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1 Introduction

There are two classical vanishing theorems for the g—genus (the index of the Dirac operator)
on Spin manifolds: the Lichnerowicz vanishing [17] which assumes a metric of positive scalar
curvature, and the Atiyah-Hirzebruch vanishing [3] which assumes smooth circle action. These
vanishings can be seen and have been used frequently as obstructions to the existence of such
metrics or actions. More vanishing theorems for the indices of Spin® Dirac operators were ex-
plored by Hattori [11] on almost complex manifolds and Spin® manifolds with compatible circle
actions, which have parallels on complex manifolds with ample line bundles (a positivity condi-
tion for certain curvature) as in the case of the Kodaira vanishing theorem. Vanishing theorems
have also been proven for indices of twisted Dirac operators on compact quaternion-Kéhler man-
ifolds with positive scalar curvature [16], and for almost quaternion-Hermitian manifolds with
isometric circle actions that preserve the almost quaternion-Hermitian structure [12].

The vanishings of such indices on manifolds with isometric circle actions are instances of the
rigidity of elliptic operators under such actions, an important property in the context of elliptic
genera [6, 8, 13, 15, 18, 22, 23, 24]. In this paper, we prove the rigidity and vanishing of the indices
of several “geometrically natural” twisted Dirac operators on almost even-Clifford manifolds
admitting circle actions by automorphisms, resembling those studied on almost quaternionic-
Hermitian manifolds.

The note is organized as follows. In Section 2, we recall some material on Clifford algebras,
Spin groups and representations, maximal tori of classical Lie groups, almost even-Clifford
Hermitian manifolds and their structure groups. In Section 3, we examine the weights of the
Spin representation in terms of the weights of the aforementioned structure groups and explore
which representations to use in the twisted Dirac operators. In Section 4, we prove the vanishing
Theorems 4.7, 4.8 and 4.9, using the Atiyah—Singer fixed point theorem.

2 Preliminaries

The material presented in this section can be consulted in [1, 7, 9].
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2.1 Clifford algebra, spin group and representation

Let Cl,, denote the 2™-dimensional real Clifford algebra generated by the orthonormal vectors
e1,€2,...,e, € R® subject to the relations

eie; +eje; = —2(52'3',

and Cl,, = Cl,, ®g C its complexification. The even Clifford subalgebra C1° is defined as the
invariant (41)-subspace of the involution of Cl, induced by the map —Idg-.
There exist algebra isomorphisms

2k e
Cl, = End((C k) ) %f n =2k, (2.1)
End((C2 ) @End((C2 ) if n=2k+1,

and the space of (complex) spinors is defined to be
—_——
k times

The map
k: Cl, — End(C?")

is defined to be either the aforementioned isomorphism for n even, or the isomorphism followed
by the projection onto the first summand for n odd. In order to make k explicit, consider the
following matrices

10 i 0 0 i 0 —i
a=(o ) wm D) e=Ga) m=00)

In terms of the generators eq,...,e, of the Clifford algebra, x can be described explicitly as
follows

e1 =~ Ild®ld®---®Ild®Id® g1,

e~ ldRId® - ®Id®Id® g,

e3—~ldeIld®---@ld® g @ T,

s~ IdRd® - ®Id® g T, (2.2)

e 1~ NRTR-- QTRTRT,
e = 2RTR - TRXTRT,

and, if n =2k + 1,
entr1 =T RT® - T RTRT.

The vectors

1 1
(1, —1) and  u_; = ——=(1,49),

RV V2

form a unitary basis of C? with respect to the standard Hermitian product. Thus,
B={te, e =U, @ - Rug, |e; ==%1,j=1,...,k},

is a unitary basis of A, = €2 with respect to the naturally induced Hermitian product.
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The Spin group Spin(n) C Cl, is the subset
Spin(n) = {Jrlxg cexgixy |y € R x| =1, 1 € N},
endowed with the product of the Clifford algebra. It is a Lie group and its Lie algebra is
spin(n) = span{e;e; |1 <i < j < n}.
The restriction of k to Spin(n) defines the Lie group representation
Kn i= Klgpin(n): SpPin(n) — GL(A,),
which is, in fact, special unitary. We have the corresponding Lie algebra representation
spin(n) — gl(A,).

Kn,

*

Recall that the Spin group Spin(n) is the universal double cover of SO(n), n > 3. For n = 2 we
consider Spin(2) to be the connected double cover of SO(2). The covering map will be denoted
by

An:t Spin(n) — SO(n) C GL(R").

Its differential is given by A, (eiej) = 2F;;, where E;; = €] ® ej — e; ® e; is the standard basis
of the skew-symmetric matrices, and e* denotes the metric dual of the vector e. Furthermore,
we will abuse the notation and also denote by A, the induced representation on the exterior

algebra A"R™.
By means of x, we have the Clifford multiplication
tn: RY"®@ A, — Ay,
TR pin(x @ @) =x - ¢ := K(x)(P).

The Clifford multiplication p, is skew-symmetric with respect to the Hermitian product

(T ¢1, 92) = (n(z @ ¢1), P2) = —(1, in (2 ® ¢2)) = —(1,2 - P2),

is Spin(n)-equivariant and can be extended to a Spin(n)-equivariant map

T /\*(Rn) A, — Ay,
WY +— w- .

When n is even, we define the following involution

A, — Ay,

U — (—i)%voln “ap,

where vol, = e1---e,. The +1 eigenspace of this involution is denoted A*. These spaces
have equal dimension and are irreducible representations of Spin(n). Note that our definition
differs from the one given in [9] by a (—1)%. The reason for this difference is that we want the
spinor uy .1 to be always positive. In this case, we will denote the two representations by

Kn

=. Spin(n) — GL(AZE).
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For future use, let us recall the effect of vol, on A, = A} @ A when n is even:

n (mod 8) | At | A,
0 1 | -1
2 1 —1
4 -1 1
6 —1 1

Furthermore, for n =0 (mod 4), n # 4,

ker() {1,vol,}  if r =0 (mod 8),
er(k, ) =
" {1,—vol,} if r =4 (mod 8),

and

{1,—vol,.} if r =0 (mod 8),

ker(k,, ) = {{1,V017"} if r =4 (mod 8).

For r even, let

_SO(r) -~ Spin(r)
PSO() = 4T = ToL vob

and for r =0 (mod 4) let

Spin(r)
{1,+vol,.}

~

Spin ()

Note that we will always denote by 1 and Id, the identity elements of Spin(r) and SO(r)

respectively.

2.2 Maximal tori

2.2.1 SO(n)

Recall that a maximal torus of SO(n) is given by

cos(n1) —sin(n)
sin(n1)  cos(m)

co8(1ny2)  —sin(n,2)
sin(n,/2)  cos(1y/2)

if n is even, and

cos(n1) —sin(n)
sin(n;)  cos(n1)

COS(U[H/Q}) —Sin(n[n/Q])
sin(nn/2)  cos(np/2))

if n is odd.



Rigidity and Vanishing Theorems for Almost Even-Clifford Hermitian Manifolds 5

2.2.2 Spin(n)

Each one of the 2 x 2 rotation blocks is a transformation that can be achieved by using Clifford
product. For instance the rotation

cos(p1) —sin(p1)
sin(p1)  cos(p1)

1

can be achieved by using the element

e1(—cos(p1/2)er + sin(p1/2)ea) = cos(p1/2) + sin(p1/2)e1es € Spin(n)
as follows

(cos(p1/2) + sin(p1/2)erez)y(cos(p1/2) + sin(p1/2)ezer)

= (y1 cos(p1) — yzsin(p1))er + (y1sin(p1) + y2 cos(p1))ez + yses + -+ + ynen,

for y = y1e1 + - - - + ynen € R™. Thus, we see that the corresponding elements in Spin(n) are

+(cos(p1/2) + sin(p1/2)erez).

Furthermore, we see that a maximal torus of Spin(n) is given by elements of the form

k
t(1y- -y 0k) H (cos(p;j/2) +sin(p;/2)egj—1€25).

By using the explicit description (2.2) of the isomorphisms (2.1), we can check that

3 E Ek+1—35P5
t((,@l, ey gpk‘) *Ugq,....ep, — € = *Ugq,....e05

i.e., the basis vectors ue, . ., are weight vectors of the spin representation with weight

1 k
B D ekt
j=1

which in coordinate vectors with respect to the basis {¢;} give the well known expressions

1 1 1
S e e I
< 272 2>

Indeed, in terms of the (appropriately ordered) basis B, the matrix associated to an element
t(@l, RN} SD[E]> is

o3 (P1eat o)

e%( p1tpattepn)

%(801 ot tppn )

L (—p1—p2t-ton)

)

[
N

e%( Pr—p2——pn])
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Note that, when n is even, A;{ is generated by the basis vectors Uey,..en with an even number
of €; equal to —1, and A, is generated by the basis vectors Usy,..en with an odd number of ¢;
equal to —1. Therefore, after reordering the basis, the matrix above can be rearranged to have
two diagonal blocks of equal size: one block in which the exponents contain an even number of
negative signs

p3(P1teatton)

p2(mP1—eatton)

6%(—4.01-1—902—'"-&-%0%) )

and another block in which the exponents contain an odd number of negative signs

o2 (TP1tetoton)

o2 (P12t teon)

o2 (Prp2—pstton)
2.2.3 U(m)
The standard maximal torus of U(m) is

ei01

2.2.4 Sp(m)
The standard maximal torus of Sp(m) is

€i91

e—z01

e—iem

2.3 Almost even-Clifford Hermitian structures

Definition 2.1. Let N € N and (ey,...,e,) an orthonormal frame of R".

o A linear even-Clifford structure of rank r on RY is an algebra representation
®: Cl) — End(R"Y).

o A linear even-Clifford Hermitian structure of rank r on RV (endowed with a positive
definite inner product) is a linear even-Clifford structure of rank r such that each bivec-
tor eje;, 1 <i < j <r,is mapped to a skew-symmetric endomorphism ®(e;e;) = J;.
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Remark 2.2.
e Note that ij = —Idgw.

e Given a linear even-Clifford structure of rank r on RY, we can average the standard inner
product (, ) on RV as follows

[r/2]
<X,Y>=Z[ S (@en i) () Ben ) (V)]

k=1 =1<i1 < <igp<r

where (eq,...,e,) is an orthonormal frame of R", so that the linear even-Clifford structure
is Hermitian with respect to the averaged inner product.

e Given a linear even-Clifford Hermitian structure of rank r, the subalgebra spin(r) is
mapped injectively into the skew-symmetric endomorphisms End~ (RY).

Definition 2.3. Let r > 2.

e A rank r almost even-Clifford structure on a smooth manifold M is a smoothly varying
choice of a rank r linear even-Clifford structure on each tangent space of M.

e A smooth manifold carrying an almost even-Clifford structure will be called an almost

even-Clifford manifold.

e A rank r almost even-Clifford Hermitian structure on a Riemannian manifold M is
a smoothly varying choice of a linear even-Clifford Hermitian structure on each tangent
space of M.

e A Riemannian manifold carrying a rank r almost even-Clifford Hermitian structure will
be called a rank r almost even-Clifford Hermitian manifold, or an almost-C1°-Hermitian
manifold for short.

Remark 2.4. Our definition of almost even-Clifford Hermitian structure does not require the
existence of a Riemannian vector bundle of rank r. Therefore, it includes both the notions of
even Clifford structure and projective even Clifford structure introduced in [19, Definition 2.2
and Remark 2.5].

2.3.1 Structure groups of almost even-Clifford manifolds

Thanks to [2], we know that the complexification of the tangent space of an almost-C1%-Hermitian
manifold decomposes as follows

r (mod 8) RV@C
0 C™m @A ©C™®A;
1,7 C"® A,
C"® Ao CmeA; (2.3)
CmAFoC™® A,
3,5 C*™ @ A,
4 C?m2 @ Af @ C*™ @ Ay

where the different CP denote the corresponding standard complex representations of the clas-
sical Lie groups SO(p), U(p) or Sp(p). Note that the dimension of an almost even-Clifford
Hermitian manifold depends of two or three parameters: the rank r of the even-Clifford struc-
ture and the multiplicity m or multiplicities m1, ma.

The structure groups of the aforementioned manifolds, for » > 3, are given as follows (see [1]):
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e For r # 0 (mod 4)

m (mod 2) 0 1
r (mod 8)
SO(m)x Spi .
1,7 w SO(m) x Spin(r)
2 6 U(m)x Spin(r)
) £y, 1), £ (ildm,—vol)}
Sp(m)xSpin(r)
35 RECEEE
e For r =0 (mod 8)
2 0 0 (mod 2) 1 (mod 2)
my
0 SO(mz2) xSpin(r) SO(mz2)xSpin(r)
(E[ oy, 1), £ (Idmy, —vol, )} (=)
SO(m1)xSpin(r SO(m1)xSO(mz)xSpin(r SO(m1)xSO(m2)xSpin(r)
0 (mod 2) {i(ldmfyliv)i)<(lgmf¢301r)} {£(dm, 7I(d7712)i),i((ldi,)lj(,fld;;,volr)} <E*Ild)7:1 :Idm;ﬁj"‘i»
1 (mod 2) W bo%&i:bg(d’j:i;?l;;(r) SO(my1) x SO(ms) x Spin(r)
e For r =4 (mod 8)
my,mo >0 my >0, me=0 my=0,mo >0
_ . Sp(m1)xSpin(3) Sp(m2) xSpin(3)
r=4 Sp(m1) xSp(ma) xSpin(r) LR a2 UL et s 2
=2, ,Il)dz,i2 ,1),1(1527,11 })—Idzm Vol 0 dzm, 1)) 0 dzm, D))
r> 4 Sp(m1)xSpin(r) Sp(m2) xSpin(r)
E (o, 1), E (dzm; vl )} | {E(d2my,1),E (Idamy ,—vol)}

Note that for r = 2, the structure group is actually U(m).

Since all of these groups are quotients of products G x Spin(r), where G is a (product of)
classical Lie group(s), it will be useful to know if they can be mapped to either Spin(r), or SO(r)
or PSO(r). It is easy to see that they map as follows

e For r # 0 (mod 4)

m (mod 2)

r (mod 8) 0 L
1,7 SO(r) | Spin(r)
2,6 PSO(r)
3,5 SO(r)

e For r =0 (mod 8)
m2
m 0 (mod 2) | 1 (mod 2)

0 (mod 2) | PSO(r) Spin
1 (mod 2) | Spin, (r) Spin

(r)
r)

—~

e For r =4 (mod 8)

my, M2 _ _
r =4 (mod 8) mi,mo >0 m; >0, meo=0|m; =0 moe>0
r=4 PSO(r) SO(3) SO(3)
r>4 PSO(r) PSO(r)
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This can be summarized roughly as follows: the structure group of an almost—ClS—Hermitian
manifold of rank r maps to SO(r) if r is odd, and maps to PSO(r) if r is even.

For future use, we will establish the notation for the decomposition of the complexified
tangent bundle of an almost-C1%-Hermitian manifold:

r (mod 8) TM @ C
0 ELQAf @ E® A,

1,7 E®A,
ERA@E®A; (2.4)
EQAF®E®A;

3,5 E® A,
4 Ey;y@ Af @ E1 @ A,

where E, Ei, FEy are locally defined vector bundles with fibre CP which correspond to the
standard complex representation of the different Lie groups mentioned in (2.3).

2.4 A useful lemma

Lemma 2.5. Let x € C and k,m € Z/2 such that k +m € Z. If |k| < |m|, then

Sk

G(z) =

is a rational function on C and

lim G(z) = 0= lim G(z).
z—0

Z—00

3 Twisted spinor bundles on almost—Clg—Hermitian manifolds

In this subsection, we present some calculations relevant to the global definiton of twisted spinor
bundles.

When the structure group of an oriented N-dimensional Riemannian manifold reduces to
a proper subgroup G C SO(N), one can associate vector bundles to the corresponding G-
principal bundle Pg by means of the representations of GG. If the manifold is Spin, one can ask
if there exists a lifting map 7 making the following diagram commute

Spin(V)

e

G ' SO(N)

in which case, the Spin representation Ay may decompose according to G.

Even when such map i does not exist (necessarily 71(G) # {1}), there may be a finite covering
space G’ of G = G'/T for which it does, and one can then decompose the Spin representation
according to G’. We can now check how the elements of the finite subgroup I act on Ay, and
at least some of them will act non-trivially, thus confirming that there cannot be a map 7. By
observing this action, we can then consider tensoring Ay with another representation V' of G’
such that I' now acts trivially on Ay ® V.

In the context of almost—Clg—Hermitian manifolds, the structure group embeds into the rele-
vant Spin group [1, Theorem 4.1}, with the exception of four cases which we will analyze. More
precisely, we found that
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Sp(m)xSpin(3)
{i(Idevl)}
Sp(m1)xSp(m2) xSpin(4)
{i(Idel yId2m2 71)7i(1d2m1 :7Id2m2 aV014)}

or mg (or both) are odd;
U(m) xSpin(6)
{£(Idm,1),(¢Idm,—voles

SO(m1)xSO(m2)xSpin(8) . _ _ SO(m1)xSO(m2)xSpin(8)
{(Idml,Idm12,1),(Idmf,71dgm2,volg)} if mi+1=mg =0 (mod 2), {(Idml,ldm;,l),(fld,jl T2y, —vols)}

if my =mae +1=0 (mod 2) do not embed into Spin(8(my + ms)).

does not embed into Spin(4m) if m is odd;

does not embed into Spin(4(m;1 + msg)) if either my

57 does not embed into Spin(8m) if m is odd;

However, by the same calculations in [1] we know that there are homomorphisms
e Sp(m) x Spin(3) — Spin(4m);
e Sp(my) x Sp(msg) x Spin(4) — Spin(4(my + mz2));
e U(m) x Spin(6) — Spin(8m);
e SO(my) x SO(mg) x Spin(8) — Spin(8(m; + my2)).
In order to analyze this situation and the appropriate twisting bundles for almost—Clg—

Hermitian manifolds in general, we need to set up some notation regarding weights of Lie
groups.

3.1 Weights of SO(IN) with respect to the structure subgroups

We need to rewrite the weights of SO(N) in terms of the maximal torus of the relevant structure
group. Let (71, ...,7my/2) denote the coordinates of a maximal torus of SO(N), and (41, - . ., ¢[z))
denote the coordinates of a maximal torus of SO(r).

For r odd, let \q,..., )\2[5] denote the weights of A,

:I:1 +... % L
5‘101 T 590[%]7

listed in some order such that the first half of weights have an even number of negative signs,
and the second half of weights have an odd number of negative signs.
For r even, let Ali, e )\2271 denote the weights of A*

—_

1
fopr ket or
2901 2@27

which have an even and odd number of negative signs respectively. If »r = 0 mod 4 we will

be considering )\f, . ,)\;[%71 to be listed in some order so that the first and second halves are

interchanged by reflection (changing all the signs),

3.1.1 r=1,7 mod 8

Let (61, ...,6[m)) denote the coordinates of maximal tori of SO(m). Since
cN=Cc"oA,,

we can set
Mr)2lsler = 05+ M

if m is even, and

n(j—1)2[£]+k - gj + Ak, 77[%

if m is odd, where 1 < j < [3], 1 <k < 23] and 1 < 1 < 2[2171 in both cases.
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3.1.2 r=2,6 mod 8

Let (01,...,0,,) denote the coordinates of maximal tori of U(m). Since

oV C"@AFfeC"® A, ifr=2 (mod8),
Cme@AfeCm® A, ifr=6 (mod 8),

we can set
0; + X if r=2 (mod 8),
=025 748 7 9, £ Ap if £ =6 (mod 8) )
J k - )
Wherelgjgmandlgkgﬁ_l.
3.1.3 r=3,5 mod 8
Let (01, ...,0,,) denote the coordinates of maximal tori of Sp(m). Since
(CN _ (CQm ® Ara
we can set
MGn2lslee = 05+ M (3:2)

WherelgjgmandlngQ[g].

3.1.4 r=4 mod 8

Let (A1,...,0m,) and (6], ...,6,,,) denote the coordinates of maximal tori of Sp(m1) and Sp(ms)
respectively. Since

CN=CM™Af@C™ oA,

we can set
N —1)28 Lk — 05 + At M2 =14 (jo—1)28 'k — 0 + A (3.3)
where 1 < j; <mq, 1< jo<mgand 1 <k <231
3.1.5 =0 mod 8
Let (61, .. .,9[%1) and (6],.. .,Gf%]) denote the coordinates of maximal tori of SO(m;) and

SO(mg) respectively. Since
CN=C"eAreC™ oA,
we can set
e if my, mo are even,
=0;, + A\, =05 + A,

M —1)25 11k My 25 =14 (jo—1)25 14k

where 1 < j; <™ 1<jo <™ and 1 <k <2571
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e if m; is even and ms is odd,

= . + T T = /' .
k — 9]1 + Ak 9 nm12§71+(j2_1)2§71+k — sz + Ak 3

A (3.4)

My —1)25 1+
M2 =14 m2)28 1y =

where 1 <ji < %L 1< jp <[] 1<k <27 and 1<1<257%

2
e if my is odd and my is even,
_0n. + ., _ Tt
Nejy—1)28 14k = O + Aes Mmijps =14y = A
_q -
Mmijes 140524 (j—1)28 4k T 05, + Ae» (3.5)

where 1 < ji < [%], 1 <ja < 72, 1<k<25land1<Il<252
e if my, mao are odd,
_p. + i ot
Tn=128 4 = s n[%]ﬁ*hrl = A

p— / - T r r = -
Mmijos—1405 24 (jo—1)28 "4k 05, + Ak s Mmijos =105 24 m2]05 14y AL

where 1 < i <[], 1< jp < [%2], 1<k <23 tand 1 <1<2372

3.2 The Spin representation when r = 3, 4, 6, 8

The elements of the finite subgroups involved in the structure groups of almost-Cl1%-Hermitian
manifolds actually belong to maximal tori. Thus we can calculate their effect on representations
in terms of the weights we just described. In this subsection, we examine the cases when the
structure group does not embed into Spin(V).

3.21 r=3

Recall (3.2), which in this case is

¥1 $1
mj-1=0;+ 5 my=0;—
so that the weights of the spin representation are
m 2m 0, +% 0, +% 0, - % 0, - %
N I g2 _
2 2 Z 2 Z 2 + Z 2 Z 2
jeh jen Jj€l2 jels

where Iy, Io C {1,...,m}, and I; = {1,...,m} — I; denote their complements, j = 1,2. The
element (—Idgy,, —1) € Sp(m) x Spin(3) corresponds to the parameters

0; =, p1 =27,
for 1 < j < m, so that such a sum is equal to
2|1 |m —mm
and the effect of (—Idg,,, —1) on each weight line is
e "M = (=1)™.
Thus, (—Idaym,,—1) € Sp(m) x Spin(3) acts trivially on Ay, if m is even and as multiplication

by (—1) if m is odd.
Thus, in order to have a twisted Spin representation
Ay @ N"C™ @ (A3)®*
of %, the exponents must satisfy m +u + s =0 (mod 2), which is a well known fact
for almost quaternion-Hermitian manifolds [21].
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3.22 r=4
By (3.3), the weights of the spin representation are

m Lt "2m1+2mo

+—
2 2
9j1 + g01—5<,02 €j1 + <PH2-502 0j1 + _%012_4/32 6j1 + —(p12—<p2
-y A S M s MR s bt
J1€h 1€ J1€l2 J1€l2
9/ + 501+<,02 9/ 4 <,01+L,02 9/ + Y1 — <,02 9/' + ©1—P2
ZJ2 2 ZJ2 2 J2 2
5 IS DI
Je€l] jo€l] J2€l4 Je€ll

where I1,Io C{1,...,m1} and I}, I, C {1,...,ma}.

e The element (—Idgy,,, —Idom,, —1) € Sp(m1) x Sp(mz) x Spin(4) corresponds to the pa-
rameters

0;, =, 9;2 =, p1 =27, w2 =0,
so that such a sum is equal to
T(2[L] = m1 + 2|I3] = m2)
and the effect of (—Idgy,,, —Idam,, —1) on each weight line is

e—iw(m1+m2) _ (_1)m1+m2'
e The element (Idgp,, —Idam,,vols) € Sp(mi) x Sp(msa) x Spin(4) corresponds to the pa-
rameters
ejl = 07 9‘/]2 = 7T7 QO]. = 7T7 802 = ﬂ-)
so that the effect of (Iday,,, —Idam,, vols) on each weight line is

efiwmg — (_l)mg )

e The element (—Iday,,Idam,, —voly) € Sp(mi) X Sp(mse) X Spin(4) corresponds to the
parameters

ejl =, 9;2 =0, Y1 =T, Y2 = —T,
so that the effect of (—Idam,,, Id2m,, —vols) on each weight line is

efz'wml _ (_1)m1.

Thus, in order to have a twisted Spin representation
A4(m1+m2) ® /\u1 Cle ® /\u2C2m2 ® (AI)G@s ® (AZ)@
of

Sp(m1) x Sp(ma) x Spin(4)
{:E(Idgml s Id2m2, 1), :E(Idgml s —Id2m2 y V014)} ’

the exponents must satisfy

mi+u +t=0 (mod 2), mg +ug +s =0 (mod 2).
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3.23 r=26

By (3.1), the weights of the spin representation are

m TI8m
4y Bm
2 2

_ Z 03’ + —<P1+<2pz+<ﬂ3 B Z 9], + —<p1+;02+§03 N Z 9], + <p1—<p22+¢>3 B Z 9], + 301—<,922+<p3
, 2 ~ 2 “ 2 - 2
Jjeh jeh jelz jelz
Qj 4 % gj + %01+9022*%03 9j + fcpréozﬂps 9j + *4{?1*;,02*503
P Y I S A Y R

Jel3 jelz Jj€ls jely

where I, I, I3, I, C{1,...,m1}.
e The element (—Id,,, —1) € U(m) x Spin(6) corresponds to the parameters
b; =, p1 = 2m, w2 =0, w3 =0,
so that its effect on each weight line is

6—2z7rm - 1.

e The element (ild,,, —volg) € U(m) x Spin(6) corresponds to the parameters
0‘727 Y1 = -7, Y2 =T, Y3 =T,
so that its effect on each weight line is
efiwm — (_1)m.
Thus, in order to have a twisted Spin representation

Agm @ N"'C" @ NC™ @ (AP @ (Ag)*

U(m) xSpin(6)
of {i(Idm,l),iX(iIIzim,—volg)

T the exponents must satisfy

up+uz+s+t=0 (mod 2), 2m +u; +3ug + s+ 3t =0 (mod 4),
2m +3u; +uz +3s+t =0 (mod 4).

3.24 r =28
By (3.5), if m; + 1 = mg = 0 (mod 2), the element (Id,,, —Id,, volg) € SO(m1) x SO(ms) x
Spin(8) corresponds to the parameters

0;, =0, 0, =, Q1 =2 =p3=p4 =T,

and its effect on each weight line is mutiplication by —1. Thus, we can have twisted Spin
representations

As(m1+m2) Q /\ul(le ® /\UQ(CmQ ® (Aér)@s ® (Ag)@)t
of

SO(m1) x SO(m2) x Spin(8)
{(Idp;, Iy, 1), (Idsmy , —Ids,, volg)}

if ug+t=1 (mod 2) and u;,s € N.
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Similarly, by (3.4), if m; =mg + 1 =0 (mod 2), we can have twisted Spin representations
As(m1+m2) ® /\m(cml ® /\UQCmQ ® (Ag-)t}?s ® (Ag)®t

of

SO(mq) x SO(mg) x Spin(8)
(I, Idmy, 1), (—Idyy, Iy, —vols) )

if uy +s=1 (mod 2) and ug,t € N.

3.3 Twisting representations

For most r, almost—Clg—Hermitian manifolds are Spin [1, Theorem 4.1]. In particular, this is the
case when r > 5 and r # 6, 8. Thus, we only need to choose suitable representations of the
structure group G to twist the spinor bundle:

e For r =1, 7 (mod 8) our candidates are
A'C™ @ A%S SUC™ @ AP,
They are representations of the structure group when

u+s=0 (mod 2) if m is even,
u,s € N if m is odd.

e For r =3, 5 (mod 8) our candidates are
/\UCZm ® A?s, SU(CQm ® A?s
They are representations of the structure group when

u+s=0 (mod 2).

e For r =4 (mod 8) our candidates are
ARCP o AT @ (AD) 5 (4;)°,
Su1c2m1 ® Su2c2m2 ® (A;F)(X)s ® (Ar_)®t

They are representations of the structure group when

uz +s=0 (mod 2), up +t=0 (mod 2).

e For r =2 (mod 8), r # 2, our candidates are
/\ul(cm ® /\uz(cim@) (A:r)(@s ® (A;)®t, Sul(cm ® Su2@® (Aj)®s ® (A;)®t
They are representations of the structure group when

up +uz+s+t=0 (mod 2), u1 +3ug +3s+t =0 (mod 4),
3ui +ug+s+3t =0 (mod 4).
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e For 7 =6 (mod 8) our candidates are
A“C™ @ ACm @ (AN @ (A7), SUC™ ST @ (A% @ (A%

T

They are representations of the structure group when

up +uz+s+t=0 (mod 2), up +3ug + s+ 3t =0 (mod 4),
3u; +u2+3s+t=0 (mod 4).

e For 7 =0 (mod 8) our candidates are
ATCM R ARC™ @ (AT @ (A7),
SUIC™ @ S“2C™2 @ (A% @ (A;)®.

They are representations of the structure group when

if m; =mge =0 (mod 2),

ug +t=0 (mod 2)
u; +s=0 (mod 2)

t=0 d2
{u2+ (mod 2) if m1+1=me =0 (mod 2),

u, s €N
,t €N .
2 if my =mae+1=0 (mod 2),
u; +s=0 (mod 2)
ui,u2,s,t € N if m; =mg =0 (mod 2).

4 Index calculations

In this section, we recall the definition of twisted Dirac operators, how to apply the Atiyah—
Singer fixed point formula [4], (infinitesimal) automorphisms of almost-Cl%-Hermitian manifolds
and prove the vanishing Theorems 4.7, 4.8 and 4.9.

4.1 Rigidity of elliptic operators

Definition 4.1. Let D: I'(E) — I'(F) be an elliptic operator acting on sections of the vector
bundles E and F' over a compact manifold M. The index of D is the virtual vector space
ind(D) = ker(D) — coker(D). If M admits a circle action preserving D, i.e., such that S* acts
on F and F, and commutes with D, ind(D) admits a Fourier decomposition into complex 1-di-
mensional irreducible representations of S ind(D) = Y a,, L™, where a,, € Z and L™ is the
representation of S' on C given by A — A™. The elliptic operator D is called rigid if a,, = 0 for
all m # 0, i.e., ind(D) consists only of the trivial representation with multiplicity ag.

Let us recall three examples.

Example 4.2. The deRham complex
d+d: Qever Qodd

from even-dimensional forms to odd-dimensional ones, where d* denotes the adjoint of the
exterior derivative d, is rigid for any circle action on M by isometries since by Hodge theory
the kernel and the cokernel of this operator consist of harmonic forms, which by homotopy
invariance stay fixed under the circle action.
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Example 4.3. The signature operator on an oriented manifold
ds: QF —QF

from even to odd complex forms under the Hodge * operator is rigid for any circle action on M
by isometries since the kernel and cokernel of this operator consist of harmonic forms.

Example 4.4. The Dirac operator on a Spin manifold is rigid for any circle action by isomet-
ries [3].

4.2 Twisted Dirac operators

In this subsection, let M be a 4n-dimensional oriented Riemannian manifold. M is Spin if its
orthonormal frame bundle Pso(4,) admits a double cover by a principal bundle Pgpin(4,) with
structure group Spin(4n), which gives rise to the spinor bundle

PSpin(4n) X1 Agnp.

The Levi-Civita connection on Pso4,) can be lifted to Pspin(4n) to define a covariant differentia-
tion V on A

V: I(A) — D(T* @ A),

and the (elliptic and self-adjoint) Dirac operator

4an
P(y) = Zel Ve, ¥
i=1
for ¢ € I'(A), where (eq,...,e4n) is a local orthonormal frame. Since the spin representation

decomposes, the Dirac operator can be split into two parts
P: I'(Ay) — T'(AL), P*: T(A-) — T(Ay).
We are interested in Dirac operators with coefficients in auxiliary vector bundles F' equipped
with a covariant derivative V¥': I'(F) — I'(T* ® F). The Dirac operator twisted by F' (or with
coefficients in F)

(PRF): T(AL®F) —T(A_®F)

is defined by
4n ' 4n ‘
PeF) (e f)= (Z ¢ VEi@b) ©f+> nleep)avlf,
i=1 i=0

where ¢ € I'(A), f e I'(F).

Remark 4.5. If the manifold is not Spin, there may exist well defined twisted spinor bundles
(as above), as it happens when the structure group of M reduces to a subgroup of SO(4n) and
A4y, ® F is a representation of such subgroup.
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4.3 Index formula and localization

Let M be an compact 4n-dimensional oriented Riemannian manifold. Let us assume that the

bundle
A477, &® F

is well defined, where we will use the same symbol to denote the representation and the associated
vector bundle, where the dimg(F') = p. Since Ay, ® F' is a Clifford bundle, by the Atiyah—Singer
index theorem [5, 20], the index of the twisted Dirac operators can be computed as

ind(f © F) = (A(M)ch(F), [M]),

where ch(-) denotes the Chern character, A(M) denotes the A-genus, and [M] denotes the
fundamental cycle of M. In terms of formal roots,

C(TM@’(C) (T+m)(X—=m) - (14 n2n) (L = m20),
p(TM) = (1+n7) - (1+n3,),
C() L4+v1) - (1+1p),

M=

ind(p® F) = <Z " H IR 71-» }>

i=1€2 —¢€

/‘\

If M admits a non-trivial S! action that lifts to A4, ® F, the equivariant version of the index
can be written in terms of the local data of the S!'-fixed point set M ', More precisely, let
z € S' be a generic element of S'. By the Atiyah-Singer fixed point theorem [4, 5]

ind@eF).= Y uP2)

pPcMSt

where u(P, z) is the local contribution of the oriented fixed point submanifold P C M 51, which
can be computed as follows. The S action on M induces a decomposition of TM over P,

TM|p=>_ N, (4.1)
P

where N, is a bundle over P whose fibers are representations of S* on which z € S! acts as an
automorphism with multiple eigenvalue z*, k € Z. Note that P inherits an orientation since M
is oriented and the bundles Ny for k # 0 are naturally oriented. Formally, by means of the
splitting principle, we can write

TM’P — E‘h + -+ E‘Hn’ (42)

where £ corresponds to the standard representation of S on C, so that z € S! acts by multi-
plication by z% on L£%. The integers ¢; = ¢;(P) € Z are the exponents of the action at P, which
correspond to the aforementioned numbers k. Thus, following [14, p. 67],
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where ny = ni(P) are the exponents of the action on F' restricted to P. The function u(P, z) is
a rational function of the complex variable z with zeroes at 0 and oo as long as

mil < 5 (aa(P)] + -+ laan(P)) (13)

for all 1 < k < p. If such a condition is fulfilled for all P € MS', then ind(P ® F), is a rational
function of z with zeroes at 0 and co. Notice that ind(P® F'), also belongs to the representation
ring R(S') of S', which can be identified with the Laurent polynomial ring Z[z, 2~!]. Hence,
by Lemma 2.5,

ind(d® F) =ind(p ® F); =0,

(A(M)ch(F),[M]) = 0.

4.4 A\—genus of almost—Clg—Hermitian manifolds

Given a 4n-dimensional Riemannian manifold, according to the splitting principle with respect
to the maxinal torus of SO(4n), its complexified tangent bundle splits formally as follows

TMRC=L L' ® - © Ly ® Ly}
and, therefore,

(TM®C)=(1+z1)(1—a1) (1 +22,)(1 — 295) = (L = 2) -+ (1 — 23,,)
and its Pontrjagin class is

p(TM) = (1+a3)-- (1 +23,),

and the /T—genus is given by

2n

~ o :Ei/2 . xX;
Aon =11 g = Hl T ——h

In the following, we will set z; = n; from Section 3.1.

44.1 r=1,7 (mod 8)

The g—genus is given by

(] 2l5]
~ 0;+ A
_ J k
AM) = 0+ 7Y
j=lk=1€ 2 —e 2
if m is even, and
(%] 2l] olgl-1
A\(M) - 0; + A\ Al
- 9J+Ak _€j+’\k ﬁ _ﬁ
j=lk=1€" 2 —e 2 |=1 €2 —e 2

if m is odd.
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4.4.2 r=2,6 (mod 8)

The E—genus is given by

/

m 2%7
0; )\+
H + — if r =2 (mod 8),
9 +)\ 9j+)\k
Ay =7t =t —e 2
m 22 0; + Ay
HH — if r =6 (mod 8).
_0ity
J=1 k=1 — €

4.4.3 r=3,5 (mod 8)

The ﬁ—genus is given by

m 2[%]
B 0; + A\
- H H 05 +2k _ 0t T
2

j=k=1€ 2 —e

4.4.4 r =4 (mod 8)

The ﬁ—genus is given by

i,l r_1
mi 22 + meo 22 / —
-1 1T - DT
4 +)\+ 9j1+)\: ' 0 AL o) AL ’
J1=1 k=1 — e 3 jo=1 k=1 e 22 e 22
4.4.5 7 =0 (mod 8)
We can set
e if my, mo are even,
my g m2 2%-1 ,
2 ] + 2 . -
aon =1L - 1 e
9; +>\+ 6 +AT 0! AT o) Ry ?
21 ke —gE =0 k=1 2R
- - — e 2 J2= =l e 2 —e 2
e if m; is even and ms is odd,
my z, m21,L—1 r_o
5= 22 + (2] 22 / - 23 _
Ao =TT T - ot ] T | ST B
9; +A+ 6j1+>\ZT o,y o +xy A A !
1=1 k=1 5 jo=1 k=1 J2 — )2 =1 p 5 — p— 5
e 2 J2 e 2 —e 2 € e
e if my is odd and my is even,
ﬂ 951 r_2 mg r_q
2 122 ) + 22 + 2 22 / —
A = H IR IR
- + . + + + ’ — ’ -
e u ot n AL A ST Tt Yt
== —e€ 2 =l e2 —e 2 nTLREEL o773 —e 2
e if my, mo are odd
(5] 251 252
h 2 0;, + A AF
(M) = H H 0. +AT 0. +AT H At At
-7 J1 k _ N k 2l _
n=lk=1 773 _¢ 2 =1 ¢27 —e 2
[5%] 2% / - 252 _
< H 9” + A Al
- 0’ +AL 0’ AL A A7
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4.5 Infinitesimal automorphisms

An automorphism of an almost—Clg—Hermitian manifold M is an isometry which preserves the al-
most even-Clifford Hermitian structure. A vector field X on M is an infinitesimal automorphism
if it is a Killing vector field that preserves the structure, i.e., locally

LxJij = Z a;(flj)Jk:l,
k<l

for some (local) functions a,(gj), where Ly denotes the Lie derivative in the direction of X.

Consider
Lx(Jij(Y)) = (LxJij)(Y) + Ji; (LxY),
which can be written in terms of the Levi-Civita connection V as follows

Vx(Jij(Y)) Z Qy, Jkl —l— Jij<VXY — VyX).
k<l

Now, if p € M is such that X, =0,

VX = D T (Y) - Jij(Vy X),
k<l
ie.,
i, VXI(Y) = > e da(y
k<l

Hence, (VX), is a skew-symmetric endomorphism such that

Vi, VX] = 3 al .
k<l

i.e., (VX), belongs to Lie algebra of the structure group of M [1, 2].
We will say that a smooth circle action on an almost—Cl?—Hermitian manifold is an action by
automorphisms if the corresponding Killing vector field is an infinitesimal automorphism.

Example 4.6. The 16-dimensional symmetric space

Fy
Spin(9)

has an almost-Cl-Hermitian structure admitting S actions by automorphisms [10].

4.6 Exponents of the S! action

In this section, let M be a compact, rank r almost even-Clifford Hermitian manifold with a non-
trivial (effective) S' action by automorphisms. Let P C M?® " be an $'-fixed submanifold. The
corresponding infinitesimal isometry X is such that (VX), € so(NN) at any fixed point p € P.
This corresponds to the induced action of S' to T,M, and such a circle lies in a maximal
torus. The tangent space at p decomposes as in Section 4.3. In fact, we can now be more
precise about these exponents. By Section 4.5, (V.X),, belongs to a Cartan subalgebra of the Lie
algebra of the structure group, and we can assume that the decomposition (4.1) is compatible
with a decomposition such as (4.2) into complex lines with respect to a maximal torus of such
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a group. Hence, we can read off the exponents of the action with respect to the weights given
in Section 3.1:

r (mod 8) +q¢;
0 tihi e 1< <[5, 1<k <2lsl2
(425 | 1<) | (Qsi<2
LT () 1< <[] 1<k <ol
(1 << 2[%]—2)
9,6 | bEhL “LEh 1<j<m 1<k <olz2
3, 5 tithe 1<j<m 1<k <25
4 %,@ 1<ji<m,1<ja<mg| 1<k<2lB72

. T t; 1
where m, my, mz denote the corresponding multiplicities. Here, the numbers 3, < are the

exponents corresponding to the complex representations E, F1, Eo described in Section 2.3.1,
f;j are the exponents for the SO(r) representation for 7 odd or PSO(r) representation for r even,
hj, denote the numbers

h+- %Sy
in some order for r odd, and hf denote the numbers
thE-- £/

with an even or odd number of negative signs respectively, listed in some order for r even.

4.7 Vanishing theorems
In this section, we give the main details of the proofs of the vanishing theorems.

Theorem 4.7. Let M be a compact N-dimensional almost-C12-Hermitian admitting a smooth
circle action by automorphisms, r > 3. Let E, E1, Es be the (locally defined) bundles described
in (2.4), m, my, mo the corresponding multiplicities and u, uy, ua, s, t be non-negative integers
satisfying the conditions given in Sections 3.2 and 3.3. Then,

o forr=1,7 (mod 8), if 0 <u+s<[Z]
(ch(A"E)ch(A,)* A(M), [M]) = 0;

e forr=3,5 (mod 8), if 0 <u+s<m,

(ch(A"E)eh(A,)*A(M), [M]) = 0;

o forr =0 (mod 8), if 0 <wuy +s <[], 0 < g+t < [F2],
(ch(A" E1)ch(A" Ea)ch(A[)*ch(A; ) A(M), [M]) = 0

o forr=2,6 (mod 8), if 0 <uj+s<mand 0 <ug+t<m, orif 0 <wu;+t<m and
0<us+s<m,

o~

{ch(A" B)ch(A"E)ch(A)ch(A;) A(M), [M]) = 0;
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o forr=4 (mod 8), if 0 <up+s<my and 0 < wug +1t < mg,

(ch(A" E1)ch(A" Ea)ch(A[)*ch(A7) A(M), [M]) = 0.

If the inequalities are not strict, the indices are rigid.

Proof. Since the S! action is by automorphisms of the almost even-Clifford Hermitian struc-
ture, the action lifts to the bundles associated to the structure group, such as the twisted spin
bundles we are considering. Given that the arguments are similar in all cases, we will only
describe the calculation for r = 1, 7 (mod 8) and m even.

Let P ¢ MS' be an S'-fixed submanifold. By Section 4.5, over P the circle group of
automorphisms maps non-trivially to the structure group SO(m)Spin(r), so that the fibers of
the bundles Ay ® A"E ® A%* over points of P decompose as sums of representations of S'.
Recall that

D SR

1< < <in <2 2]
where
Vi =05 Ve =05 J=1...,[m/2].
Thus, the exponents of the twist will be of the form

(Z(—l)fatia + Z(—l)ébhlb> ,
b=1

a=1

N

where 0 < ¢ < u, 4,0, € {0,1}. There are two points to verify in the proof: firstly, that the
contributions p(P, z) are rational functions and, secondly, that the exponents of the twisting
bundles and the tangent space satisfy the inequality (4.3).

The first one follows from the fact that the fibers of the bundles Ay ® A“E @ A®® over P
decompose as sums of representations of S'. Formally, according to the splitting principle, if

TM.=LioL{'®--- ® L2 @L;;}y

then
(V2 -1/2 1/2 —-1/2
AN—( oLy )®"'®(LN/2@LN/2)

so that the S'-exponents on these lines will be of the form

> (itjj;h’“) +) <i}1> .

The bundle Ay @ A“E ® A®$ will have integer exponents over P of the form

;(zc: satzaJrZ 5”hzb> +Z< Wt +hk>

a=1 ;720
+q§0< _h’“> +ql§)<(—1)@};’>.
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Thus, the powers of z in each summand of p(P, z) can be rearranged in order to show that such
a summand is a product of rational functions such as the one described in Lemma 2.5.
For the second point, it is sufficient to consider the exponents of the form

% (Z(—l)%ia + shk> .

a=1

Since u + s < [%], there exists an s-tuple of indices j; < --- < js such that {ji1,...,js} C

{1,....[®]} - {ir,....iu}. Thus,
5 hk+tjb hk_tjb
( 2 + 2

- . “ (A he i, — by
D (1)t £ shp| = > (=1)° ( 5 ) -
a=1 b=1
)+ )
=1

a=1
< z(
m + h olr/21-1
SZ i+ Nk < Z
i=1

N/2

<D lael,
c=1

which is the corresponding version of the inequality (4.3) in Section 4.3 |

—l-hk —hk k-f—tjb

hi —tj,
2

»—tO“

— hk t; -I- hl ti— hy

2

Theorem 4.8. Let M be a compact N-dimensional almost-C12-Hermitian admitting a smooth
circle action by automorphisms, r > 3. Let E, E1, Es be the (locally defined) bundles described
n (2.4), m, m1, my the corresponding multiplicities and u, uy, ug, s, t be non-negative integers
satisfying the conditions given in Sections 3.2 and 3.3. Then,

o forr=1,7 (mod 8), if 0 <u+s < [F] and u < olzl-1,

(ch(S“E)ch(A,)*A(M), [M]) = 0;

7

e forr=3,5(mod &), if 0 <u+s<m and u < 25171,

(ch(S“E)eh(A,) A(M), [M]) = 0;

e forr =0 (mod 8), if 0 <wuy +s <[], 0 <wug+t <[] and uy,uz < <2l

(ch(S™1 Ey)ch(SY2 Ey)ch(AF ) ch(A; )T A(M), [M]) = 0;

e forr =26 (mod 8), iful,u2§2[%}72 and one of 0 <up+s<m, 0<us+t<mor
0<uy1+t<m,0<us+s<m,

(ch(S™ E)ch(S“E)ch(Af)*ch(A;)LA(M), [M]) = 0;

o forr=4 (mod 8), if 0 <up+s<my, 0<wug+t<me and uy,uy < 215172,

(ch(S™ Ey)ch(S" Ey)ch(A;)*ch(A; ) A(M), [M]) = 0.

If the inequalities are not strict, the indices are rigid.
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Proof. We will only describe the relevant changes to the calculation for » = 1, 7 (mod 8) and m
even. Let P C MS" be an S'-fixed submanifold. Recall that

Ch(SuE) = Z eﬂil +- 0y,

1<y <<y <2[ ]

)

where

ﬁjzej, ﬁ[m/g]ﬂ-:—ﬁj, jzl,...,[m/Q}.
Thus, the exponents of the twist will be of the form
1 u S
HOSEIEAS e
a=1 b=1
where e,4,0;, € {0,1}. It is sufficient to consider the exponents of the form
1 u
3 (Z(nfatia + shk> .
a=1

Among them, there are two extreme types, namely the ones equal to exponents of the exterior
powers which we already know how to deal with, and the ones such as ut;. For such an exponent,
consider

5l-1

“ t1+ hy tl—hl tl—f-hl tl-l-hl t1 — hy
e = [34% -5 2
=1 =1 =1
(5] ol5l-1 N/2
t1 + hl t
<> Z Z\qc
j: :
if u < 20/2-1, u

Theorem 4.9. Let M be a compact N-dimensional almost-C12-Hermitian admitting a smooth
circle action by automorphisms, r > 3. Let E, E1, Es be the (locally defined) bundles described
n (2.4), m, my, mg the corresponding multiplicities and w;, v;, u;, v, s, t be non-negative
integers satisfying analogous conditions to those given in Sections 3.2 and 3.3. Then,

o forr=1,7 (mod 8), if

and
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e forr=3,5 (mod 8), if
0§Zui+2vj+s<m
i=1 j=1

and
b
a+ Zvi < 2[%}_1,
i=1
a b R
<ch(® AN"E®Q)SYE® (A,,)®S> A(M), [M]> =0;
i=1 j=1
e for r =0 (mod 8), if

b b c d
mi ma
OSE uz-—l—é Uj+3<|:?j|, OSE u;—i-g v}+t<[7}
i=1 Jj=1 =1 j=1
and

b d
a+ Zvi,c + Zv; < olzl=2,
i=1 i=1

a b c d
<ch<® N"E ® ® SYE; ® ® /\%Ez ® ® SYi By
i=1 j=1 k=1 =1

© (AD® ® <Ar>®t)ﬁ<M>7 [M1> 0.

e forr =2 (mod 8), if

b

d
a+Zvi, c+ng§2[%]_2,
i=1

=1

and

b b d
0§2u¢+2vj+s<m, Ogiu;+2v;+t<m
i—1 =1

i=1 j=1
or

b

d
OSZui+Zvj+t<m, ngc:u;+Zv;+s<m,
i=1 j=1

i=1 j=1

(e

1=

b c d
NES@57Ee @NE s @S
1 j=1 k=1 =1

© (AD® ® <A;>®t)ﬁ<M>, [M1> 0
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o forr =4 (mod 8), if

b

b c d
OSZui+Zvj+s<m1, 0§Zu§+21};+t<m2
i=1 j= i—1 j=

and

b d
CH—ZW, C—|—ZU;§2[%]_2,
i=1 i=1

a b c d
(o @N"E e @55 0 @Nrr0 @i
i=1 j=1 k=1 =1

~

® (AN ® <A;>®t)A<M>, [M1> —0.

If the inequalities are not strict, the indices are rigid.

Remark 4.10. When r = 3, Theorems 4.7 and 4.8 return the vanishings for almost quaternion-
Hermitian manifolds proved in [12].

Remark 4.11. Theorems 4.7, 4.8 and 4.9 do not restrict to the well known vanishings for almost
Hermitian manifolds proved in [11], which require a divisibility condition on ¢;(M). This is due
to the fact that the structure group of a 2m-dimensional almost Hermitian manifold is U(m)
instead of

U(m) x Spin(2)
{:E(Idg, 1), :t(ildg, —V012)} ’

Remark 4.12. For r # 3,4, 6, 8, an almost—Cl,Q—Hermitian manifold is Spin (see [1, Theo-
rem 4.1]). Thus, for u = u; = uy = s = t = 0, the vanishings in the theorems restrict to
Atiyah—Hirzebruch’s vanishing.
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