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Abstract. We show that the (semi-infinite) Ablowitz—Ladik (AL) hierarchy admits a cen-
terless Virasoro algebra of master symmetries in the sense of Fuchssteiner [Progr. Theoret.
Phys. 70 (1983), 1508-1522]. An explicit expression for these symmetries is given in terms
of a slight generalization of the Cantero, Moral and Veldzquez (CMV) matrices [Linear Al-
gebra Appl. 362 (2003), 29-56] and their action on the tau-functions of the hierarchy is
described. The use of the CMV matrices turns out to be crucial for obtaining a Lax pair
representation of the master symmetries. The AL hierarchy seems to be the first example of
an integrable hierarchy which admits a full centerless Virasoro algebra of master symmetries,
in contrast with the Toda lattice and Korteweg—de Vries hierarchies which possess only “half
of” a Virasoro algebra of master symmetries, as explained in Adler and van Moerbeke [Duke
Math. J. 80 (1995), 863-911], Damianou [Lett. Math. Phys. 20 (1990), 101-112] and Magri
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2 L. Haine and D. Vanderstichelen

1 Introduction

The group U(n) of n x n unitary matrices, with Haar measure dU normalized as a probability
measure, has eigenvalue probability distribution given by the Weyl formula

n
HQW a=ctes,  peloml

with S1 = {z € C: |z| = 1} the unit circle, and A,(z) the Vandermonde determinant

A, (z) = det (Zlkil)lgk,zgn = H (z1 — zk). (1.1)

1<k<I<n

Thus, for 7,0 € |—n, x|, with n < 6, the probability that a randomly chosen matrix from U(n)
has no eigenvalues within the arc of circle {z € S' : n < arg(z) < 6} is given by

1 27r+17 2m+n ; oo
Tn(n,0) = (27r)”n'/9 / H eF — et 7depr -

1<k<i<n

Obviously, this probability depends only on the length 6 — 7.

The starting motivation for the present work was our attempt in [24] to understand a diffe-
rential equation satisfied by the function —%%log Tn(—0,0), obtained by Tracy and Widom
n [36], from the point of view of the Adler—Shiota—van Moerbeke approach [3], in terms of
Virasoro constraints. Introducing the 2-Toda time-dependent tau-functions

1
Tn(t, s31m,0) = '/ dl,(t, s, z) (1.2)
n. [9 27T+77]"

with (t,s) = (t1,t2,...,81,82,...) and

n i tzj—‘rS'sz)
dI,(t,s,z) = |An(z \QH eim dai

2mizy,

deforming the probabilities 7,(n,0) = 7,(0,0;7,6), we discovered that they satisfy a set of
Virasoro constraints indexed by all integers, decoupling into a boundary-part and a time-part

1/ e O | ik O () =/~
; (e 20 +e an Ta(t,s;m,0) = L 1o (t, 31, 6), keZ, i=v-1, (1.3)

with the time-dependent operators L,(Cn) providing a centerless representation of the full Virasoro
algebra, that is

(L, L] = (k- DLy, VEleZ. (1.4)
The basic trick for this result was to use the Lagrangian approach [31] for obtaining Virasoro
constraints in matrix models, showing that the following variational formulas hold V& > 0

d 15 zkfz;k
d—EdIn(za — zqe"a ))

i is(z(’;—&-z;k)
Ep dl, (za — 2l )
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with L,(Cn) given by

k—1 9 0
=N 44 jtj——
;atjatk_j Oty jz_; T Otk
k—1
. 0
Z Jsig —ngjﬁ—nksk, k> 1, (1.5)
j=k+1 j=1 k=j
) =, 0 . 0
ry” :Zﬁj%_zjsjga (1.6)
j=1 T =1 J

k—1 2
(n) 0 0 ) 0
L = — - —n— — §i—
—k ]Z; 85j85k_j sy, Z;] J 8Sj+k

+ Ek;ljt] 57, +th1 Skt k21 (1.7)
J

When 1 = 6, the integral (1.2) is obviously independent of 8, and the left-hand side of (1.3) is
equal to zero. By using Weyl’s integration formula, one can recognize it as the partition function
of the unitary matrix model, introduced in [30]. After [24] was completed, we found out that our
result in this case had already been obtained by Bowick, Morozov and Shevitz [8], though these
authors didn’t notice the commutation relations (1.4) of the centerless Virasoro algebra (see
Corollary 4.2 and Remark 4.3). Kharchev and Mironov [27] first recognized that the partition
function of the unitary matrix model is a special tau function of the two-dimensional Toda
lattice (in short 2DTL) hierarchy of Ueno and Takasaki [37], by using bi-orthogonal polynomials
on the circle. Then, Kharchev, Mironov and Zhedanov [28, 29] showed that the coefficients
entering the Szego type recursion relations satisfied by these bi-orthogonal polynomials solve
the semi-infinite Ablowitz—Ladik (AL in short) hierarchy, a result which is already implicitly
contained in [27]. We remind the reader that the first vector field of the AL hierarchy is the
system of differential-difference equations introduced by Ablowitz and Ladik [1, 2] in the form

Ty = Tptl — 2Tp + Tp—1 — mnyn(anrl + mnfl)a

Un = —Ynt+1 + 2Yn — Yn—1 + Tn¥Un(Unt1 + Yn—1)- (1.8)

Upon making the change of variable ¢t — it, when y,, = Fx,, the system reduces to the equation
—iZy = Tn4+1 — 2y +ap—1 £ |$n|2($n+l + xn—l)a

which is a discrete version of the focusing/defocusing nonlinear Schrodinger equation.

The functions 7,(t, s;n,0) are thus special instances of tau-functions of the semi-infinite
AL hierarchy. The Virasoro constraints they satisfy suggest that the semi-infinite AL hierarchy
admits a full centerless Virasoro algebra of additional symmetries (so-called master symmetries),
a notion which will be explained below. The goal of this paper is to identify the Virasoro algebra
of master symmetries both on the variables x,,, y,, n > 0, as well as on the general tau-functions
of the AL hierarchy. Since the pioneering works [27, 28, 29] the fact that the semi-infinite
AL hierarchy is related to (bi)-orthogonal polynomials on the circle in the same way as the
semi-infinite Toda lattice hierarchy is related to orthogonal polynomials on the line, has been
rediscovered several times, see for instance [5, 6, 9, 32]. We now introduce the necessary tools
to explain this connection.

We denote by (C[z, z_l] the ring of Laurent polynomials over C. A bilinear form

L: C[z,zil] X (C[z,zfl] — C, (f,9) — L[f,q], (1.9)
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will be called a bi-moment functional. The bi-moments associated to L are

M = E[zm,z"], VYm,n € Z. (1.10)
We assume that £ satisfies the Toeplitz condition

E[zm, z”] = L’[zm*”, 1], Vm,n € Z. (1.11)

Because of the Toeplitz condition (1.11), the bi-moments depend only on the difference m — n
and we shall often write

L 2= Mm—n. (1.12)

In the rest of the paper, we shall freely use both notations for the bi-moments. An important
example of a Toeplitz bi-moment functional is provided by

dz

omiz’

clfl = FEo(= (s (113

with w(z) some weight function on the unit circle S' which is not necessarily positive or even
real valued. We shall also assume L to be quasi-definite, that is

det (“kl)ogk,lgn—l # 0, Vn > 1. (1.14)

This is a necessary and sufficient condition for the existence of a sequence of bi-orthogonal

polynomials {psll)(z),pff)(z)}nm with respect to £, that is p%l)(z) and p,(f)(z) are polynomials

of degree n, satisfying the orthogonality conditions
ﬁ[p%)(Z)ypg) (2’)] = hndmn, hn # 0, Vm,n € N.
Introducing the variables
ra=p00),  y=pP(0).  n=0, (1.15)

the monic bi-orthogonal polynomials {pgl)(z), pg)(z)}n>0 satisfy the Szego type recurrence re-

lations

P (2) = 2p10 () = 222D (27, PP (2) — 2p@(2) = yusr 2PV (271, (1.16)

from which it easily follows that

hn—l—l
hy

=1—Zn11Yn+1, n > 0. (1.17)

In [5, 6, 27, 28, 29] the AL hierarchy' is embedded in the 2DTL hierarchy by using a pair (L1, L2)
of Hessenberg matrices representing respectively the operator of multiplication C[z] — C[z] :

f(2) = zf(2) in the bases p(V(2) = ( 511)(2))n>0 and p®(2) = (pﬁf)(z))wo of bi-orthogonal
polynomials B a

pW(2) = LipWM(2),  2pP(2) = LopP(2).

However, to represent the Virasoro algebra of master symmetries, what we shall need is a basis
of the ring C [z, z_l] of Laurent polynomials in which both the operators of multiplication by z
and 2z~ admit nice matrix representations. Thus, we shall adopt the more recent point of view

In [5, 6] the terminology “Toeplitz hierarchy” instead of “AL hierarchy” is used.
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of Nenciu [32] who used the celebrated Cantero, Moral and Veldzquez matrices (CMV matrices
in short) to obtain a Lax pair representation for the AL hierarchy in the special defocusing case,
that is when y,, = ;. We can now describe the content of our paper.

To deal with the general AL hierarchy, in Section 2, we first develop a slight generalization
of the CMV matrices as introduced in [10]. The generalized CMV matrices are pentadiagonal
(semi-infinite) matrices Aj, A which will represent multiplication by z in bases of bi-orthogonal
Laurent polynomials®, which will be denoted by f(z) = (fu(2))n>0 and g(2) = (gn(2))n>0,
satisfying L[fm, gn] = Om.nhyn and the five-term recurrence relations

2f(2) = Aif(2),  29(2) = Azg(2).
In these bases, we shall have that
2 f(2) = ATf(2),  27lg(z) = Asg(2),

with A% = hATh=', A5 = hATh~! and h the diagonal matrix diag(hy,)n>0, so that A} = A" and
A5 = A; 1. Putting 2, = 1 — Yy, with z,, and y,, defined as in (1.15) (note that zo = yo = 1),
the matrix A; reads

(1.18)

—T1% Yo 0
—T2z1 —T2y1 —T3 1
Z1z2 Y172 —T3Y2 Y2 0
0 —r423 —I4y3 —w5 1
Ay = 2324 Y324 —T5Ys Y4
0 * *
O * *

and As is obtained from A; by exchanging the roles of the variables x, and y,. This will
be proven at the end of Section 2. To make contact with the work of Nenciu [32] as well as
with the authoritative treatises on OPUC by Simon [34, 35], it suffices to specialize to the
Case Tptl = —Qp, Yntl = —Qpn, n > 0, where «,, are the so-called Verblunsky coefficients,
remembering that o = o = 1.> We notice that Gesztesy, Holden, Michor and Teschl [20]
have obtained a Lax pair representation for the doubly infinite AL hierarchy, involving a matrix
similar to A; above (up to some conjugation). According to them, the proof is based on “fairly
tedious computations”. Our approach via bi-orthogonal Laurent polynomials and the “dressing
method” explained below, is more conceptual.

In Section 3, we put this theory to use to obtain Lax pair representations both for the AL
hierarchy and its Virasoro algebra of master symmetries. Our approach is based on a Favard
like theorem which states that there is a one-to-one correspondence between pairs of CMV
matrices (Aj, As), with entries built in terms of x,, and y,, satisfying o = yo = 1 and z,y, # 1,
n > 1, and quasi-definite Toeplitz bi-moment functionals defined up to a multiplicative nonzero
constant. This theorem can be proven as a generalization to bi-orthogonal Laurent polynomials
of a similar result in [11], for orthogonal Laurent polynomials on the unit circle. For a complete
and independent proof, see [38]. Thus to define the AL hierarchy vector fields Ty, k € Z, it is
enough to define them on the bi-moments

7 I,

9ri _ T () = 229 — Vi >1 1.19
e Hi+k> k(4) Dk Hj—ks =5 ( )

Tis(py) =

2The paper [10] considers the case of a sesquilinear hermitian quasi-definite form on C[z, 2] satisfying the
Toeplitz condition, dealing thus with orthogonal instead of bi-orthogonal Laurent polynomials.

3With these notations, the transpose CT of the CMV matrix in [32, 34, 35] is given by CT = (Vh) A1k,
with VA = diag(v/hn)n>0 and hni1/he as in (1.17).
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which, in the example of the bi-moment functional (1.13), corresponds to deform the weight w(z)
as follows

i (t;z7 + sjz—j)}. (1.20)

J]=

w(z;t,s) = w(z) exp {

Obviously [Ty, ;] =0, Vk,l € Z, if we define Tou; = pj. Then, all the objects introduced above
become time dependent. In particular x, (¢, s) and y, (¢, s) depend on ¢, s. The Lax pair for the
AL hierarchy is then obtained in Theorem 3.4 by “dressing up” the moment equations (1.19)
written in matrix form (see (3.10)).

Following an idea introduced by Haine and Semengue [23] in the context of the semi-infinite
Toda lattice, we define the following vector fields on the bi-moments

Vk(#j) =+ k)ﬂj_,_k, Vk e Z. (1.21)
These vector fields trivially satisfy the commutation relations

Vi, Vil = (I = k) Vi, (1.22)
[Vka T‘l] = lTk-Hv Vk,l€ Z, (123)

from which it follows that
[[Vkvﬂ]a T‘l] = l[Tk-l-ly,-rl] =0, Vk,l€Z (124)

Equations (1.22), (1.23) and (1.24) mean that the vector fields Vi, k € Z, form a centerless
Virasoro algebra of master symmetries, in the sense of Fuchssteiner [18], for the AL hierarchy.
We remind the reader that master symmetries are generators for time dependent symmetries of
the hierarchy which are first degree polynomials in the time variables, that is

Xk,l = Vk +t[vk’7T‘l]7 ke Z:

are time dependent symmetries of the vector field 7; (run with time ¢) as one immediately checks
that

an,l
ot

from the commutation relations (1.24). Writing (1.21) in matrix form (see (3.18)) and “dressing
up” these equations, leads then in Theorem 3.8 to the Lax pair representation of the master
symmetries on the CMV matrices (41, A2), which was our first goal and is a new result.

In Section 4, we shall reach our second goal by translating the action of the master symmetries
on the tau-functions of the AL hierarchy. One can show (see [5, 28, 29]) that the general solution
of the AL hierarchy can be expressed in terms of the Toeplitz determinants

Tn(ta S) = det (:U'k—l(tv S))ng,lgnfl’ (125)

as follows

-+ [ﬂ,Xk7l] - [V]m]—” + [E7Vk + t[Vk,,,T‘lH = 07

S (=) Tn(t, s) S (=) T (t, 5)
Tn(t, s) ’ Tn(t, 8) '

In this formula S,(t),t = (t1,%2,t3,...), are the so-called elementary Schur polynomials defined
by the generating function

exp (Z tkzk> = Z Sp(ti,ta,...)2", (1.26)
k=1

nel

To(t,s) = Yn(t,s) =
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and Sn(—ét) = Sn(—aitl, —%%, —%8%3, .. .), and similarly for Sn(—és). The functions 7,(t, s)
are the tau-functions of the semi-infinite AL hierarchy. In the example of the bi-moment func-
tional (1.13), a standard computation establishes that

1 L dzg
W(t,s) = — An(2)]? .t , 1.27
mlts) =y [ 180(2) [[wtog (127

with w(z;t,s) the deformed weight introduced in (1.20), and A,(z) the Vandermonde deter-
minant (1.1). Such integrals appear in combinatorics as well as in random matrix theory,
see [5, 6, 7, 17, 33, 36] and the references therein. The special case 7,(t,s;n,0) (1.2) con-
sidered at the beginning of this Introduction corresponds to w(z) = xj, g(c(2), the characteristic
function of the complement of an arc of circle |n, (= {z € S' : np < argz < 6}.

By a simple computation, which will be recalled in Section 4, one obtains that the tau-
functions (1.25) admit the expansion

Tn(ta 5) = Z DPig,...in—1 Sin71—(n—1),...,io(t)Sjnfl—(n—l),...,jo(S)> (128)

0§i0<"'<iyz—1 jOym:jnfl
0<jo<-+<jn-1

where

Pig,..in—1 = det (Nik_jz(ov 0))O§k,l§n—l’ (1.29)

JOse-sIn—1

are the so-called Pliicker coordinates, and S;, .. ;, (t) denote the Schur polynomials

Sit,enine (1) = det (S, 51 (8) 1y (1.30)

In Theorem 4.1, we will show that the induced action of the master symmetries (1.21) on the
Pliicker coordinates of the tau-function 7,(t, s) translates into the centerless Virasoro algebra
of partial differential operators L(n)7 k € Z, in the (t,s) variables, that was introduced at the
beginning of the Introduction, a result we announced without proof in [24].

For the convenience of the reader, we summarize below our main results, which will be
established respectively in Section 3 and Section 4 of the paper.

Theorem 1.1. The centerless Virasoro algebra {Vi,k € Z}, of master symmetries of the
Ablowitz—Ladik hierarchy which are defined on the bi-moments by (1.21), translates as follows
on the CMV matrices and the tau-functions of the hierarchy:

1) On the CMV matrices (A1, As), the master symmetries admit the Lax pair representation

Vi(di) = A1, (DiAl™)__+ (A0 k(4b) |, vkes, (1.31)

Vi(As) = [(DQA;—k)__ +(AS*Dy) - k(AQ_k)__,Ag}, Vk ez, (1.32)

where A__ denotes the strictly lower triangular part of A, and D1 and (D3)T (respectively Dy and
(D3)T) represent the operator of derivation d/dz in the bases (fn(2))n>0 and (hatgn(z7), 50
(respectively (gn(z))n>0 and (h;lfn(z_l))nx)), with fn(2), gn(z) the bi-orthogonal Laurent poly-
nomials satisfying (1.18) and L[fm, gn] = Anlm.n-

2) On the tau-functions 1,(t,s), the master symmetries are given by a centerless Virasoro
algebra of partial differential operators in the (t,s) variables

Vira(t,s) = LVr,(t,s), VkeZ,

with L,(Cn) defined as in (1.5), (1.6) and (1.7).
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2 Bi-orthogonal Laurent polynomials and CMYV matrices

In this section, given L : C[z, 2_1} X (C[z, z‘l] — C, a bi-moment functional as in (1.9) which
satisfies the Toeplitz condition (1.11) and is quasi-definite (1.14), we construct two sequences of
bi-orthogonal Laurent polynomials (in short L-polynomials), which can be thought of as a Gram—
Schmidt bi-orthogonalization process applied to the ordered bases {1, 2,271,222, 272, ... } and
{1,2'*1,2,2*2,22, .. } of (C[z,zil]. They will be called right and left bi-orthogonal L-poly-
nomials respectively. This is a slight generalization of the Cantero, Moral and Veldzquez [10]
construction?.

The two sequences of monic right and left bi-orthogonal L-polynomials we shall construct will
be expressed in terms of the sequence of monic bi-orthogonal polynomials {pg)(z), p,(f) (z)}

n>0’
given by the well known formulae

Moo ... HOn—1
1 H1,0 .- Mln-1
pv(’Ll) (Z) = det . n . )
Tn
Hno -+ Hnn—1 2"
10,0 Ho1  ---  MHom
1 : : :
PP (2) = — det ‘ : : ,
Tn Hn-1,0 Hn—11 --- Hp-1n
1 z . zZ"

with 7,, = det (“kl)ogk,lgn—l' Denoting by { fn, gn }n>0 the sequence of monic right bi-orthogonal

L-polynomials, multiplication by z in the bases (fy)n>0 and (gn)n>0 of C[z, 2*1} will be repre-
sented by two pentadiagonal matrices A1 and Ao, which we call the generalized CMV matrices
(and similarly of course for the sequence of left bi-orthogonal L-polynomials). Moreover, the
entries of A1 and Ay will have simple expressions in terms of the variables x, and y, entering
the Szegd type recurrence relations (1.16).

2.1 Bi-orthogonal Laurent polynomials

The following definition is natural from our previous discussion. We define the vector subspaces
Lo = <zm,zm+1,...,z"71,z">, VYm,n € Z, m < n,

and for n >0
Li, ==Lonn, Lii=Lopnpt, Ly :=L_nn Ly =L in,

with the convention Lt, = L=, = {0}.

Definition 2.1. A sequence {f,, gn}n>0 in C[z, 271 is a sequence of right (left) bi-orthogonal
L-polynomials with respect to L if

1) furgn € LEO\ LD,

n—1 >

2) L[fn: gm) = hndnm, with hy, # 0.

“The paper [10] deals with the case of a sesquilinear quasi-definite hermitian form on C[z, 2], satisfying
the Toeplitz condition. Dropping the condition “hermitian” leads to bi-orthogonal L-polynomials, instead of
orthogonal L-polynomials. For the applications we have in mind, see (1.13), it is better to assume £ bilinear
rather than sesquilinear.
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Remark 2.2. Similarly to orthogonal polynomials, condition (2) in Definition 2.1 can be re-
placed equivalently by

L[ fon, 2] =0, L[2*, gon] =0 if—n+1<k<n,
(3r) £[f2”7zin] 70, ﬁ[zinvg%] #0,

L[ fant1,7"] =0, L[2*, gop1] =0 if —n <k <mn,

L[ font1,2"H] #0, L[Z", ganta] #0,

in the case of right bi-orthogonal L-polynomials. For left bi-orthogonal L-polynomials the equiva-
lent condition is

E[fzn,zk} =0, C[zk,ggn] =0 if n<k<n-1,
(3[) £[f2m zn] # 0, ﬁ[zn,gm] # 0,

,C[fgn+1,zk} =0, E[zk,ggm_l] =0 if —n <k <n,

L[fons1,27 "7 #0, L[z gony1] #0.

We start by proving that sequences of right and left bi-orthogonal L-polynomials for a given
Toeplitz bi-moment functional £ are closely related to each other.

Proposition 2.3. Let fi(z) = fo(z7!) and g;(z) = gn(27"). Then {fn, gn}n>0 is a sequence
of right bi-orthogonal L-polynomials with respect to L if and only if {g}, fi}n>0 is a sequence of
left bi-orthogonal L-polynomials with respect to L.

Proof. We have ff g% € L, \ L, , if and only if f,,9, € L} \ L' ;. Using the Toeplitz
condition (1.11), the result then follows from

ﬁ[g;‘n(z),f;(z)] = E[gm(z_l),fn(z_l)} = E[fn(z),gm(z)]. |

Sequences of right or left bi-orthogonal L-polynomials with respect to £ are also very closely
related to sequences of bi-orthogonal polynomials for £. This is proven in the next theorem.

Theorem 2.4. Let L be a Toeplitz bi-moment functional and let { fy, gn}tn>0 be a sequence in
(C[z,z_l]. Let us define

P (2) = g2 (=), P (2) = 2" fanta 2,
Do (2) =" fon(=7)s Do (2) = 2" gania 2. (2.1)
The sequence { fn, gntn>0 is a sequence of right bi-orthogonal L-polynomials with respect to L if

and only if {pq(ql),pg)}n>0 is a sequence of bi-orthogonal polynomials with respect to L. Further-
more we have B

Ll fnrgn) = L[p, 0] (2.2)

An analogous statement holds for sequences { fu, gn}tn>0 of left bi-orthogonal L-polynomials, if
we define

(1 (1 _

o (2) = 2" fon(2), B (2) = 2"ganra (27")

(2 (2 _

Pon(2) = 2"gn(2), Ba(2) = 2 fona (271). (2:3)
Proof. For n > 0, we define P,, = (1, z, ..., 2™) the vector subspace of polynomials with degree
less than or equal to n, and P_; := {0}. For {pg),;m(f)}n>0 defined as in (2.1) it is trivial that

o, P € Pop \ Papy & gon, fan € L3, \ L3, 4,

1 2
pén)ﬂ,p(g,fﬂ €EPyp1 \Pan & font1, 92041 € L3, \ L3,
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Furthermore we have using the Toeplitz condition (1.11)

L[5 (2), 2] = L[ fansa (2), 2] = £[fans (), 247,

and similarly

‘C[pgln)( ), 2*] = L[Z"7F, gan(2)], E[zk,péi)ﬂ(z)] = L[2"7, gont1(2)],
L[5 p5)(2)] = L[ fan(2), "],

Consequently we have

p2n+lz)?z]:0’ 0<k<2n & Lfomt1(2) Z]ZO, —n<k<n,

Lp5)(2),24] = 0<k<2n—1 & L[5 gn(2)] = —nt1<k<n,

‘C[k’anJrl ]:07 0<k<2n & L]z k792n+ ]207 —n<k<n,

Ll* P ()] =0, 0<k<2—-1 & L[fan(2),2"]=0, —n+l<k<n,
and

£b$H A0 & L fana(2), 2] £0,

L), 22 £0 & L[ goa(2)] £0,

ﬁ[z2n+17p2n+1 ()] #0 & L[z" gans1(2)] #0,

E[z2”,p2n ]7&0 & [,[fgn ]7&0

Thus, according to Remark 2.2, {f,, gn}n>0 is a sequence of right bi-orthogonal L-polynomials
with respect to £ if and only if {pg), D } >0 is a sequence of bi-orthogonal polynomials with
respect to £. Equation (2.2) follows immediately from the definition (2.1) and the Toeplitz
condition (1.11).

The statement (2.3) for sequences of left bi-orthogonal L-polynomials is an immediate con-
sequence of the result for sequences of right bi-orthogonal L-polynomials and Proposition 2.3.

This concludes the proof. |

We are now able to prove the existence and the unicity of bi-orthogonal L-polynomials with
respect to L.

Corollary 2.5. Consider a Toeplitz bi-moment functional L. There exists a sequence of right
bi-orthogonal L-polynomials with respect to L and a sequence of left bi-orthogonal L-polynomials
with respect to L if and only if L is quasi-definite as defined in (1.14). Fach L-polynomial in
these sequences is uniquely determined up to an arbitrary non-zero factor.

Proof. By virtue of Theorem 2.4, the existence of a sequence of right or left bi-orthogonal
L-polynomials with respect to L is equivalent to the existence of a sequence of bi-orthogonal
polynomials with respect to £, which are known to exist if and only £ is quasi-definite. Since
bi-orthogonal polynomials are uniquely determined up to an arbitrary non-zero factor, the same
holds for right and left bi-orthogonal L-polynomials. |

From now on we shall assume that {f,, gn}n>0 is a sequence of monic right bi-orthogonal
L-polynomials with respect to £, i.e. the coefficients of 2= in fa,, g2, and 2"*! in fon+1s 92n+1
are equal to 1. We denote by {pn ,pn)} >0 the associated sequence of monic bi-orthogonal
polynomials with respect to £, as defined by (2.1).
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2.2 Five term recurrence relations

We now prove that bi-orthogonal L-polynomials with respect to a quasi-definite Toeplitz bi-
moment functional always satisfy five term recurrence relations. This generalizes the result ob-
tained in [10] for orthogonal L-polynomials associated with a quasi-definite Toeplitz sesquilinear
hermitian form. The essential ingredient in the proof in [10] is the Toeplitz condition. Conse-
quently, it can immediately be translated to the case of bi-orthogonal L-polynomials.

Theorem 2.6. Let {fp, gn}n>0 be a sequence of monic right bi-orthogonal L-polynomials with
respect to L, and [ (z) = fa(z71), g5(2) = gn(27"). Then for n > 0 there ezist five-term
recurrence relations

n+2 n—+2

an(z): Z an,ifi(z)a Zgn Z /angz
i=n—2 i=n—2
n+2 n-+2

Zf;(z): Z a;kl,i i*(z)v zyn Z /angz 7
i=n—2 i=n—2

where we use the convention fn(z) = gn(z) =0 if n <0, and

= };:Bi,m an = fin az Rop

’L

with hy, = L[ fn, gn]. Moreover, we have for alln >0

a2p—1,2n-3 = 0, aop2nt2 =0, Ban—1,2n—3 = 0, Ban,2nt+2 = 0.
Proof. As f, € L} \L_,, we have zf,(z) € L;,,. This implies that zf, admits an expansion
in terms of fo,..., fay2

n+2

an Zanzfz

with a,; € C, 0 <i <n+ 2. Consequently, by bi-orthogonality of the sequence { fy, gn }tn>0 We
have

n+2

anygm Zhanz im-

But we also have
Llzfn, 298] = Lfn. 9] =0,  0<k<n-—1,
and (9o, ..., 9n—3) C (290, -, 29n—1). It follows that
L[z fn,gk] =0, 0<k<n-3.

Consequently we have o, ; = 0 if ¢ <n — 2, and thus

n+2

z2fn(z) = Z i fi(2).

i=n—2

We prove that oo ont2 = aop—12n—3 = 0. We first prove that ag, 2,42 = 0. Indeed, we
have zfon(z) € (217", ..., 2M"™). Consequently, using condition (3r) in Remark 2.2, we have
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L[z fon, gon+2] = 0 and thus agp2n2 = 0. We also have a2,—12,—3 = 0. Indeed, we have
L[z fon-1,92n—3) = L[fon—1,2 ‘gon_3], and 271 ga,_3( <zl n ...,z”_2>. From condition (3r)
in Remark 2.2, it follows that L[zfon—1,92n-3] = O A similar argument gives B2, 2,42 =

Ban—1,2n—3 = 0. The proof of the other recurrence relations is similar.
The coefficients in the recurrence relations satisfy

_ Llefal _ Llizga]
Qn 5 = E[fz,g@] ) Bn,z E[fl,gl] s
i = el ] O Llgr f7]°

It follows from the definition of {g, f},>0 that

wo o Lot af)  Llfwzg) _ Llnzol Lo b
"t Llgk ff) Llfig)  Llfnegal Llfi, g1 " h
Similarly we have
oo = Ll f7) _ Llefigd _ Lol Lo _ | ha
mt Llgk £ Lifivgl Llfnsgnl Llfisgil " hy
This concludes the proof. |

Corollary 2.7. With the same notations as in Theorem 2.6 we have

n+2 n+2
zilfn(z): Z O‘Z,ifi(Z% Z /angz

i=n—2 i=n—2

n+2 n+2
Zﬁlf;(z) = Z an,ifi*(z)a 71 * Z /angz

i=n—2 i=n—2

Defining the vectors

f(Z) = (fn(z))nz(y g(z) = (gn(z))nzoﬂ (24)
f*(z) = f(zil) = (f;(z))nz()v g*(z) = g(zil) = (g;(z))nZO’ (25>

the five term recurrence relations obtained in Theorem 2.6 and Corollary 2.7 can be written in
vector form

2f(2) = Aif(2), 2f*(2) = AT f*(2),

zg(2) = Asg(2), zg*(z) = A39"(2), (2.6)
27 f(2) = AT f(2), z*lf*(z) Alf* 2),

z7lg(z) = Asg(2), 271" (2) = Agg*(2),

with
Ap = (aivj)z‘,jZO’ Ay = (Bi,j)i,jzo’
where o; ; = f;; = 0 if |i — j| > 2, and
Ay =hATR™t Ay =hATRTL (2.7)

where h = diag(hy,)n>0. We call the matrices A, As the (generalized) CMV matrices. Clearly,
from (2.6), we have

AT =A7Y A = AN (2.8)
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2.3 Explicit expression for the entries of the CMYV matrices

Explicit expressions for the entries of the CMV matrices can be found in terms of the variab-
les @y, yp introduced in (1.15) entering the Szego type recurrence relations (1.16).

Theorem 2.8. The non-zero entries of the CMV matrices A1 and As are

(A1)2n71,2n+1 = 17 (A1)2n71,2n71 = —T2nY2n-1,

(A1)2n71,2n = —T2n+1, (A1)2n71,2n72 = *$2n(1 - 1:2n71y2n71)7

(A1)2n.2n+1 = Y2n, (A1)2n,2n—1 = Y2n—1(1 — Z2nY2n),

(A1)2n,2n = —Ton+1Y2n, (A1)2n2n—2 = (1 — x2pn—1y2n—1)(1 — T2,Y2n),
and

(A2)2n71,2n+1 = 17 (A2)2n71,2n71 = —T2n—1Y2n,

(A2)2n—1,2n = —Yon+1, (A2)on—12n—2 = —Yon(l — Top_1Y2n—1),

(A2)2n.2n+1 = Ton, (A2)2n.2n—1 = Ton—1(1 — z2pY2n),

(A2)2n.2n = —TonY2n+1, (A2)2n2n—2 = (1 — on—1Y2n—1)(1 — Z2ny2n)-

Proof. (1) We have
1

hon+1

(A1)2n—12n+1 = L[z fon-1(2), gan+1(2)].

By virtue of Theorem 2.4 we obtain

1
hont1

—L [Zng.b)_l(z)v p;i)—f—l (z)] :

L ZZ—n (1) > ’z—n (2) 2\ =
[ Pon—1(2) P2n+1( )] homi1

(A1)2n—12n+1 =

As z2p§1)_1(z) is a monic polynomial of degree 2n + 1, using the bi-orthogonality of the polyno-

mials, we have

1
(A1)2n—1,2n+1 = mﬁ[z%“,pgﬁl(@] = 1.
(2) We have
1
(A1)2n—12n = gﬁ[zfznfl(z)agm(z)]-

By virtue of Theorem 2.4 we obtain

1
h2n

1
L ) ) ()] = L))l )

A n—1,2n —
(A1)2n—1.2 Foon

By using twice (1.16) we have

o 1(2) = Dl (2) = @22l (271) — a2y (7,

and thus

1 " _ _
(AD)2n-12n = ——L[p5)41(2), 22 (1)) = 222 L [p8) (=71, i) (271)]

hgn h2n
Ton _ _
S IO (). )
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As z%pgl)(z_l) is a polynomial of degree 2n,

The remaining terms give

(2)

the first term is equal to 0 by bi-orthogonality.

(1)

Ton+1 1 Ton 2
(A0 = =22 L P (2), 25 ()] = 32 L[5 (2), 051 ()] = —ansn.
(3) We have
(A1)2n-12n-1 = I _lﬁ[zf%,l(z),ggn,l(z)].
By virtue of Theorem 2.4 we obtain
1 n (1 _n (2 1 1 2
(A1)2n—12n-1 = ['[22 pgn)fl('z%Zl gn)ﬂ(z)} = 7[’[Zpgn)fl(z)7pgn)fl(z)]'
hon—1 hon—1
By using (1.16) and then (1.15) we have
1 _ _
(A1)2n—1,2n—1 = I _lﬁ[p&)(z) — 2202 5 (271 051 (2)]
Ton n—1_(2 , 2
——Eﬁ[f P8 (7Y, ph 1 (2)]
Lon n—
= _h22 1£[?J2n7122 l,péi)_l(z)} = —T2nY2n—1-
(4) We have
1
(A1)2n-1,2n—2 = I 2£[zf2n—1(z)792n—2<z)]-
By virtue of Theorem 2.4 we obtain
1 -n n— -
(A1)2n—1,2n—2 = h2n72£[22 pggﬂ(z)az lpgln)—z(z 1)]
1 n_o (1 _
—mﬁ[wgn)_1(2)az2 2p5) 5 (7))
Using (1.16) we obtain
1 _ L o _
(A1)2n-12n—2 = hQn_gﬁ[pgl)(z) 292" 113%)71(2 1)722 21)&)72(2 1)]
1 (1) 2n—2, (1) —1 T2n (2) 1 (1) 1
= L Z), 2 n_2(2 — ——L\|zpy, (277 ), Poy_a(2 .
hom—s [Zn( ) 2 2( )] hom—s [PQ 1( )p2 2( )]

The first term is equal to 0 as 22”_21);3,2
using (1.17), we have

Z2n (1)

(2_1) is a polynomial of degree 2n — 2. Consequently,

2 Ton ne1 (2
(A1)2n—12n—2 = *h2n72£[sznfz(Z)»Pén)q(Z)] = *mﬁ[zz L) ()]
B
= _hz ;96271 = —(1 — z2p—1Y2n—1)T2n.

(5) The other relations are proven in a similar way. This finishes the proof.
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3 The AL hierarchy and a Lax pair for its master symmetries

In this section we “dress up” the equations defining the Ablowitz—Ladik hierarchy (1.19) and
its master symmetries (1.21) on the bi-moments. This leads to Lax pair representations both
for the hierarchy and its master symmetries on the CMV matrices. In all this section we shall
denote the time variables (t,s) = (t1,to,...,51,82,...) of the AL hierarchy by (tx)rez, with
t_j = sg, k> 1, and Ty defined as in the Introduction (see below (1.20)). It is only in the next
section that the notation (¢, s) will be more convenient.

3.1 The Ablowitz—Ladik hierarchy
Let
x(z) = (1,z,z_1,z2,z_2, .. .)T, (3.1)

and let £ be a quasi-definite bi-moment functional satisfying the Toeplitz condition. We intro-
duce two matrices S; and S by writing the vectors f(z), g(z) (2.4) of monic right bi-orthogonal
L-polynomials with respect to £ as follows

f(z)=Six(z),  g(2) =h(ST) " x(2), (3.2)

with h = diag(hn)n>0 and hy, = L[fy, gn]. With this definition, S; is a lower triangular matrix
with all diagonal elements equal to 1, and S, is an upper triangular matrix such that h=1S5 has
all diagonal elements equal to 1.
Associated to £ we also define the semi-infinite bi-moment matrix
10,0 Ho,1 Ho,—1
H1,0 H11 H1,—1

M= H—1,0 HMH-1,1 H-1,-1 --- |’ (3.3)

with i, as in (1.10), (1.12). The bi-moment matrix M can be written in terms of the vec-
tor x(z) in (3.1)

M = (L](x(2)) s (X(2)),.]) 0<rmmeoo:

The existence of a sequence of right bi-orthogonal L-polynomials for £ is equivalent to the
existence of a factorisation of the bi-moment matrix M in a product of a lower triangular
matrix and an upper triangular matrix with non-zero diagonal elements.

Proposition 3.1. The bi-moment matriz M factorizes in a product of a lower triangular matriz
and an upper triangular matric

M =SS,
Proof. By bi-orthogonality of the sequence { fy, gn }n>0, we have
'C[fmagn] = hmém,n-

This can be written in matrix form

h = (L[fm, gn})ogm,n«xf
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Using the expressions (3.2) we obtain

b= (L[(S1x()), 0 (0(ST) X)), g = S1M S5 .
Consequently we have
M =SSy,
which establishes the result. |

We define the semi-infinite shift matrix A by

Ax(2) = 2x(2). (34)
We have
010000
000100
100000
A=1o0000 01 ) (3:5)
001000

and A~! = AT. We leave to the reader to check that, because of the Toeplitz property satisfied
by the bi-moments in (3.3), we have the commutation relation

[A, M] = 0. (3.6)
The CMV matrices can be obtained by “dressing up” the shift A.
Proposition 3.2. We have
Ay = S{ASTT, Ay = h(ST) T ASTR, (3.7)
AT = SATS Y Ayt = h(SyY)TATSTRT, (3.8)
with S1 and So defined in (3.2).
Proof. We have
Af(z) = 2f(2) = 281x(2) = S1Ax(2) = SIAST f(2).
It follows that
Ay = S1ASTL.
The proof for Aj is similar. The factorisations in (3.8) follow from (2.7), (2.8) and (3.7). [

Remember that because £ : C[z,27!] x C[z,271] — C is a Toeplitz bi-moment functional,
the bi-moments fiy,, = L[2™,2"] only depend on the difference m — n and can be written as
in (1.12) pimpn 2= fm—n.

The Ablowitz—Ladik hierarchy is defined on the space of bi-moments by the vector fields

a .
Tips = 5 =ik, VEEZ (3.9)
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where we have put s, = t_j in (1.19). Obviously, these vector fields satisfy the commutation
relations

[T,,T)] =0, VkleZ

It follows from the definition of A in (3.4) and (3.9) that the time evolution of the bi-moment
matrix M is given by the equations

oM _ A*M, VEkez. (3.10)
Oty

Equations (3.9) and (3.10) are two equivalent formulations of the Ablowitz—Ladik vector fields
at the level of the bi-moments.

For a square matrix A, we define

e Ag the diagonal part of A;

o A_ (resp. A;) the lower (resp. upper) triangular part of A;

o A__ (resp. Ayy) the strictly lower (resp. strictly upper) triangular part of A.

We establish the following lemma, based on the factorisation of the moment matrix M in Propo-
sition 3.1 in a product of a lower triangular and an upper triangular matrix.

Lemma 3.3. We have for k € Z

gils— —(AY)__, (3.11)
(Sgh_l)lmsiz_l) = (A5 __. (3.12)

Proof. On the one hand, we have using Proposition 3.1

ot —5 Oty 19248 oty

On the other hand, from equation (3.10) we have

oM

= A*M = A*S[1S,.
Oty 2

As Ay = SlASfl, we obtain
85’1 _ 0S5,

Ab = ——5t + =55
T T T oy
Since g—fkl is strictly lower triangular, the first term in the right hand side of this equation is

strictly lower triangular. The second term is upper triangular. Consequently, taking the strictly
lower triangular part of both sides of the equation yields

881 -1 k
GoST = (A

which establishes (3.11).
To establish the other formula, we write M = (Sf lh) (h_ng) which gives

oM  O(S7'h)

o(h155)
Oty N Oty '

Oty

(h7182) + (S7'h)
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Using the commutation relation (3.6) and (3.10), we also have

oM _ _
e MAF = (S7'h) (h185) A"

As Ay = (SQTh_l)_lA(SQTh_l), we obtain after some algebra

a(Syth)"

_10(SThY)
Ot '

((570)) " + (sFn ) R

AP =

Since (51_ 1h)T is upper triangular, the first term in the right hand side of this equation is upper
triangular. As SIh~! is lower triangular with all diagonal entries equal to 1, the second term
is strictly lower triangular. Consequently, taking the strictly lower triangular part of both sides
of the equation yields

10(SThY)
STh—l 1 2 A*k
( 2 ) 8tk ( 2 )77’
which establishes (3.12), completing the proof. |

We are now able to obtain a Lax pair representation for the Ablowitz—Ladik hierarchy.

Theorem 3.4. The “dressed up” form of the moment equation (3.10) gives the following Lax
pair representation for the Ablowitz—Ladik hierarchy on the semi-infinite CMV matrices (A1, Ag)

0A;

Dty = [42,(43") ], VkeZ (3.13)

= [Ar, (41)__],

oy,

Proof. As A; = $1AS; ! and Ay = (STh™1) "' A(SThY), we have

0A; 951 1 0A, 7 1\ —10(S3h71)
et S s A Y2 1y P2 )
oty [atk S 1} and — H 2, (S2577) oty
By Lemma 3.3 we obtain
8141 k 6142 —k
Al a2 )
which establishes (3.13), concluding the proof. [

Remark 3.5. Looking back at the explicit expressions for the entries of the CMV matrices in
Theorem 2.8, the reader will observe that the entries of As are obtained from those of A; by
exchanging the roles of the variables x, and y,. Also Aj contains as entries —xa,4+1 and yo,
and thus Ay contains as entries xo, and —y2,4+1, n > 0 (remember that zo = yo = 1). Thus the
pair of Lax equations in (3.13) completely determines the Ablowitz—Ladik hierarchy in terms of
the variables z,, and y,.

Using the explicit expressions in terms of the variables x,, and ¥, for the entries of the CMV
matrices obtained in Theorem 2.8, and Theorem 3.4, one easily computes the equations for the
vector fields T} and T4

a:p aﬂf
87: = (1 = ZnYn)Tni1, aTj = —(1 = @nyn)Tn-1,
o 0
%t? = _(1 - l'nyn)ynfla 8ty_nl = (1 - xnyn)ynJrl‘
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After the rescaling x,, — e %'z, y, — €'y, the vector field T}y — T_; reduces to the Ablowitz—
Ladik equations as written in (1.8). In this paper, we won’t discuss the Hamiltonian structure
of the AL hierarchy in terms of the CMV matrices A; and As. One can show that for £ > 1

O oH" D oH "
— = 1— nYn k © = 1— nYn —k
o, ~ L mm) g s g = (w5
O oHY O oH?
— = —(1 —zpyn) ——, = —(1 —zpyn )
oy, — LT Em) T TP
where H Igl) = —1Tr A} H E) = 1 Tr A and Tr denotes the formal trace, see [38] for a proof

inspired by [5] in the context of Hessenberg matrices.

3.2 A Lax pair for the master symmetries

In this section we translate the action of the master symmetries vector fields Vi, k € Z, defined
on the bi-moments by (1.21), on the CMV matrices (A1, A2).
We first decompose the vector fields V. as follows

Vi = KT, + Vi, (3.14)

where T}, are the Ablowitz—Ladik vector fields (3.9). At the level of the bi-moments, the vector
fields V}, are given by

d . .
Vi = Tug M = Ity J k€L (3.15)

These vector fields satisfy the following commutation relations
Vi, Vil = (1 = k)Vi, Vi, T = 1Ty

It follows that
[V, To], T;] = 0, Vk,leZ.

Consequently, like the vector fields Vi, the vector fields Vi, k € Z, form a Virasoro algebra of
master symmetries for the Ablowitz—Ladik hierarchy.
The differentiation of x(z) with respect to z is defined by

d

ax(Z) = dx(2), (3.16)
where

6= AAT, with A = diag(0,1,-1,2,-2,...), (3.17)

and A is as in (3.5).
Remembering the notation (1.12), (3.15) writes

d

mﬂm,n - (m - n)ﬂm—l—k,n)

which is equivalent to the following equation on the bi-moment matrix M

AME_ ANFM - AFMA = (A, ARM]. (3.18)
U
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Remember from (3.2) that

f(2)=Six(2),  g(2)=h(ST)'x(=),

and, according to (2.6) and (2.7), these vectors satisfy

Aif(z2) =2f(2), AT (h'g°(2)) = 2(h7 9" (),
Azg(z) = 29(2), A3 (W' f(2) = 2(h7 7 (2)).

We define the semi-infinite matrices Dy, D] and D9, D3 by the relations

i) =mir), ) = (0T (e (=),
d d

Sg(5) = Dagle), (W) = (DY (1 (2)).
These matrices can be “dressed up” as explained in the next lemma.
Lemma 3.6. We have

Dy = S1AAT ST, D} = —SoATAST

Do = (STAY)T'AANT(STRTY), Dy = —(STh™)"ATA(STRY),
with A as in (3.17).
Proof. Using (3.19) and (3.22), we have

Dif() = S f(2) = 1 x(2).

By definition of § in (3.16) and (3.17), we get
Dif(z) = S1087 1 f(2) = S1AAT S f(2).

This proves the first formula in (3.24).
Using (3.19) and remembering from (2.5) that g*(z) = g(27'), we have

0@ =D G = a2 () |

u=z-

(3.19)

(3.22)

(3.23)

which gives, using (3.16), (3.17), (3.19) and remembering the definition (3.4) of the shift mat-

rix A,

Lg() = —h(sT)”

o2 (27 = —n(ST) TTAAT Ay (2 7Y

= —h(s)) " AA((SH) ) o),
Consequently, using the definition (3.22) of D7
* —1 * d —1 _x - -1 _*
(DN" (19" (2)) = (09" (2)) = —(53) " AAST (h'g" ().

This proves the second formula in (3.24).

The proof of (3.25) is identical to the proof of (3.24) using (3.19) and the definitions of Dj

and D3 in (3.23). This establishes the lemma.
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Lemma 3.7. We have for k € Z

s, i}
dTL;Sl L= (DAY — (AFDy) | (3.26)

S

(S3 h—l)*ld( = —(D2A;%)__ — (AYFD3) (3.27)

duk
Proof. By substituting the factorisation M = 51_1;92 of the moment matrix into (3.18), we
obtain

dsS;

—S7 S TS, 5;1@

= AA*SESy — ARSTISA.
duk U

Multiplying this equation on the left by S; and on the right by S5 1 we get

dS]_ —1
Twsl +

dSy

HSz;l = S1AA*STT — S1APS T S,ASy (3.28)
k

Term1 Term?2

Using the factorisation of A; given in (3.7) and the factorisation of D; in (3.24), Terml gives
Terml = S AAT ARG = (S AATSTY) (S1AFT ST = DAY

Similarly, Term2 gives
Term2 = A¥SyAS; !t = AV ATIS,AS!.

Using the factorisation of A;! in (3.8) we get
Term2 = AfT1(S,AT S5 1) S AS ! = AFT(S,ATASSY) = — AV DY,

where we have used the expression of D} in Lemma 3.6. Substituting these results in (3.28), we
obtain

Tt 752—1 = D AR AL DY

The first term in the left-hand side is strictly lower triangular, while the second term in the
left-hand side is upper triangular. Consequently, taking the strictly lower triangular part in
both sides, we obtain

ds;

thksl_l = —(D1 AT — (AT DY)

JE—

which establishes (3.26).
To establish the other formula, we substitute the factorisation M = (Sl_ 1h) (h_ISQ) into
equation (3.18) rewritten as

aM "
du = [A, MA"],

which follows from the commutation relation (3.6). This gives

(h1Sy) + (Sllh)w = A(S7'h) (h1S5) AR — (S71R) (R™1S5) ARA.

d(s;'n)
duk
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Multiplying this equation on the left by (Sflh)_l and on the right by (h_ng)_l, we get

_d(S7'R) d(hT1S,)

(Sl_lh) duy, + dug (hil&)il
= (S7'R) TTA(STTR) (R S) AR (R 80) T — (BT1S) AFA(R1S,) T (3.29)
Term1 Term?2

Using the factorisation of Ay in (3.7) and the factorisation of Dy in (3.25), Term2 gives

Term2 = (A1 S2) AP TAA (h18,) ™"
— (R So) A1 (h7180) T (A1 S0) AA (R 1S,) ! = (AT)' D
Similarly, using the factorisation of A in (3.7), gives
Terml = (S;'h) T A(STR) (AD) ™ = (S7'h) ' A(ST R (AF) 1 (AD) .
Using the factorisation of A;' in (3.8) and the factorisation of D in (3.25), we get
Terml = (h'S1)AA(R18) 1 (A3)' " = —(D3)" (45)' "
Substituting these results in the transpose of (3.29), we obtain

_1d(STn!
((STh) )71+ (ST Y 1d(%2h77) (;Uk ) _ —DyAyF — Ay D3,

d(s;'n)"
duk

Since (S1_ 1h)T is upper triangular and SZh~! is lower triangular with diagonal elements equal
to 1, by taking the strictly lower part of both sides of this equation, we obtain (3.27). This
concludes the proof of the lemma. |

We are now able to obtain a Lax pair representation for the master symmetries vector
fields Vg, k € Z.

Theorem 3.8. The “dressed up” form of the moment equation (3.18) gives the following Lax
pair representation for the master symmetries vector fields Vi, on the semi-infinite CMV matrices

(A1, A2)

d .

o1 = [Al, (DyAMY) 4 (A'f“Dl)__}, VkeZ,
d _ e

T = [(D2A3%)__+ (A57D3)__ 45),  Vkew,

(3.30)

or equivalently

d *

Jucr = A [(Diaf™), — (A51D))__ 4], vkez
d . - -

G = AT (42, (A57*D3), — (D243 __], vkez

Proof. As A; = $1AS; ! and Ay = (STh™1) ' A(SThY), we have

L d(STh Y
duk '

a4,
duk

dAl |:dSl A2 (S%"h_l)

dUkSl_l,A1:| and

duy,

Using (3.26) and (3.27) in Lemma 3.7, we obtain (3.30).
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From (3.20), (3.22) and from (3.21), (3.23), we deduce that [A;,D;] = 1 and [D3, As] = 1.
From these commutation relations, one readily obtains that

[Ar, (D1 ATHY) ]+ [Ar, (D ATHY) ] = At
(A D3)4, Ao] + [(AYFD3)__, A) = AYF,

which gives the equivalent formulation for the representation of the master symmetries on the
CMV matrices (A1, A2). This concludes the proof. |

We notice that as a consequence of the Lax pair representation (3.13) for the AL hierarchy in
Theorem 3.4, the relation between the vector fields Vi and Vj in (3.14) and the Lax pair represen-
tation (3.30) of Vi in Theorem 3.8, we have established the Lax pair representation (1.31), (1.32)
of the vector fields Vj, as announced in Theorem 1.1 in the Introduction.

We emphasize that Theorem 3.8 exhibits a full centerless Virasoro algebra of master symme-
tries for the AL hierarchy. This result stands in contrast with the Toda lattice and Korteweg—
de Vries hierarchies which possess only half of a Virasoro algebra of master symmetries Vj,
k > —1, satisfying [V, V|| = (I — k)Vi1y, k, 1 > —1, see [4, 12, 15, 16, 21, 39].

Using the explicit form of the CMV matrices (A1, A2) in Theorem 2.8, and Theorem 3.8,
remembering Remark 3.5, one can compute the first few master symmetries vector fields V_o,
V_1, Vo, V1 in terms of the variables x,, yn:

V_o(xp) = (n—4)xn—2(1 — 2p_1yn—1)(1 — znyn)
- xn—l(l - xnyn) ((n - 4)xn—1yn + (n - 1)$nyn+1)

n n
—22p,-1(1 — zpyn) Z YpTl—1 + Tn Z yixiq
k=1 k=1

n n
— 2z, Z YkTh—2 + 22n Z YkYk—1Tk—1Tk—2;
k=2 k=2
Vf2(yn) = _nyn+2(1 - xnyn)(l - $n+1yn+1)
+ yn+1(1 - xnyn) (nxnynJrl + (n - 1)5L‘nflyn)

n n
+ 2Yn+1(1 — TnYn) Z YeTk—1 = Yn Z ek
k=1 k=1

n n
+ 20 > UkTh-2 — 2Un D YkUk—1Th-1T-2,
k=2 k=2

n
Vfl(xn) = (n - 2)$n71(1 - xnyn) — Tn Z YkTl—1,
k=1
n

V—l(yn) = _nyn+1(1 — xnyn) + Yn Zykxk—la
k=1

Vo(zyn) = nxy,

Vo (yn) = —NYn,

n

Vi(@n) = nzni1(1 = Znyn) — Tn Y ThYh-1,
k=1

Vi(yn) = —=(n = 2)yn—1(1 = Zntn) + Yo Y ThYk—1-
k=1
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4 The action of the master symmetries on the tau-functions

As we recalled in the Introduction in formula (1.25), the tau-functions of the semi-infinite AL
hierarchy are given by

Tn(t,s) = det (ue—i(t, S>)O§k,l<n' (4.1)

It immediately follows from the generating function of the elementary Schur polynomials (1.26)
that

8, (t) = Sn_i(t), (4.2)

which shows that the formal solution of the AL hierarchy (1.19) on the moments is

Z Spm 8$)tjrm—n(0,0),  Vj €. (4.3)

m,n=0

The expansion (1.28) of the tau-functions in terms of the Pliicker coordinates (1.29) and the
Schur polynomials (1.30) easily follows. Indeed, by substituting (4.3) into (4.1), we have

Tn(ta S) = Z det [:uk’—l-‘rik—jz (07 O)] 0§k,l<nsio (t) T Sin—l (t)Sjo (5) T Sjn—l (S)

0<90,8150-0In—1
0<50,J1,--,0n—1

Relabeling the indices as follows i — i — k, j; — ji — I, we get

Tn(t, 3) = Z det [:U'ik—jz (07 0)]O§k,l<n5i0 (t>5i1—1(t) e Sin_l—(n—l)(t)
0<ig,...sin—1
0<jo,--sJn—1

X Sjo(8)Sji-1(8) -+ 55, 1*(1171)(8)
= Z Z (-1 )72 det [M%k 5, (0, 0)]0§k,l<nsia1(0> (t)

0<ip<-<in—1 01,02€S,
0<jo<-<jn—1

X Sigy-1(t) - Sim(n—n*("*l)(t)SJ'azw)(S)Sﬂ'az(n—l(s)"'Sj(fz(n_lr(n*l)(s)
= Z pi07---7in71Sin71—(n—1),...,i0(t)Sjnfl—(n—l),...,jo(S)> (44)

0<ip< - <ip—1 jOym:jn—l
0<jo<<Jn—1
with (—1)7 the sign of the permutation o.
The aim of this section is to establish the second part of Theorem 1.1.

Theorem 4.1. For all k € Z, we have

L;(gn)Tn(t, 5) = Z Vi <pi0,~~~,in—1)Sin_lf(nfl),...,io(t)Sjn—lf(nfl),...,jo(5)7 (4.5)

0<io < <in_1 Jos-esjn—1
0<jo<-<jn-1

with Ll(cn), k € Z, defined as in (1.5), (1.6), (1.7), and Vj (pio,.‘.,in_l) the Lie derivative of the
jO ----- jnfl
Pliicker coordinates (1.29) in the direction of the master symmetries Vi, of the AL hierarchy, as

defined in (1.21).

This theorem is the key to the quick derivation of the various “Virasoro-type” constraints sa-
tisfied by special tau-functions of the AL hierarchy. As an illustration we establish the following
result.
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Corollary 4.2. The partition function of the unitary matriz model
o . .
Tn(t, s) :/ exp Z (t;Tr U’ +s;TxU7) 3 dU,
U(n) j=1

where U(n) is the group of unitary n x n matrices and dU is the standard Haar measure,
normalized so that the total volume is 1, satisfies the Virasoro constraints

L](Cn)Tn(t, s) =0, VkeZ,
with L deﬁned as in (1.5), (1.6) and (1.7).

Proof. By using Weyl’s integral formula, one has that

Tn(t, s) = o /(Sl 2)| Hexp z:: tzk+sj ) Sz

is a tau-function of the AL hierarchy as in (1.27), with w(z) = 1 in the deformed weight (1.20).
Thus the initial moments (at time (¢,s) = (0,0)) are given by

- dz
. _ J -5
,LL](0,0) f;‘l z 27T'LZ .770’

with 6} the usual Kronecker symbol. By the definition (1.21) of the master symmetries Vj, it
follows that

Vie(1)(t,9)=0,0) = (J + k)1t 4£(0,0) = (4 + k)dj1p0 = O,

which, using the definition of the Pliicker coordinates (1.29) and formula (4.5), establishes the
result. [

Remark 4.3. After [24] was completed, we found out that Corollary 4.2, which can be seen as
a particular case of our result recalled in (1.3), had already been obtained by Bowick, Morozov
and Shevitz [8], using the Lagrangian approach [31] to derive Virasoro constraints. However,
these authors didn’t notice the commutation relations (1.4) of the centerless Virasoro algebra. In
contrast with Corollary 4.2, the partition function of the Hermitian matrix model (which is a tau-
function of the Toda lattice hierarchy) and the partition function of 2d-quantum gravity (which
is a tau-function of the KdV hierarchy) are characterized by Virasoro constraints Ly7(t) = 0,
k > —1, corresponding to “half of” a Virasoro algebra, see [4, 14, 19, 22, 25, 30, 31] for the
explicit form of the operators Lj in those cases.

Actually, in the proof of Theorem 4.1, we shall need to know that the operators L(n), k€ Z,
satisfy the commutation relations of the centerless Virasoro algebra. For the convenience of
the reader we repeat the proof given in [24]. Consider the complex Lie algebra A given by the
direct sum of two commuting copies of the Heisenberg algebra with bases {fq,a;|j € Z} and
{hp,bj|j € Z} and defining commutation relations

[, aj] = 0, laj, ar] = j6;j —kha,
[y, bj] = 0, [bj, br] = j6;j T,
[hav hb] - 07 [CLj, bk] == 07 [han b]] - 07 [hba a]] = 07 (46)
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with j, k € Z. Let B be the space of formal power series in the variables t1,t2,... and s1, so, ...,
and consider the following representation of A in B
0 , 0 .
%= B a—j = jtj, bjzajja b—j = jsj,
apg — bo = U, ﬁa = ﬁb = 1, (4.7)

for 7 > 0, and pu € C. Define the operators

1 n
= 3D ajagens, B Z b_jbik (4.8)

JEZL jEZ

where k € Z, a;, b; are as in (4.7) with u = n, and where the colons indicate normal ordering,
defined by

a;ay if j <k,
ajay = o
aya; if 7>k,

and a similar definition for : b;by, :, obtained by changing the a’s in b’s in the former. Expanding
the expressions in (4.8) we obtain for k > 0

Z]tjat a5

]>0
0 0
Z Z(J —K)tj k- tno,
2 2 O 8tk S & ot; "oty
n 1 0
A™ = 5 > Gtk — i)tite +Z]tja + nkty,
0<j<k >k

(n)

and similar expressions for B;.”, by changing the t-variables in s-variables. Using these notations,
we can rewrite (1.5), (1.6) and (1.7) as follows

k—1
n n n 1
LV = A - BY) + 5 2 (a5 = by)(an—j = bj—k), k=1,
j=1
LM =AM — B, (4.9)
1 k—1
L) =AY = B = 23 (a = b —biy), k2L

As shown in [26] (see Lecture 2) the operators A(n), k € Z, provide a representation of the
Virasoro algebra in B with central charge ¢ = 1, that is

k:3k

A A = - 04+ 5.1 10
for k,l € Z. Similarly, the operators B,(Cn) satisfy the commutation relations
n n k3 —k
[BM, BM™] = (k- )BY, + 6, TR (4.11)

for k,l € Z. Furthermore we have for k,l € Z

lag, A™] = kapys,  [bg, B™] = kbryr,  [a, B =0, [ AY] =0, (4.12)
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Proposition 4.4. The operators L,(Cn) defined as in (1.5), (1.6), (1.7) satisfy the commutation
relations of the centerless Virasoro algebra

(L, L] = (k- D)LY, VkIeL (4.13)

Proof. We give the proof for k,I > 0, the other cases being similar. As [AZ("),B](")] =0,
i,J € Z, we have using (4.6), (4.10), (4.11) and (4.12)

I-1
n n n n 1 .
(L3, L] = (k= )(AYY), - B™) ) - 5 > dagsn — bojor)(a—j — bj—1)
j=1
= =
=5 2 U= )(aj = b-j)(@ht1—j = bj—r—1) + 5 > i@ —boji)(ar—j = bjx)
j=1 j=1
=
+5 2 (k= )(aj = b—j)(@ht1—j = bj—r-)-
j=1
Relabeling the indices in the sums, we have
1 k+1-1
(L7 L) = (k= D(A5 = BYL) = 5 D0 (= k)@ = bg)(aksi—g = bjk-)
j=k+1
1 -1 k+1-1
=5 2 (= 5)(aj = b—j)(ahsij = bj—r—1) + 5 > (= Dlaj = b-g)(ani—j — bj-x-1)
j=1 j=l+1
=
5 Dk = )@ = b-y)(arsij = byx-t) = (= DL,
j=1
This concludes the proof. |

The plan of the rest of the section is as follows. After some algebraic preliminaries, we shall

translate the master symmetries on the Pliicker coordinates pj,,... i, ,. Next we shall compute
jOa""j’nfl
the action of the Virasoro operators on the products S; | _(n—1),..io(t)S),_—(n-1),...jo(5) of

Schur polynomials. Finally we shall end with the proof of Theorem 4.1.

4.1 Some algebraic lemmas

We shall need the following lemmas. In order to formulate them, we introduce some notations.
Given n vectors z1,...,x, € R", we shall denote by |z1x2...x,| the determinant of the n x n
matrix formed with the columns x;. Also, given two vectors x and ¥y, x A y denotes the usual
wedge product, with components (x A y),s = x,ys — Tsy,. Finally, for an n x n matrix A, A,
will denote the rth column of A, and Al the rth column of the transposed matrix, and tr(A)
will mean the trace of A. With these conventions, we have the following lemma.

Lemma 4.5 (Haine-Semengue [23]). Let A and B be n x n matrices, with A invertible. Then
(i) S 1A A BiArsy ... Ag| = (det A) tr(BATY),
r=1

(i) > |Ar.. A aBiAuy . Ag 1 BAgg . Ay

1<r<s<n

= (det A) Y ((BATY), A(BATY))),..

1<r<s<n
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Proof. (i) Let A, B be n x n matrices, with A invertible. As A is invertible, its columns form
a basis of C™ and thus we have

B, = Ac") Z ¢ (4.14)

for a certain ¢(") € C", whose components are ch) = (A_lB)jT. It then follows that

Z\z‘h Ar 1B A .. An\IZ‘fh Ar_ 1<ZC ) rl .- Ay

r=1

—detAZc (det A)tr (BA™Y).

(77) Using (4.14), we have

> A A B A A BAg . A

1<r<s<n
- ¥ ‘ N (Z ) . As_l(zcgs)Aj)ASH . An‘
1<r<s<n J J
- 3 ’Al 1 (A + DAY Ay o Ay 1 (DA, + DAY Ay . A,
1<r<s<n
=det A Z (cff)cgs) - ch)c,(f)) =det A Z (A7'B), A (Ale)S)TS
1<r<s<n 1<r<s<n

We thus obtain
Z |A1 .. A 1By Ay .. A 1BoAgi .. Ay

1<r<s<n

=detA > ((BAT'), A(BATY))),..

1<r<s<n
where we have used the fact that for X, Y two n X n matrices, we have
Y (XY AXY)),, = Y (VX)) A(YX)),, (4.15)
1<r<s<n 1<r<s<n

This concludes the proof of the lemma. |

We will also need a transposed version of this lemma.

Lemma 4.6. With the same conditions as in Lemma 4.5, we have

n

(l) Z {AIT---AZW—I( r+1 AT‘ - Z |A1 Ar1B; Ar+1 An|7

r=1
@) Y |AT... AL \BFAT,, .. AT \BTAT,, .. AT]
1<r<s<n
= > |A . A B A Ac1BoAc . Ay

1<r<s<n

Proof. Both formulas are direct consequences of Lemma 4.5, by observing that for X, Y two
n X n matrices, we have (4.15) and

(XIAXTD) = (Xr A Xo)rs. |
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We give two consequences of this lemma. First we particularize the preceding lemma to the
Pliicker coordinates, and then we particularize it to the Schur polynomials.

Lemma 4.7. For m € Z we have

E p i05ein—1 —§ Pig,.in_i+m,...jin_1,

=1 J0y- o5 dn—1—Mye ey n—1 J0seendn—1
(ZZ) E p 10,.. Jn 1 § p7/0 Sin— s+m7 7Zn rtm,.in
1<r<s<n JOseensJin—s =My jn—r—M,osjn—1 1<r<s<n J0sedn—1

Proof. Define the n X n matrices

A = (i —j,)o<ki<n—1 and B(m) = (i —ji+m)o<k,i<n—1-

We then have

Zp 10,0esin—1 - Z ‘Al Ap—1-1 (B(m))n_lAan»l cee An—l‘

=1 J0y- o5 dn—1—Myee s Jn—1

—Z}AT A 1( (m )) An I+1 - A 1’ —szo, My in 1

J0seerdn—1

where we have used Lemma 4.6(i) in the second equality. This proves (i). The proof of (ii) is
similar. |

Lemma 4.8. The following holds

Z S 1= (n=1),sim 1= (n—1)—1,....io (t)
=1

Sin_1—n(t) Si_ 1 —(n-2y(t) -+ Si,_,(t)
_ det S’ln_Q.—n(t) Szn,g—('n—Q) (t) o S’Ln—'Q (t) 7
Sio—n (t) Siof(an) (t) T Sio (t)
n—1
(i) ZSz'n,l—(n—1),...,in,l—(n—l)+1,...,i1—1(t)
=1
S’infl—(n—l) (t) e S’L'n7172(t) S’L'nfl (t)
Sipg—(mn-1)(t)  Si_y—2(t) Si, (1)
= det . . .

51‘1—(71'—1)(15) a 511—'2(15) Sil'(t)

Proof. We prove (i). Define the n x n matrices

A= (Sin_k—(n—k)ﬂ—k(t))1gk,l§n’ B(m) = (Sin—k—(”_k)+l—k+m(t))1§k,l§n'

We have S; | _(n—1),...i,(t) = det A. It then follows that

ZSM 1—(n—1),..in_1—(n—=0)—1,...3 Z‘AT n - 1(B< 1))T ZAZ I+1 - Az;fl"
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Using Lemma 4.6(7) we get

n

ZSin,l—(n—l),...,in,l—(n—l)—1,...,io (t) = Z |A1. . An 1 (B(-1), An—igr - Al
=1 =1

In the right-hand side, in the I*" term, the I*" and (I —1)*" columns coincide in the determinant,
provided that [ # 1. Consequently, only the first term of the right-hand side gives a non zero
contribution. This proves (7). The proof of (i7) is similar. [

4.2 Expression of the master symmetries on the Pliicker coordinates
We now translate the master symmetries on Pliicker coordinates.

Lemma 4.9. Let Vip;,.. denote the Lie derivative of the Pliicker coordinates in the direction

~~77;‘n—1

JOs--5In—1
of the vector fields Vi,. Then for k € Z,

n—1 n—1
ViDiosewvsin—1 = E (21 + K)Dig,..sis 1 it ksitt seosin—1 — § Jip §0senin1
J0s-nJn—1 =0 JOs-sJn—1 =0  Jossdi—nJi—Ryjit1,dn—1
n—1 n—1
= E :leioamvil—l7il+k7il+ly~~~:in—1 - E (i — k)p. 40,in—1 o (4.16)
1=0 J0s-sJn—1 1=0 JOsesJ1=1:01— K Ji4 150 50n—1

Proof. Fix 0 <ip < i1 < -+ < ip_1and 0 < jop < j1 < -++ < jn—1. We introduce the n x n
matrices

A= (/’Likfjl (07 0))O§k,l§n—1’ B(m) = (/Likfjﬂrm(o? O))ng,lgn—l’

as well as the diagonal matrix D = diag(jo,...,jn—1). We notice that p;, . i, , = det A, by
J0y--2Jn—1
definition of the Pliicker coordinates. From the definition of Vj and using Leibniz’s rule we find

for ke Z

Vkpi07---7in—1
JOse-sdn—1
Hig—jo Hio—j1 ce Hig—jn—1
n—1 i1 —j0 Hiy_1—31 oo Hiy_1—jn—1
= (i = Jo + K)pi—jo+k (00— J1 + K piy—ji+k - (= Jno1 + K)iy—jo 1k »
=0 Hiy_1—j0 Hiy_1—j1 oo Hiy_1—jn—1
Hin_1—30 M1 —j1 ce Hiyy_1—jn—1
or equivalently,
n—1 n
. . T T T T
ViDiorwoin1 = Y i1+ )Pioy s vivthivgrmin s — O |AT - AL (B(k)D), Al ... AT
Joyndn—1 g J0ye-sdn—1 =1

Using Lemma 4.6(¢) we obtain

n—1 n
Vkpi(]wnainfl = (Zl + k)pio,...,il,1,il+k,il+1,...,in,1 - Z ‘A]_ . . Al_l (B(k)D)lAl+1 P An‘
JOse-sdn—1 =0 05w In—1 =1
n—1

n
= (i + k)Pio,...,il,l,iﬁ/g,im,..,,z'n_l — Zjlfl A1, A (B(k)),Ars1 - .. Ayl
=1

JOse-sIn—1

N
Il
o
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This gives the first equality in (4.16). The second equality in (4.16) can be derived from the
first one by using Lemma 4.7(7). [

4.3 Action of the Virasoro operators L,(cn) on the Schur polynomials

Next we shall compute the action of the Virasoro operators on the products of Schur polynomials
S —(n=1),io ) S —(n=1),....jo (8)- We have the following lemma.

Lemma 4.10.

(i) L((]n)sz’nfl—(n—l),...,io(t)sjn—l—(n—l),...,jo(s)

n—1
= (= J1)Sin 1 —(n=1),.ic @) S —(n—=1),....50 (5)s
1=0
(i) Lgn)Sin_lf(nfl),...,io(t)Sjn—17(n71),...,j0(3)

3

=) in1Si, i —(n=1)smsin i —(n=1)—1,.io ) S0 _1 —(n=1),....5o (5)

=1
- Z(jn—l + 1)Si, i —(n=1),esic ) St —(n=1)s.eej 1= (=0 1,50 (5)
=1
(iid) LSS, s (n1)smio 8)S s, (5)

= Z Z.nflSin_l—(n—l),...,in_l—(n—l)—2,...,io (t)sjn—l_(n—1)7...,j() (S)

~
[y

+ Z St —(n=1) i (n=k)—1,rsi 1= (=1 =1,.oesi0 (E) S 1 —(n=1),....jo (5)
1<k<i<n

= Gt +2)8i = (n—1),io Sy (1)t (=) 42,0 (5)

=1
- Z Sin1=(n=1),mio B S0t — (=1}, k= (= F) 11— (D) +1.rrrj0 (S)

1<k<I<n

51 ) S e 1)io S (=1 1— (= D)1, (5)
=

=51 S ()i 1= (D)= 1rnsio (B S — (=10 (5)-
-1

Proof. By using Leibniz’s rule and (4.2) we have for j > 1,

a n
aTjSz‘n_r(n—l),...,io (t) = Z Sin_l—(n—l),...,in_l—(n—l)—j,...,io (t), (4.17)
=1
and
0? -
@Sin_l—(n_n,...,io () = Sin (- 1)smsin1— (n-D)—2,.sig ()
=1
+2 Z St —(n=1)seeosin—r— (=) —1,.sim— s —(n—8)—1,...,io (1) (4.18)

1<r<s<n
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Define the following n X n matrices

Sin_1—(n—1)(t) Sy (1)
A(t) == : : )
Sio—n—-1)(t) Sig (1)
Sin1—(n—-1)—;j(t) Sip_1—j(t)
B(j,t) == : : )
Siof(nfl)fj (t) Sio—j(t)

and D = diag(n — 1,n — 2,...,0).
t — s and (io,...,in_l) — (jo,...

We shall denote A(s) and B(j,s) the same matrices with
7jn—1)‘

From the definition (1.26) of the elementary Schur

polynomials it follows easily that for j > 0,

E ktk (Z - J)S (t)7
3 k-l—]
§ Kty s Si(t) = (i 4 7)Siy;(t

— > WSt

1<I<y

Consequently, by first using Leibniz’s rule and then Lemma 4.5(i) we have for j > 0

Zktkatk ) i) =

zn 1—(n— l),...,i()(t)

Z ktk

k=j+1

We are now ready to prove the lemma.

=AM _

Z /{Itk

(1) From (4.9), we have L(()n)

Ag)n)sinfl (n—1),....,%

= Zinflsin_lf(nfl),...,io (t) -
=1

We have B(0,t) = A(t), and thus
(det A(t)) tr

Consequently, we get

AlM g,

in—1—(n—1),...,0

||M:
—

(A(t)"'B(0,t)D) =

o[

(b1 = 3)Si 1= (=1) i 1— (=)=, ..ri0 (L)

det A(t)) tr (A(t)"'B(j,t)D), (4.19)
= Z(in—l + )51 —(n=1)seensin 1= (n=1) 4o (F)

=1
— (det A(t)) tr (A(t)"'B(—4,t)D)
— i mty, (det A(t)) tr (A(t) ' B(m — j,t)).  (4.20)

m=1

(n) Using (4.19) with j = 0, we obtain

n2

zn 1—(n=1),..., (t) + ?Sznfl—(n—l) ..... zo(t)

(det A(t)) tr (A(t) ' B(0,t)D) + n;sin_l(nl)“m (t).

(det A(t)) tr(D) = ———=5;, ,—

7fn 1— (n 1)7 N (t)
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Similarly, we get

(n)S]n 1—(n—1),.. ,]o [Z]n l"‘

Combining both equations, we obtain ().
(17) From (4.9), we have Lgn) = Agn) — B(_nl). We compute, using (4.17) and (4.19)

]n 1—(n—1),....50 (S)

0 0
A, o) =D gt +n—|5 o (t
1 Szn—lf(nfl),...,zo( ) [j:1] ]8tj+1 nat1]Szn_1(nl),...,zo( )

Z (Zn 1t+n— 1) Sin_l—(n—l),...,in,l—(n—l)—l,...,io (t) - (det A(t)) tI‘(A(t)_lB(l, t)D)
=1

By virtue of Lemma 4.5(i), we have

(det A(t)) tr (A(t)"'B(1,¢)D) = (n — 1)[(B(1,t)),A2(t) . .. An(t)].

But by virtue of Lemma 4.8(), this gives

(det A(t)) tr (A(t) 'B(1,H)D) = (n = 1) > Sii 1 —(n—1)ssin1— (—1)— 1o (£):
=1

Hence, we obtain

n

Agn)Sz‘n,l—(n—l),“.,z‘o (t) = Zin—lsin,l—(n—l),.l.,in,l—(n—l)—l,.l.,io (t)- (4.21)
=1
Similarly, we have using (4.20)
B(_nl)S]n—l (n—1),. ,]0 |:Z.7$]a +n51] Sjn_l—(n—l),...,jo(s)

= Unt + 1S () 1— () 1,.0 (5) — (det A(s)) tr (A(s) T B(~1,5)D)
=1
— 81(det A(s)) r (121(8)713(0, 5)) + nslSjnfl_(n_l)’m’jO(5).
We have using Lemma 4.5(1)
(det A(s)) tr (A(s) ' B(-1,5)D) = 0,
and, obviously, we also have

(det A(s)) tr (A(s) ' B(0,8)) = nSj, | (n_1)... 5o (5)-

Consequently we obtain

n
B(—nl)Sjnfl (n—1),.. 710 Z Jn—t+1)8 Jn—1—(n— 1)7---7jn—l_(n_l)+17---7j0(S)' (4.22)
=1

Subtracting (4.21) and (4.22) gives (ii).
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(#3) From (4.9), we have

(n)

We study separately the contributions of the three terms in the operator L,

of Schur functions. We start with the contribution of Aén). We compute, using (4.17), (4.18)
and (4.19)

on the product

(n) |19 K., 0 0
Ay S —(n=1),.i0 (1) = {2aﬁ+;]tj6@+2+n8tg S —(n=1),...i0 (t)

. 3
= <Zn_z +n— 2) Sin1—=(=1),esin—1—(n—1)—=2,...5io (t)
=1

+ Z Sin—l—(n—l),...,in_k—(n—k:)—l,...,in_l—(n—l)—l,...,io(t)
1<k<I<n
— (det A(t)) tr (A(t) ' B(2,t)D).
The last term in this equation gives by developing the trace
(det A(t)) tr (A(t)"'B(2,t)D)
= (det A®) [(n = D(ADB2,1),, + (0 = 2) (A B2,1)),)
We have

(det A(t)) tr (A(t)"'B(2,t)) = (det A(t)) [(A(t) ' B(2,1)),, + (A(t) ' B(2,1)),,].

and by a short computation

(ABTBERD)yy == Y ((AB7'BLY), A (AB)TBL1Y),),,

1<k<i<n

Consequently we have
(det A(t)) tr (A(t)"'B(2,t)D) = (n — 1)(det A(t)) tr (A(t) ' B(2,1))
+(det A@) S ((A(t)_lB(l,t))k A (A(t)_lB(l,t))l)

1<k<I<n

Kl
Using Lemma 4.5, we obtain
(det A(t)) tr (A()'B2,)D) = (n = 1) > S (n1),.in1—(n—1)—2,...i0 ()
I=1

+ Z S 1= (n=1);0sin o= (k)= eesi 1= (n—=T)—1,...sig (L)~

1<k<I<n

Hence, we get

n s 1
AS )Sin_ﬁ(nq),...,io (t) = (an - 2) S i —(n=1),esim 1 —(n—1)—2,....i0 (1) (4.23)
=1
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We now turn to the contribution of B(f;) We have using (4.20)

B(—n2)sjn71—(n—1),...,]0 S = 5% + Z]Sja + 27152 Sjnfl—(n—l) 77777 jO(S)

n

1 .
= [25% + 27182] S 1= (n=1),...jo (8) + Z (=t +2) S}, 1= (1) jo 1= (=012, jo (5)
=1

2
— (det A(s)) tr (A(s)_IB(—Q, s)D) — Z msm (det A(s)) tr (A(s)_lé(m —-2,5)).

m=1

By a similar argument as above, we have
(det A(s)) tr (A(s) "' B(~2,5)D)
=—(detA(s)) D ((A(9)™'B(=1,9)), A (A(s) 'B(~1,5)),) s

1<k<i<n

and thus using Lemma 4.5(i7), we obtain
(det A(s)) tr (A(s)"'B(~2,5)D)

Z Sino1=(=1) e (k)L o= (=) +1,.0 0 (5):

1<k<i<n

We also have, using Lemma 4.5(i),

2
Z msm (det A(s)) tr (A(s)_lf?(m —2,5))

m=1

—312 1= (1) jn1— (=041, o (8) 208255 (n—1),..jo (5)-

Consequently, we have

n
B it 1o (8) = D (Gt 2) S i1t (n-042,0050 8)
=1
+ Z ]n 1— Tl 1’ 7]n k— (nfk)+1:'-~7.jnflf(n*l)+17~--aj0(S)
1<k<i<n
n
_81ZSjn—l7(’”‘71)7'"7jn7l7(n7l)+1""7j0( ) S]n 1— (nfl),-n,jO(S)' (424)
=1

Finally, we turn to the contribution of the term %(8%1 - 81)2. We have using (4.17) and (4.18)

1[0 2 1[82 )
2[(%1—51] Sin—l_(n—l),...,io(t)zi atg 251815 +51 S’infl—(n—l) ..... io(t)

=3 Z S 1= (n=1),in 1= (n—1)—=2,..5io (t)
=1

+ Z St —(n=1) s — (k) —=1,.si 1 — (=) —1,....io (£)
1<k<i<n

—Slezn (1) 1= (D)= 1,.oi0 (E) F 551511~ (n=1),..0i0 (1) (4.25)
=1

Combining (4.23), (4.24) and (4.25), we obtain (#4i). [
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Remark 4.11. We observe that by definition of the operators L,in) we have

L(:lesin_lf(nfl),...,io (t)S 1 —(n=1),....jo (5)

= _ngmsin_lf(nfl),...,io () S0 -1=(n=1),..0.j0 (5) ters

(iOW~»in—1)<_>(j07~~~7jn—1)

4.4 Proof of the main theorem

We now turn to the last part of this section. We will prove Theorem 4.1. We first prove the
following lemma.

Lemma 4.12.

Z Z Pioyeeesin—1Sin_1—(n—1),...io (1)1 (n=1),.. 1~ (=) +1,....jo (5)

=1 0<ip<-+<ip—1 J0Os+-Jn—1
0<jo < <jn—1

+ Z D igyensin—1 S 1—(n—=1),...si0 (t)Sjn_l—(n—l),...,jl—l,()(s)

0<ig< <y ~Ldlrodn—1
0<.j1<“‘<jn_1

=3 > Pioin 1 Siwi— (1=t (-0 1o S (n1),... 50 (5) (4.26)

=1 0<ig<-+<ip_q JOrIn—1
0<jo< - <Jn-1

Proof. For simplicity, we will use the notations

Sl(t) = Sinfl—(n—l),...,io (t)7 SJ(S) = Sjnfl—(n—l),...,jo (3)7 (427)

when no ’special’ shift on the indices of the Schur functions occur. Relabeling each term in the
first sum of the left-hand side of (4.26) in the following way j,—; — jn—1 — 1 gives

Z Z Pz"o,.‘.,zjnflSz'(t)Sjn,l—(n—1),...,jn,l—(n—Z)H,...,jo(5)

I=1 0<ip<-<ip_1 JOs+-Jn—1
0<jo<<jn-—1

:Z Z P igeino Si(t)S;(s).
=1

0<ig< - <in_1 J0ssdn—1—1sjn—1
0<jo<-<Jn—1—1<-<jn-1

On the one hand, for a fixed 1 <! <n-1,if j, ;= j,_1-1+1, then p §0seersin_1 =0. On
jOa"wjnfl_lw'wjn*l

the other hand, for a fixed 2 <1 < n, if ju, | = jn11, then S 1), 4 1—(n—1),...jo(8) = 0.

Therefore

n
Z Z pip""’i"ﬂ*lSi(t)Sjnfl_(n_l)7“'7jnfl_(n_l)+17'~’j0 (S)
1=1 0<ig<+<ip_1 JOr-In-1

0<jo<<Jn-1
n
=

Z I N Si(t)S;(s)
1 0<ip<-<in-—1 ]0""a]n—l—1,.‘.,jn,1
0<jo<-<jn-1

- Z P ig,.in—1 Si(t)Sjn,1—(n—l),.A.,jl—l,O(S)'

0<ig<-<tp—1 —1,j1,-5dn—1
0<j1<+<fn—1



Master Symmetries of the Ablowitz—Ladik Hierarchy 37

Consequently, the left-hand side of (4.26) is equal to

Z Z Piocin-1Si(0) S,y —(n—1),.00 ju_t— (=) +1,....5o (5)

=1 0<ig<-<ip_1 JOr-Jn-1
0<jo<<Jn-1
+ E P ioin-1 Si(t)Sj, 1 —(n-1),..51-1,0(8)

0<ip<-<ip—1 —1,j1,-dn—1
O<j1<"'<jn_1

n
=Y D P igeina SiB)Si(s). (4.28)
=1 0<ig<-<in_q J0rsdn—1=Lin—1
0<jo<-<jn-1

Similarly, one can show that the right-hand side of (4.26) is equal to

Z Z p7{07~~~:7;‘n71 S’L'nfl*(nfl),...,’L'n,lf(’nfl)fl,...,’io(t)Sj(S)

=1 0<ig<-<tp_1 JOr-Jn-1
0<jo<+<Jn-1

n
=3 Y Pt Lein s SOS)(9). (4.20)
I=1 0<ig<-<in_1 J0serin—1
0<jo<+<Jn-1
By virtue of Lemma 4.7(7), (4.28) and (4.29) are equal. [

Proof of Theorem 4.1. We will prove the theorem for & > 0. The case k < 0 is similar. Using
the Pliicker expansion (4.4) of 7,,(¢), and Lemmas 4.9 and 4.10 we have for k = 0, 1, using the
notations (4.27),

Van(S,t) = Z Vkp’i‘o,..-,ip—lSi(t)Sj(s)
0<ip<-+<in—1 J0y-esdn—1
0<jo<-<jn—1
= Z pi.o,...,z-,n,lL,E")Si(t)Sj(s) = L](JL)TH(S, t),

0<ip<-++<ip_y JOrJn-1

0<jo<<jn—1
where, in the second equality, we have performed some relabeling of the indices as in the proof
of Lemma 4.12. We will finish the proof with the case k = 2, for which we provide some more
details, but first we prove the theorem for general k > 3. We proceed by induction. Assume the
theorem holds for some k£ > 2. We will establish it for k£ + 1. The argument follows from the
commutation relations (4.13) and (1.22). We have

(k o 1)Vk+17—n(87 t) = Z [‘/17 Vk}pio,“.,infl Sz(t)Sj(S)
0<ip<-<ip—1 JOse-sIn—1
0<jo<<jn—1

ST Pioian [ LIS 08(5) = (6 = DL 7 (s,1),
0<ip<+++<ip_q JOr-:JIn—1
0§j0<"'<j'n71

where in the second equality we have used the induction hypothesis.
We now provide some details for the case k = 2. Using Lemmas 4.10 and 4.12 we have

LS 7 (s,8) = Ty + Ty + Ts + T
— 51 Z P do,in_ Si(t)Sjn_lf(nfl),...,jlfl,O(3)7 (4.30)

0<ig <<y Lsdlreesdn—1
0<j1<<Jn—-1
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with

Tii= Y Piovint Y 1S i (n-1)in_i—(n—0)—2,.i0 (S (5),

0<ig<-<ip—1 JOrIn=1 =1
0<jo<-<Jn-1
n

Tyi=— > Pigeins O Unet + 2)Si(8)S), (01, 11— 42,00 (5)s

0<ig<r<in—1 JOrmdn=1 =1
0<jo<+<jn—1

Tsi= > Pigeiner D Simrm(n—1)sinp— (k) —Tyin 1= (D)1, () S5 (5),

0<io< - <in_1 J0y--sJn—1 1<k<I<n
0<jo<-"<jn-1

T4 = — Z DPig,..yin_1

0<ig<-<lp—1 J0seerIn—1
0<jo< - <jgn—1

X Z Si(t)S} 1 —(n=1)seeejn = (=) 11— (D)1, 50 (5) -
1<k<i<n

We will consider separately the four terms 11, 15, T3, Ty. By arguments similar to those used
in the proof of Lemma 4.12, and using the fact that S; | _(,—1),.. () = 0 if ix < O for some

0<k<n-—1, we get for T}

= Z Z (It + 2)Pig,.cvsip—142,00sin—1 Si (1) S (5)

=1 0<i0<--<in—1 J05-In—1
0<jo<<jn-1

n—1
T Z Z (It + 2)Pig,.cvsi—142,00in-1 Si (1) S; ()
=1 —1<ig—1<-<i@p_y_1—1 JOs--In—1
=ip_<-<in-1

0<jo<<Jn-1
n

= > (in—t + 2)Digsin_142,sin 1 Si(1)S;(5).

1=2 —1<ig—1<-<ip_;_1—1 J0yesdn—1
<in—l+1%in—l+l_<"'<in71
0<jo<-<jgn-1

The two last terms in this expression annihilate, i.e.

n—1
0=Y" > (int + 2)Dig,in 142, sin—1Si(1)S;(5)
=1 —1<ip—1<<ip_y—1—1 JOs-+-5Jn—1
:in—l<"'<in71
0<jo<-<jgn-1
n
_ Z Z (Tp—1 + 2)1%’0,...,i'n,lfz,...,inASi(t)Sj(3),
=2 —1<ip—1<-<@p_j_1—1 JOs--Jn—1

<7:nfl+1:‘7:n7l+1‘<"'<in71
0<jo<+<Jn-1

Indeed, we have for 1 <[ <n-—1

> (in—t + 2)Pio,e.osin—142,in—1Si (1) S ()

—1<ip—1<<tp—_j—1—1 J0s-sJn—1
:in7l<"'<infl
0<jo<-<jn—1

= E (knflfl + 2)pk07-~~7kn71727knfljknflf1+27k‘nfl+1r~~:kn—1
—1<ko—1<-<kp_1_1 JOs- 3 In—1

an,lfl<"'<kn,1
0<jo<-<jn-—1

(4.31)

X Sk = (1) oo sin 11— (=14 1) k11— (n—0) sy — (L= 1) k13— (n—1—2),....ko (1) S (5),
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where we have made the relabeling i, ;1 — kn_j, ip_; — kn_j_1, and i, — ky, if m #
n—1—1,n—1. As the Pliicker coordinates and the Schur functions are determinants, we have,
permuting lines in the determinants,

Dko,....kn—1—2,kn—t1,kn—1—1+2kn—111,.skn—1 = TPko,....kn_i1—1+2,.. kn—1>
J0se-rdn—1 JOy- s Jn—1
and
Skn—1=(n=1)skin 41— (n—11) Jon 11— (=0 1~ (n—l—1) Jon 12— (n—1~2),....ko (£) = —Sk(1),
and hence
> (in—1 + 2)Pio,...pi—142,.0in1 Si(£) S5 (5)
—1<ig—1<<ipjq— 1=y <-<in_1 J0s--In—1
0<jo<-<jJn-1
= E (Kn—i-1 + 2)Dko,... 1 142,00 k1 Sk (1) S (5).
—1<kp—1<--<kp_j—1=kp_1—1<---<kn_1 J0O5--3In—1

0<jo<-<Jn-1

Summing this expression for 1 <[ < n—1, and relabeling [ — [ — 1 we get (4.31). Consequently
we obtain

n
Ti=Y > (it +2DPigrin 12, min1Si(1)S;(5). (4.32)
1=1 0<ig< - <ip_1 J0se5Jn—1
0<jo<-+<Jn-1

By similar arguments, we have

Ty =— Z Z Jn—1P  ioyinoa  Si(1)S;(s)

=1 0<ip<--<in_1 JOsesdn—1—2, s Jn—1
0<jo<<jn—1
Y D gins SiB)S 1)y —1,1(5), (4.33)

0<ig< iy~ Ldlrodn—1
0<j1<<jn—1

Ty= > > Piovin it i it L1 Si(8)S;(5), (4.34)

1<k<l<n 0<ig<---<in_1 J0seesdn—1
0<jo<-<jn-—1

Ty=- Y > op i0sennsin 1 Si(t)S;(s)

1§k<l§n OSZO<<7‘TL71 jOa"'yjnfl_17""jn7k_17“~7jn71
0<jo<-<jn-1

+ g g P dopeinog Si0)Sg,  —(n-1),..5-1,0(8)- (4.35)
1<k<n—1 0<ig<-<in_1 —Lj1sdn—k—1 0 dn—1
0<j1<-<Jn—1

Substituting (4.32), (4.33), (4.34) and (4.35) in (4.30), using Lemma 4.7(i7) and Lemma 4.9 we
obtain

Lén)’rn(sat) = Z ‘/2p10777/n7151(t)8.]($)
0<ip<-+<ip—1 JOse-sdn—1
0<jo< " <jn—1

n—1
—l—E g P iggeinea Si8)S), —(a-1),..51-1,0(8)
k=1 0<ig<-<in_1 —Ldledn—k—Lein—1
0<j1<+<jn_1
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— 51 Z P ig,in—1 51’(f)Sjn,l—(n—U,...,jl—1,0(5)

0§i0<“'<in—l 717j17"~7jn—1
0<j1 <+ <fn—1

+ Z D igyesin—1 87;(t)Sjn—l_(n—l),...,jl—Ll(S)'

0<ig<<ip_q ~Ldlrodn—1
0<j1<<Jn-1

We prove that the last three terms in this expression annihilate

n—1
OZE E D dggin—1 Si(t)Sjn,1—(n—l),...,jl—l,O(S)
k=1 0<ig<---<ip_1 —Lj1,dn—k—1dn—1
0<j1<+<Jn—1

=51 > D gin S0, —(n-1),..i-1,0(5)

0<ig<Cip_q ~Ldlredn—1
0<j1<<jn—1

+ Z P io,in—1 Si(t)Sjn_1f(nfl),...,jlfl,l(3)7 (436>

0<ig <o Cip_q —LJlresdn—1
0<j1<<Jn-1

and hence
Lm(s, )= 3 Vapig,in, Si1)S;(5). (4.37)

0<ig<-+-<in—1 JOs- 3 In—1
0<jo<<jn—1

Indeed, developing the determinant S; (1), j,—1,1(s) With respect to the last line, using
the fact that the first elementary Schur polynomials are Sp(s) = 1 and Si(s) = s1, and
Lemma 4.8(i7), we have

Z D ig,.sin—1 Si(t)Sjn,l7(n71),.“,j171,1(S)

0<ip<-+<in—_1 =115 dn—1
0<j1<<gn—1

=51 Z P ioinoa Si(t)Sj,_i—(n=1),..1-1(5)

0<ip<--<ip—1 —Lj1,Jn—1
0<j1<<gn-1

n—1

- Z P igyiny Si(t) ZSjn,l7(n71),...,jn,lf(nfl)Jrl,...,jl71(8)'

0<ig<-<in_1 —Lj1,0n—1 =1
0<j1 <+ <Jn—1

By an argument similar to that of the proof of Lemma 4.12, we get

> D dein SiSi—-1),gi-1,1(5)

0<ig< <y ~Ldlrwdn—1
0<j1<<jn-1

= 81 Z P g, ina Si(t)Sjnfl—(n—l),...,jl—l(5)

0§i0<'"<in—1 717j17"~7jn—1
0<j1 < <Jn—-1

n—1
_E E P hoginm1 Si(t)Sjn—1f(nfl),...,j171(S)'
I=1 0<ig<--<in_q ~LJlrodn—1=L.jn—1
0§j1<"'<jn71

Noticing that S, _(n—1),...j,—1(s) = 0 when j; = 0, and

Sjn_l—(n—1),...,j1—1(5) = Sjn_l—(n—l),...,jl_m(3),

when j; > 0, we get (4.36), and hence (4.37). This proves the case k = 2 and finishes the
proof. |
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It would be nice to have a proof of Theorem 4.1 using the vertex operators techniques deve-
loped by the Kyoto school [13], but this remains a challenge for the future!
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