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Calculationof electromagnetidield energyin a medium with temporal and spatial dispersionoutside the
transparencydomainis discussedlt is shownthat chargedparticle contributionto the energyof electromagnetic
perturbations in the general case can be described in terms of a bilinear combintitediefectric polarizability
of the medium.The explicit form of suchcontributionis found. The relationsobtainedare usedto generalizethe
Planck law and Kirchhoff law to the case of an absorptive medium with spatial dispersion

PACS: 52.27.Lw

INTRODUCTION the case of dissipative medium without spatial

It is well known that the energy density of ardlispersion [2, 10]. This approach can be justified using
electromagnetic wave in a medium with spatial anthe energy balance equation which follows from the
temporal dispersion can be consistently defined only gpmbination of the Maxwell equations and the kinetic
the transparency domain [1-5]. This problem has be&guation for charge carriers. Such energy balance
discussed in the literature during decades. After treguation for the first time was formulated by
pioneer Brillouin result for the electromagnetic wavé/. Ginzburg for a plasma medium [8, 9]. In spite of the
energy in dispersive transparent media [6, 7] a lot dact that the general ideas of electromagnetic field
papers has been published on this subject and magiyergy description were formulated many years ago it
attempts to generalize the Brillouin's approach hawas not yet applied to the case of absorptive medium
been made to consider absorptive properties of mediuwith spatial dispersion.
Nevertheless, the results known from the literature do The purpose of the present contribution is to derive a
not concern the general solution of the problem, b@general relation for the energy of electromagnetic
only various particular cases. perturbation in the medium with temporal and spatial

As is known, the energy of an electromagnetidispersion outside the transparency domain.

perturbation in a matter contains the “pure™
. L 1. BASIC SET OF EQUATIONSAND
electromagnetic energy and the kinetic energy of charge STATEMENT OF THE PROBLEM

carriers obtained due to their motion in the
electromagnetic field [2, 3, 8-10]. If neutral particles We start from the Maxwell equations for the
(i.e. atoms or molecules) are present, the additionglectromagnetic field in a medium in the form that is

potential energy acquired by bound electrons in suditen used in the plasma theory [3, 4, 20, 21]
field also should be added [10-16]. Beside that in the 10B(r t)

case of absorptive medium some part of electromagnetfiét E(r.t) = - e

energy is converted into a heat [10, 12, 16]. Thus, thg B(r 1) =0

problem arises to describe consistently all thes vB(r.)=0, (1)
quantities. This introduces the principal difficulties toro; gy ) :}aD(f,t)+4_”Je(r't),

generalize the Brillouin formula to the case of c ot c

dispersive absorptive medium since in such a case @, D(r,t) = 4p° (r t),
macroscopic Maxwell equations generate a Pointing- R o .
like equation that does not provide the possibility tg\/here‘] (r.t) and p*(r,t) are the external sources, if
identify  explicitty the  contributon of the present. In the case under consideration
electromagnetic perturbation energy and the hedd(r,t)=B(r,t), and thus the total medium response to
production to the total energy transferred to the mediutAe electromagnetic field is described by the dielectric
by the electromagnetic field, in contrast to the case of Hrmittivity tensore, (r,r ;t-t'),
transparent medium for which the total energy of the .
field is well defined and the heat production is absent. _

In order to avoid the above-mpentioned difficulties, itDi (rH=§ (r,t)+:|;dt’q r.6)
is possible to calculate all constituents of the ,
electromagnetic field energy directly and express them J'dt'J‘ dr’gij (r,r';t—t’)E, ', 1),
in terms of dielectric susceptibilities as it was done for =,
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where J,(r,t) is the total induced current that includes
. . We note thatj dv

all kinds of responses and can be expressed irstefm

the conductivity tensoo; (r,r;t —t') [21]

mazvz I, =0, employ the equality

&V e, Vv 196X
Za:jdv ; [E+E><B] 5

t
J(r,)=(did'g (r,r;t-t)E jr,t). 2
(.= [ dtd o ( )E) i 0) ) - en[AvEL(X 1=-E.(7)
Thus and combine Egs. (6), (7) with Eq. (5).
& (r,rt-th)= 9, o(r -r)ot-t) Thus we obtain an equation for the energy balaBee [
( ’ @) 101
+47TIdt"Uu (r,rt"=t). o (1 . m o
v . N N S (B ) +B2 )+ X [d v p (1
We need also equations describing the interactf Jt |87 > 2
electromagnetic fields with the medium. In whatduls P 7
we illustrate the possibility to calculate the egyewof +—{£[E(r,t)xB(r,t)]+z'[dv y DM C fa(x,t)}
electromagnetic perturbation using a plasma-like Or [ 477 a 2

medium. So, we supplement Egs. (1), (2) with the + 3% DE(r t)=0, (8)

kinetic equation for plasma particles where the terms responsible for the particle enamyy

P) e e v P) energy flux are present in the explicit form. We sleat
+V+”FSXI+"|:E(r,t)+><B(r ,t):| . there is no need to extract the particle energy teom

ot o m m C ov the quantity E(dD/dt) as it is done in the case of a
’ ’ 4,0, vt)= 1, (4) weakly absorptive medium [3, 10].
where f,(r,v,t) is the distribution function of particles 2. ENERGY DENSITY OF THE
of a species,|, is the collision term,F** is the ELECTROMAGNETIC FIELD
external force field, if present, other notation is PERTURBATION WITH REGARD TO THE
traditional. PARTICLE ENERGY ACQUIRED UNDER
Eq. (4) is valid in the case of classical plasrka-li THE ACTION OF THE FIELD

medium. The appropriate calculations for the cdsa 0 |, the zero-order approximation on the gasahyic

combined plasma-molecular medium can be performeg ameter (/L « 1, wherel is the mean free path, is
using the model of bound particles (see, for instan the size of the system) the solution of the kinetic

Refs. [10, 11, 16-18]). Quantum descri_ption of bOt.r(]-)quation (4) may be written in the form of the loca
plasma and plasma-molecular systems is also pess'kﬂ}laxwellian distribution [17]

[17, 19]. However, since the formulation of the gext
approach does not require the explicit form of the f,(X,t)=

response function (except for the calculation afciic 32
examples) as is shown below we need to know oy th =M (r,t)( M, ] p{_w} ©)
general relation between the induced macroscopic n, \277,(r,1) 2T, .1
currents J(r,t) and the self-consistent electric fieldwhere
E(r,t) given by Eq. (2). n,(r,t)= na.[dvfa( X, 1,

Using Egs. (1) we obtain the well-known equation
i{Ea—DJrBa—B}JrJE“E:—i div[EB] 5) UAfJ):M' (10)
4| ot ot 4 ' n,(r,t)
that (educgs to thg Pointing equation in the cdsa o no,'[dv(nl,/2)(v—u0,(r,t))2 (X1
nondispersive medium. It can be also used to catieul T, (r,t)= .

3n,(r,t)

the energyW,, of the quasi-monochromatic field in the o
case of a weakly absorbing homogeneous medium [éqggly Zue%hsig/nangﬁ\r/ce)ﬂrgst'on we can present thé ful

10, 13], to recover the well-known Brillouin fornau]1,

o ' W= Wewsw, @
In order to obtain the general relations we dedwe Where the field W., thermal W, and kinetic W,

equation for the energy balance that takes intow@a®c energies respectively are given by

the particle energy explicitly [8-10]. To do this is

necessary to multiply the kinetic equation (4) by W, =i(E2(r f)+B2(r t))
n,m,V /2 (n, is the density of particles af species) 8
and to integrate over the velocity. The result is W, = ZEFL(V’ T, o) (12)
~ 2 a ’ ’
%jdv% fa(x,t)+aijdvv@7m‘2’ £(X, Y ()
f W =Y n oD,

+jdv%[E+%xB]w:jdva‘z’ 1,.(6)
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Since W, is the heat produced by the perturbation wé&hus,

can treat the energy associated with the electromagnene% J- J- ok’ da)J~ A iy
") 2! @ 2 2

field as the sum oW, andW, . 8’ (2m)*” (2mm)’
Restricting ourselves by the second order on G , (15)
approximation in the perturbation, we can rewrite the &' . —Xi K™ K ,)ELE,,

part of energyy, as

— nanj] uzzy(r!t)_ n} 2
WK—; 5 _ZZemJa(r,t).

where x{™ (k,a) in the case of the classical model of
(13) an atom-oscillator is given by [18]

W FormlV)

Here J, (r,t) is the partial contribution of the particle of @ o) = - J'dv
! (w—kv)? —a{f +iy(w-kv)'

a species to the induced currehfr, t):z J, (@, 1).

2
It should be noted that Eq. (13) directly follows from af 4ne0r1n'

the transparent physical reasoning: the kinetic energy m,
acquired by particles under the action of thef (v) is the distribution function of bound particles
electromagnetic field can be directly expressed in ter
of the averaged induced velocity. Namely this approa
was used to estimate the energy density of particles Harge and the reduced mass of a bound electron.
the case of cold plasmas [10, 13]. However, as is seen S0 in the case of a plasma-molecular system the
Eq. (13) does not require such restrictions. energy of a perturbation may be written as

The generalization of the results obtained in [10, 122W =W+ W + W

(16)

rggitoms or molecules)g, and m, are the effective

_13] can be achieved using _the relation between the _ 1 ok dw 6 il
induced current and the electric field (2). In terms of the ~ j—_[—j .[
. i . R 8’ (2m)®? (2m)?
generalized dielectric polarizability
a a a H - K 2 '
X (K, 0) = (47 1 )a'® (k,w) (where 0 (k, ) is ,{[5” _K_'ﬂj[hc Kk ]J_K a7
the partial contribution of particles af species to the kk o kk
conductivity tensor of the system @ @
a”(k,0) =) a”(k,w)) one obtains the following 2.7 k,w)x” k.
expression for the eIectromagnetic perturbation energy a:z %2
W:ij‘ dk J‘ J‘_J‘ g (K)r i (e (m)(k w))((m) (3 CJ)} ik Jk
8’ (2m)° (271) "”‘

This equation remains valid in the case of quantum
K J+[ wa}kk ][5” _%] (14) description provided the polarizabilities

kk X (k,0) (@ =eim) are calculated appropriately
@ @ (see, for example, Ref. [17,19,20,22]).

+ z Xk k,o)x" k) Eika)E;k’aj’ In the case of the monochromatic field
=i ) E(r,t)=@/2{E(r)e’™ +E (r) 4}, after the
where &, :4”90,07 I'my. averaging over the oscillation periofl=27/w and

This is the general relation for a plasma-likehe volume of the systeM, Eq. (17) in the absence of

medium. spatial dispersion is reduced to

It should be noted that Eq. (13) can be also used to =W + W, (18)

estimate the kinetic energy of bound electrons in ato
and molecules. However, in this case the energy o

. . . . a)2 . "
electromagnetic perturbation contains along with th@ 1671{4 Z woza )ﬁf. )(0)))(( ) (w)}EE: '

ere

kinetic energy of electrons also the potential energy o & wia
bound electrons in the fields of ions with which they are

bound. In the case of the classical model of the atorw _L_F mzijd B ¢ )i, (19)
oscillator [10-15] such energy can be estimated as 16mr Vv
re(r.t) = _ : _ Ca
V\{J:nnagT- EE VIdE(I’)E;(r), w, =0, a=¢eil

Here n_ is the density of bound electrons, is the !Jsing (18), (19) itis easy to recover the results obtai_ned
. . . in Refs. [10,11] for the electric field energy density
eigenfrequency of the oscillator, (r,t) is the reduced outside the transparency domain. For example, in the

coordinate of the bound electron.  Sinc&ase of a cold molecular system
u,(r,t)=(dr(r,t)/(dt)), the energyW, may be

(m)
expressed in terms of the mean veloaity(r,t), i.e. in X (@) =4 o — w,f+|yw
terms of the induced current of the bound electrons.

(20)

that leads to
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= _ 1 —5 afpm(a)z-'-a%)z) 9(&)) dklg
WE_ElEF{1+(a)2—a§)2+yza)2] 1) W), = j

In the case of a cold plasma Ime,_ (k, w) W&+, |
— L DY —7 Xk w
=g % D{I&(kw)lz[ Yl
(W) =-g —=— (22) (27)
ww+iv,)’ 2Ime; (k,w)
wherev, is the effective collision frequency, that gives |€ k,w)- () (@?) P
= _ 1 a)2 k2 C()2+
WE‘ET{“CUH }lEF @ e eSO e “”(kw)F]}

Egs. (21) and (23) are in agreement with the welkhat describes the contr|but|on of both longitutiiaad
known Brillouin formulas only in the case of non-yansverse electromagnetic fields.

dissipative systemsy(=0 andv =0). In the case of negligible dissipation we can uge th
3. ENERGY DENSITY OF THE approximation of the type .
ELECTROMAGNETIC FIELD Im & = | Ime. (k) - |.
FLUCTUATIONS | & (k,w)= (K*CS)/ (@) | o

Within the context of the theory of electromatio In the case of cold plasma fes>>v we have

fluctuations it is easy to show that Eq. (17) mayaltso Wy = wze(w)\/T (> w,).(28)
applied to the description of the energy density of © P
fluctuations. The statistical averaging of Eq. ($i€lds This relation is in agreement with the welbkn

result for the energy density in the dispersive
(\N)—i dk Idw{hkj ( Czkzj[a- _ Klﬁ] transparent medium [23] and reproduces the energy

8’ (2m)®’ 2m | k? bok? density for transparent plasmas [24].
o rag (24) In the case of a molecular medium ¢ 0)
+ .
D I e (i (M) i (kiw)}<5Ei5E'>kw' _ W (@ + )
oaim W, : : Wy, == ,72( 3)1/£b(a) 1+&, (w)+ (w2 wg‘)‘*’ (29)

When deriving Eq. (24) we take into account that
<5Eikw5E;k’w'>: (2m)' 5(k-k Yo (w—- W XSESE )y, For w> «j we come back to the equation of the type
where @7).

For w<w, the frequency dispersion can be

OEOE)),, = |dRe™| dwe" (T E(r, Y0 E(r', 1), _ , ,
< ko = '[ '[ (OEr 90, D neglected, and we obtain the result for nondispersi

R=r-r, r=t-t. transparent medium [23]

' In the case of an .eqU|I|'br|.um 'systéﬁEidEj)kw is W)y, = wzﬁ(w) £, where £= lime, @). (30)
given by the fluctuation dissipation theorem (st 2P @-0
example, [3,4]) In the general case Eg. (27) may be rewritterhén t

47T o o form of the Planck formula modified by the presente
(OEJE))y, :79(“’){/\1' (k, ) -/ (k,w)}. (25)  the medium, i.e.,

Here - ho l+ 1 } ) 31
K2 kk We n2c3{2 et —q @), (1)
957“]1?* Ay k) =g k,w)- [CF - ) where S(w) is the function describing the influence of
the medium

Further simplification of (24) can be done in tlase of S(w) = c’ ]3 dk R
an isotropic system for which

where for the general case of the non—transparen w2 enm
medium we have

kik kk
& (k,a)):,sT(k,a))[q'j - 2‘]+5L(k,a)) =, ImsL(k,a)) W&+, | o
where & (k,w) and & (k,w) are the transverse and 51 K (32)
longitudinal parts of the dielectric permittivitgrisor. + mé; ( f‘))z
Substituting (25) into (24) yields & (k,a)- K wg ;
W) = [(W,, (26) 2.2
0 c sz"'t%za (a)(k w)r]}

It should be noted that Eqg. (8) gives also anieipl
presentation of the energy flux in terms of the
contributions of electromagnetic field and particle
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components. In particular, the field part of thexfwill 6. L. Brillouin. Comptes Rendus hebdomadaires des

be described by the term Séances de I'Academie des Scieneass, 1921, v. 173,
_c p. 1167.
(S(r.t)) —E<[E(r,t)XB(r,t)]>, 7. L. Brillouin. Wave Propagation and Group Velocity

cademic Press, 1960, 154 p.
. V.L. Ginzburg //Radiofizika. Izv. Vuzovl1961, v. 4,
p. 74 (in Russian).

that in the case of an isotropic system leads ® t
radiation intensity given by

|w:m'[dkk3 |m£-r(k,02))2 = 1,8, (33) 9 B.N.Gershman, V.L.Ginzburg Radiofizika Izv.
2m' o e (k) - k*c : Vuzov.1962, v. 5, p. 31 (in Russian).

T o 10. V.M. Agranovich, V.L. Ginzburg.Crystal Optics
where with Spatial Dispersion, and Excitons (Springer iSer

_ WPO(w) ~, . 2c o Ime, in Solid-State Sciences§pringer-Verlag, 1984, v. 42.

Lo ook S(w) = an dk 2 11. R. Loudon /0. Phys. A1970, v. 3, p. 233.
l& - oy 12. Yu.S. Barash, V.L. GinzburgJETP. 1975, v. 42,
p. 602.

CONCL USIONS 13. Yu.S. Barash, V.L. Ginzburg $0v. Phys. Uspekhi

1976, v. 19, p. 263 (in Russian).

Thus, in the present contribution we derive theegah 14. R. Ruppin /0. Opt. Soc. Am..A998, v. 15, p. 524.
relations for the electromagnetic-field energy dgns  15. R. Ruppin /Phys. Lett, A2002, v. 299, p. 3009.
an absorptive medium with temporal and spatial6. F.S.S. Rosa, D.A.R. Dalvit, P.W. Milonni Phys.
dispersion. The treatment is based on the assumptiRev. A 2010, v. 81, p. 033812.
that the energy density of an electromagneti¢7. Yu.L. Klimontovich. Statistical PhysicsHarwood,
perturbation contains both the electromagneticdfiel1986, 734 p.
energy and the particle energy acquired in theg. Yu.L. Klimontovich, H. Wilhelmsson, |.P. Yaki-
perturbation field. The results obtained provide @enko, A.G.Zagorodny /Phys. Rep.1989, v. 175,
possibility to generalize the Planck law and the. 263.
Kirchhoff law to the case of an absorptive dispersi 19. Yu.L. Klimontovich, A.Y. Shevchenko, |.P. Yaki-
medium. The detailed description of both effects imenko, A.G.Zagorodny /Contributions to Plasma
specific media will be a matter of further research Physics 1989, v. 29, p. 551.
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SHEPTHUSA QJIEKTPOMATHUTHOI'O INTOJIA U UHTEHCUBHOCTD U3JIYYEHUSA B CPEJIE
C BPEMEHHOM Y TIPOCTPAHCTBEHHOM JIJUCITEPCUSIMU BHE OBJIACTH ITPO3PAYHOCTH

CA. Tpuzep, A.I'. 3acopoonuii

PaccunTanbl SHEpruM 3JIEKTPOMArHUTHOIO IOJISL B CPEAE C BPEMEHHOM M IPOCTPAHCTBEHHOM IHUCIEPCUSIMH BHE
oOnactu npo3paynoctu. [lokazaHo, 4To B 00IIEM Cilydae BKJIaJ] SHEPTUH YaCTHL[ CPE/IbI B SHEPTHUIO HJIEKTPOMArHUTHOTO
BO3MYILCHHS] ONMCHIBACTCSI B TEPMUHAX OMIIMHEHHBIX KOMOMHAIMN TUAJICKTPUIECKON Tossipu3yeMocTh cpeabl. Halinen
SIBHBIH BHJ| Takoro BKiana. [loiydeHHbIE pe3ysbTaThl HCIOJIBb30BAHbI Ui 0000meHus 3akoHa [lnaHka u 3akoHa
Kupxroda 1u1s morsomaromei cpesipl ¢ MpocTpaHCTBEHHON ANCTIEPCUEH.

EHEPI'TSI EJEKTPOMATHITHOTI'O ITOJISI TA IHTEHCUBHICTB BUITPOMIHIOBAHHSA
B CEPEJOBHIII 3 YACOBOIO I TIPOCTOPOBOIO JUCITEPCISIMHU I1O3A OBJIACTIO ITPO30POCTI

C.0. Tpizep, A.I'. 3azopoonii

Po3paxoBaHO eHEprito eNeKTPOMAarHiTHOTO IOJISI B CEPENOBHINNI 3 YAaCOBOIO Ta MPOCTOPOBOIO JHUCIIEPCISIMHU 1032
obnacTio mpo3opocti. [lokazaHo, MmO B 3araJbHOMY BHIAJKy BHECOK €HEprii 4aCTMHOK CEpeOBHINA B EHEPTiIo
€JICKTPOMArHiTHOTO 30YypeHHs OMHUCYEThCS B TepMiHaxX OiTIHIHHMX KOMOIHAIH ieNeKTPUIHOI IMOJIIPHU30BAHOCTI
cepenoBuIla. 3HaCHO SIBHUM BUTJIsL] TaKoro BHecKy. OTpuMaHi pe3y/ibTaTd BUKOPUCTAHO /ISl y3arajibHEHHS 3aKOHY
[Tnanka 1 3akoHy Kipxroda ais normMHaIbsHOTO cepeoBHUIIa 3 IPOCTOPOBOIO TUCTIEPCIETO.
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