · T̂q(t , t ′)Q(t ′) ·p′n̂q(p′)〉t
q

(2.31)

is the generalized diffusion coefficient of quantum particles in the space {q,p}. Other components have
the following structure:

DnF (q,p,q′,p′; t , t ′) = 〈Q(t ) ·pn̂q(p) · T̂q(t , t ′)Q(t ′) ·Fq′ (p′)〉t
q

,

DF n(q,p,q′,p′; t , t ′) = 〈Q(t ) ·Fq(p) · T̂q(t , t ′)Q(t ′) ·p′n̂q′ (p′)〉t
q

,

DF F (q,p,q′,p′; t , t ′) = 〈Q(t ) ·Fq(p) · T̂q(t , t ′)Q(t ′) ·Fq′ (p′)〉t
q

, (2.32)

where

Fq(p) = i
p

N

V

∑
k,p′

ν(k)
(
δp′,p+ k

2
−δp′,p− k

2

)
â+

p′+ k−q
2

n̂q(p)â
p′− k−q

2
.

For a detailed study of the mutual effect of kinetic and hydrodynamic processes we will allocate the

“kinetic” part in quasi-equilibrium statistical operator using the operator representation:

%̂q(t ) = %̂k
q

(t )−
∫

daF (a; t )

1∫
0

dτU (F |τ) f̂ (a;τ)%̂k
q

(t ), (2.33)
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where

%̂k
q

(t ) = exp
{
−Φk(t )−∑

q,p
γ−q(p; t )n̂q(p)

}
, Φk(t ) = ln Sp exp

{
−∑

q,p
γ−q(p; t )n̂q(p)

}
(2.34)

is the quasi-equilibrium statistical operator which is the basis of the kinetic level of description, and

f̂ (a;τ) = [%̂k
q

(t )]τ f̂ (a)[%̂k
q

(t )]−τ. (2.35)

The operatorU (F |τ) satisfies the equation

U (F |τ) = 1−
∫

daF (a; t )

τ∫
0

dτ′U (F |τ′) f̂ (a;τ′). (2.36)

We use the expression (2.33) for determining the Lagrange multiplier F (a; t ) from the self-consistent
condition:

f (a; t ) = 〈 f̂ (a)〉t
q
= 〈 f̂ (a)〉t

k
−

∫
da′W (a,a′; t ,τ)F (a′; t ), (2.37)

where

W (a,a′; t ) =
1∫

0

dτ〈 f̂ (a)U (F |τ) f̂ (a′;τ)〉t
k

(2.38)

is the structure function, in which the averaging is implemented with quasi-equilibrium statistical oper-

ator (2.34). From (2.37) we find F (a; t ):

F (a; t ) =−
∫

da′δ f (a′; t )W−1(a,a′; t ), (2.39)

where

δ f (a; t ) = f (a; t )−〈 f̂ (a)〉t
k
= 〈 f̂ (a)〉t −〈 f̂ (a)〉t

k
(2.40)

are the fluctuations of the distribution function of hydrodynamic variables determined as a difference be-

tween the complete distribution function and the one averaged with operator %̂k
q

(t ). Taking into account
equation (2.39) the quasi-equilibrium statistical operator %̂q(t ) can be written as follows:

%̂q(t ) = %̂k
q

(t )+
∫

da
∫

da′
1∫

0

dτU (F |τ)W−1(a′,a; t ) f̂ (a;τ)δ f (a′; t )%̂k
q

(t ). (2.41)

The function W−1(a,a′; t ) is the inverse to the structure function W (a,a′; t ) and is the solution of the
integral equation: ∫

da′′W (a,a′′; t )W−1(a′′,a′; t ) = δ(a−a′). (2.42)

Only the functionsW (a,a′; t ) andW−1(a,a′; t ) satisfy the equation (2.42) which have singular parts:

W (a,a′; t ) =W (a; t )[δ(a−a′)+R(a,a′; t )], W−1(a,a′; t ) =W−1(a; t )[δ(a−a′)+ r (a,a′; t )],

where R(a,a′; t ) and r (a,a′; t ) are the regular parts and

W (a; t ) =
∫

da′W (a,a′; t ), W−1(a; t ) =
∫

da′W−1(a,a′; t ).

An important point is that the expression (2.39) is the equation to determine F (a; t ), because the function
W−1(a,a′; t ) depends on F (a; t ) according to the structure functionW (a,a′; t ), which in turn depends on
U (F |τ) (2.36).
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By means of (2.39) and (2.41) we rewrite the equation system (2.23), (2.24) in the following form:

∂

∂t
f1(q,p; t ) + i

(q ·p)

m
f1(q,p; t ) = i

p
N

V

∑
k,p′

ν(k)
(
δp′,p+ k

2
−δp′,p− k

2

)
f2(p,q,p′,k; t )

+ ∑
q′,p′

t∫
−∞

dt ′eε(t ′−t )ϕnn(q,q′,p,p′; t , t ′)γ−q′ (p′; t ′)

+
∫

da′
∫

da′′
t∫

−∞
dt ′eε(t ′−t )ϕn J (q,p,; t , t ′)

∂

∂a′ W−1(a′,a′′; t ′)δ f (a; t ′), (2.43)

∂

∂t
δ f (a; t ) − ∑

q′,p′
Ω f n(a,q′,p′; t )γ−q′ (p′; t ′)+ ∂

∂a

∫
da′

∫
da′′υ(a,a′′; t )W−1(a′′,a′; t )δ f (a′; t )

= − ∑
q′,p′

t∫
−∞

dt ′eε(t ′−t ) ∂

∂a
ϕJn(a,q′,p′; t , t ′)γ−q′ (p′; t ′)

−
∫

da′
∫

da′′
t∫

−∞
dt ′eε(t ′−t ) ∂

∂a
ϕJ J (a,a′; t , t ′)

∂

∂a′ W−1(a′,a′′; t ′)δ f (a′′; t ′), (2.44)

where the generalized hydrodynamic velocities

υ(a,a′; t ) =
∫

da′′
1∫

0

dτSp
{

Ĵ (a)Q(F |τ) f̂ (a′′;τ)%̂k
q

(t )
}

W−1(a′′,a′; t ). (2.45)

were introduced. While deriving these equations, the following property was used:

∂

∂a
〈 Ĵ (a)〉t

k
=− ∂

∂t
〈 f̂ (a)〉t

k
− ∑

q′,p′
Ω f n(a;q′, p′; t )γ−q′ (p′; t ′),

where

Ω f n(a;q′,p′; t ) = Sp
 f̂ (a)

1∫
0

dτ[%̂k
q

(t )]τI kn(q′,p′; t )[%̂k
q

(t )]1−τ


is the time correlation function between f̂ (a) and I kn(q′,p′; t ). Here, the generalized kinetic flows
I kn(q,p; t ) = [1−Pk(t )] ˙̂nq(p) and the kinetic generalized projection Mori operator

Pk(t )Â = 〈Â〉t
k
+∑

q,p

δ〈Â〉t
k

δ〈n̂q(p)〉t

(
n̂q(p)−〈n̂q(p)〉t )

were introduced.

The two limiting cases follow from the system of transport equations (2.43), (2.44). First, unless we

consider the nonlinear hydrodynamic correlations we will obtain the kinetic equation for Wigner func-

tion of quantum Bose particles. Second, if we do not take into account the kinetic processes, then we will

obtain a Fokker-Plank equation for distribution function f (a; t ), that corresponds to the results of the
article [20]:

∂

∂t
f (a; t ) + ∂

∂a

∫
da′υ(a,a′) f (a′; t ) =

−
t∫

−∞
dt ′eε(t ′−t ) ∂

∂a

∫
da′K (a,a′; t − t ′)

∂

∂a′

∫
da′′W−1(a′,a′′) f (a′′; t ), (2.46)
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where (2.45) transforms to υ(a,a′) from [20]

υ(a,a′) =
∫

da′′
Sp

{
Ĵ (a) f̂ (a′′)W−1(a′,a′′)

}
(2.47)

and the structure function is reduced to

W (a,a′) = Sp{
f̂ (a) f̂ (a′)

}
. (2.48)

Accordingly, K (a,a′; t ) is the matrix with elements

Kl f (a,a′; t ) = Sp{
Îl (a)T̂q(t , t ′)Î f (a′)

}
, (2.49)

where Îl (a) = (1−P ) Ĵl (a) are the dissipative flows with projection operator

P Â =
∫

da
∫

da′ f̂ (a)W−1(a,a′)Sp
{

Â f̂ (a′)
}

.

If we neglect the memory effects on the hydrodynamical level in the system of transport equation

(2.43), (2.44), then we will obtain the following system of equations:

∂

∂t
f1(q,p; t ) + i

(q ·p)

m
f1(q,p; t )

= i
p

N

V

∑
k,p′

ν(k)
(
δp′,p+ k

2
−δp′,p− k

2

)
f2(p,q,p′,k; t )

+ ∑
q′,p′

t∫
−∞

dt ′eε(t ′−t )ϕnn(q,q′,p,p′; t , t ′)γ−q′ (p′; t ′)

−
∫

da′ϕn J (q,p,;a′)
∂

∂a′ W−1(a′; t )δ f (a; t ), (2.50)

∂

∂t
δ f (a; t ) + ∂

∂a
v(a; t )δ f (a; t )

= − ∑
q′ p′

∂

∂a
ϕJn(a,q′,p′)γ−q′ (p′; t )− ∂

∂a
ϕJ J (a)

∂

∂a
W−1(a; t )δ f (a; t ), (2.51)

in which the memory effects on the kinetic level are preserved. In this system, the following designations

are used:

ϕn Jl (q,p,a) =
0∫

−∞
dteεt 〈În(q,p)T̂q(t )Î Jl (a)〉t

k
, (2.52)

ϕJl J f (a) =
∫

da′
0∫

−∞
dteεt 〈Î Jl (a)T̂q(t )Î J f (a′)〉t

k
, (2.53)

where v(a; t ) is the contribution from a singular part of generalized velocity v(a,a′; t ) = v(a; t )δ(a−a′)+
u(a,a′, t ), during which v(a; t ) = 〈J (a;τ)〉t

k
. Another point to emphasize is that a contribution only from a

singular part of the structure function W−1(a,a′; t ) is present in the equation system, namely W−1(a; t ).
Such local approximation can be used near the critical point when the values that strongly fluctuate are

hydrodynamical variables and long-wave components of the order parameter.

A hard problem to examine the nonlinear fluctuations based on the equation system (2.43), (2.44) is

to calculate the structure function W (a, a′; t ) and generalized hydrodynamical velocities v(a; t ). To this
end, we use the method of iterations. In the first approximation for the operator functionU (F |τ), we take

U (1)(F |τ) = 1,
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which follows from (2.36), and then by substiting into (2.38), we obtain the first approximation for the

structure function:

W (1)(a,a′; t ) =
1∫

0

dτ〈 f̂ (a) f̂ (a′;τ)〉t
k

. (2.54)

In a similar manner using the following approximation

U (2)(F |τ) =−
∫

daF (a; t )

τ∫
0

dτ′ f̂ (a;τ′)

for the second approximation of the structure function, one obtains

W (2)(a,a′; t ) =−
∫

da′′F (a′′, t )

1∫
0

dτ

τ∫
0

dτ′〈 f̂ (a) f̂ (a′′;τ) f̂ (a′;τ)〉t
k

. (2.55)

In a such a manner, the structure function is equal to

W (a,a′; t ) =W (1)(a,a′; t )+W (2)(a,a′; t )+ . . . . (2.56)

To calculate the first approximation of the structure function, we present it as follows:

W (1)(a,a′; t ) =W (1)(a; t )
[
δ(a−a′)+R(1)(a,a′; t )

]
, (2.57)

where

W (1)(a; t ) =
∫

da′W (1)(a,a′; t ) = 〈 f̂ (a)〉t
k

.

After simple transformations, for the regular part of the structure function we can obtain [20]

R(1)(a,a′; t ) =
∫

dx
∫

dx′eix′a′−ixa

1∫
0

dτ〈eixâe−ix′â′(τ) −ei(x−x′)â〉t
k

1

W (1)(a; t )
.

From this expression it follows that if the basis operators commute with one another, then R(a,a′; t )
vanishes. Thus, the presence of the regular part of W (a,a′; t ) (reciprocally in function W−1(a,a′; t )) is
characteristic only of a quantum system.

Now we calculate the functionW (1)(a; t )

W (1)(a; t ) =
∫

dxe−ixa
Sp

{
eixâ %̂k

q
(t )

}
. (2.58)

Using the cumulant expansion, we write it in the following form:

W (1)(a; t ) =
∫

dxexp

{
−i

∑
α

xαaα+
∑
l=1

(i)l

l !

∑
α1...αl

xα1 . . . xαl Mα1...αl

}
, (2.59)

where α= {m,k} and
∑
α(. . .) =∑5

m=1
∑

k(. . . ). To calculate cumulantsMα1...αl , we write the average from

the exponent as follows:

〈e
∑
α ixα âα〉t

k
=

∞∑
l=0

il

l !

∑
α1...αl

xα1 . . . xαl 〈aα1 . . . aαl 〉t
k

= exp

{ ∞∑
l=1

il

l !

∑
α1...αl

xα1 . . . xαl Mα1...αl

}
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and expand the right-hand side in a series. We compare the coefficients at the same products of xα and
for the first three cumulants obtain:

Mα = 〈âα〉t
cum

= 〈âα〉t
k

,

Mα1α2 = 〈âα1 âα2〉t
cum

= 〈âα1 âα2〉t
k
−〈âα1〉t

k
〈âα2〉t

k
,

Mα1α2α3 = 〈âα1 âα2 âα3〉t
cum

= 〈âα1 âα2 âα3〉t
k
− 3

2
〈âα1〉t

k
〈âα2 âα3〉t

k

−3

2
〈âα1 âα2〉t

k
〈âα3〉t

k
+2〈âα1〉t

k
〈âα2〉t

k
〈âα3〉t

k
, (2.60)

which are averaged with quasi-equilibrium statistical operator %̂k
q

(t ).
Now, we separate the sum over l in the exponent (2.59) in two parts: with l É 2 and l Ê 3. Thus, we

select a Gaussian component and expand the rest in a series. As a result, we have

W (1)(a; t ) =
∫

dx exp

{
i
∑
α

xα(Mα−aα)− 1

2

∑
α1α2

xα1 xα2 Mα1α2

}{
1+Λ+ 1

2
Λ2 + 1

3!
Λ3 + . . .

}
, (2.61)

where

Λ= ∑
lÊ3

il

l !

∑
α1α2

. . .
∑
αl

xα1 xα2 . . . xαl Mα1α2...αl .

Let us consider the Gaussian approximation

WG (a; t ) =
∫

dxexp

{
i
∑
α

xα(Mα−aα)− 1

2

∑
α1α2

xα1 xα2 Mα1α2

}
(2.62)

and integrate it with respect to x. To this end, we should transform the quadratic form xα1 xα2 Mα1α2 in

the exponent into a diagonal form. We need to solve the equation for the eigenvalues and eigenvectors of

the symmetric matrixMα1α2∑
α2

Mα1α2 vαα2 = zαvαα1 , det | Mα1α2 − zαI |= 0,

where vαα1 , zα are the eigenvectors and eigenvalues, I is the unit matrix. Then, out of the eigenvectors
we construct the transition matrix vα1α2 to the new variables y where the coefficient matrix is diagonal
and consists of eigenvalues Q̄α = M̄αα1 = δαα1 zα. Old variables x are connected with the new ones by the
relation xα = ∑

α1

vαα1 yα1 . Now, the exponent in (2.62) has the form of perfect squares
∑

α1α2

xα1 xα2 Mα1α2 =∑
α

Q̄αy2
α and can be integrated with respect to the variables y.

3. Concluding remarks

The nonequilibrium statistical operator was obtained for a consistent description of kinetic and non-

linear hydrodynamic fluctuations in a quantum Bose system. In order to consider the kinetic processes,

the nonequilibrium one-particle Wigner function is used as a parameter in a reduced description. The

distribution function of hydrodynamic variables is chosen for the study of nonlinear hydrodynamic fluc-

tuations. While deriving a quasi-equilibrium statistical operator, the “kinetic” part %̂k
q

(t ) and the part
connected with the superoperatorU (F |τ), that leads to the approximation in terms of correlation func-
tions for f̂ (a), were examined in detail. The equation of the Fokker-Plank type was obtained, which is
related to the kinetic equation. The nonequilibrium distribution function makes it possible to calculate

the averaged values of 〈âl . . . âl 〉t = ∫
da (al . . . al ) f (a; t ), and to obtain operators Ĵq for flux density and

Reynolds-type chain of equations for values 〈Ĵq〉t
, 〈Ĵq Ĵq′〉t

, 〈ĴqĴq′ Ĵq′′〉t
as in classical case [46]. This result

is important for the study of quantum turbulence phenomena [39].

We have considered the first two approximations for U (1)(F |τ) and U (2)(F |τ), which allowed us to
obtain the structure of function W (a, a′; t ) given by Eq. (2.56). We proposed a method to calculate the
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structure function in the first approximation forW (1)(a, a′; t ) using the cumulant expansion (approxima-
tionwith respect to correlations) with a Gaussian distribution for collective variables. Similar calculations

can be used for hydrodynamic velocities (2.45) which is important for microscopic derivation of the gen-

eralized transport kernels (2.28). Such a calculation of the structure function enables us to consider the

Fokker-Plank equation in Gauss approximations and higher, and to obtain a chain of Reynolds-type equa-

tions for time correlation functions 〈âl . . . â j 〉t
. The generalized hydrodynamical velocities v(a; t ) will be

calculated in the same manner as in the classical case [46–48] using the cumulant representations in

Gauss approximations or higher. Then, the transport kernels in the Fokker-Plank equation in the mode-

coupling-like form could be presented similarly to the classical case [49]. The case of quantum statistics

requires a special consideration which will be presented in a subsequent paper.
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Квантовi рiвняння переносу для бозе-систем з врахуванням

нелiнiйних гiдродинамiчних процесiв

П.А. Глушак, М.В. Токарчук
Iнститут фiзики конденсованих систем НАН України, вул. I. Свєнцiцького, 1, 79011 Львiв, Україна
Використовуючи метод нерiвноважного статистичного оператора Зубарєва, запропоновано пiдхiд для
опису кiнетики з врахуванням нелiнiйних гiдродинамiчних флуктуацiй для квантової бозе-системи. Роз-
раховано нерiвноважний статистичний оператор, що узгоджено описує як кiнетичнi, так i нелiнiйнi гiдро-
динамiчнi процеси. Отримано кiнетичне рiвняння для нерiвноважної одночастинкової функцiї розподiлу
та узагальнене рiвняння Фоккера-Планка для гiдродинамiчних змiнних (густин iмпульсу, енергiї i кiлько-
стi частинок). В кумулянтному наближеннi розраховано структурну функцiю гiдродинамiчних флуктуацiй.
Це надає можливiсть проаналiзувати узагальнене рiвняння Фоккера-Планка в гаусовому i вищих набли-
женнях для динамiчних кореляцiй, що важливо для опису квантових турбулентних процесiв.
Ключовi слова: бозе-система, гелiй, кiнетика, гiдродинамiка, кореляцiйна функцiя, рiвняння
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