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Abstract. We present, among other things, a necessary and sufficient condition for the
strict positive definiteness of an isotropic and positive definite kernel on the cartesian
product of a circle and a higher dimensional sphere. The result complements similar re-
sults previously obtained for strict positive definiteness on a product of circles [Positivity,
to appear, arXiv:1505.01169] and on a product of high dimensional spheres [J. Math. Anal.
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1 Introduction

The theory of positive definite and strictly positive definite kernels on manifolds and groups
can not be separated from the seminal paper of I.J. Schoenberg [17] published in the first
half of the past century. The major contribution in that paper refers to kernels of the form
(z,y) € S™ x 8™ — f(z-y), in which - is the usual inner product of R™*! and the “generating
function” f is real and continuous in [—1,1]. The kernel is positive definite if, and only if, the
generating function f has a series representation in the form

F) =) aPP(t),  tel-11],
k=0

where all the coefficients a* are nonnegative, P/ denotes the usual Gegenbauer polynomial of
degree k attached to the rational number (m —1)/2 and ), aj* P[*(1) < oo. The normalization
for the Gegenbauer polynomials used here is

P7(1) = (”*’:”), n=0,1,....

Recall that the positive definiteness of a general real kernel (z,y) € X2 — K(z,y) on a nonempty
set X, demands that K(z,y) = K(y,z), =,y € X, and the inequality

n
Z cuc K (zy,20) > 0,
p,v=1

whenever n is a positive integer, x1, o, ..., 2, are n distinct points on X and cj,co,...,c, are
real scalars. For complex kernels we do not need the symmetry assumption and we have to use
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complex scalars instead. Isotropy on S™ refers to the fact that the variables x and y of S™ are
tied to each other via the inner product of R+

Some fifty years later, the very same positive definite functions were found useful for solving
scattered data interpolation problems on spheres. But that demanded strictly positive definite
functions, and thus a characterization of these functions was needed at the start. We recall that
the strict positive definiteness of a general positive definite kernel as in the above definition
requires that the previous inequalities be strict whenever at least one ¢, is nonzero. In other
words, the interpolation matrices [K(zyu,x,)]}, ,—; of K at each set {x1,22,...,2,} need to
be positive definite. The strict positive definiteness on spheres was an issue for some time
until Schoenberg’s result was complemented by a result of Debao Chen et al. in 2003 [6] and
by Menegatto et al. [14]. A real, continuous, isotropic and positive definite kernel (z,y) €
S™ x 8™ — f(x-y) is strictly positive definite if, and only if, the following additional condition
holds for the coefficients in Schoenberg’s series representation for the generating function f:

— (m=1) the set {k € Z: a|1k| > 0} intersects each full arithmetic progression in Z;

— (m > 2) the set {k: a]* > 0} contains infinitely many even and infinitely many odd
integers.

As a matter of fact, positive definite and strictly positive definite functions and kernels on
spheres play a fundamental role in several other applications. For instance, two recent papers
authored by Beatson and Zu Castell [3, 4] provide new families of strictly positive definite
functions on spheres via the so-called half-step operators, a spherical analogue of Matheron’s
montée and descente operators on R™*+!. Additional applications are mentioned in [5, 10].

The spheres belong to a much larger class of metric spaces, that is, they are compact two-point
homogeneous spaces. Positive definiteness on these spaces in the same sense we explained above
was investigated by Gangolli [8] while strict positive definiteness was completely characterized
in [1].

In 2011, the paper [7] considered strictly positive definite functions on compact abelian
groups taking into account a paper on strict positive definiteness on S' previously written by
X. Sun [19]. Among other things, the paper included abstract characterizations for strict positive
definiteness on a torsion group and on a product of a finite group and a torus.

In the past two years, the attention shifted all the way to positive definiteness on a product
of spaces, the main motivation coming from problems involving random fields on spaces across
time. The first important reference we would like to mention along this line is [5], where the
authors investigated positive definite kernels on a product of the form G x S™, in which G is an
arbitrary locally compact group, keeping both the group structure of G and the isotropy of S
in the setting. Let us denote by e the neutral element of G, * the operation of the group G
and by u~! the inverse of u € G with respect to *. The main contribution in [5] states that
a continuous kernel of the form ((u, z), (v,y)) € (G x S™)? — f(u~!*v,z-y) is positive definite
if, and only if, the function f has a representation in the form

flut) =Y fR@PRE),  (ut) € G x[-11],
n=0

in which {f}"} is a sequence of continuous functions on G for which » f/*(e)P*(1) < oo, with
uniform convergence of the series for (u,t) € G x [-1,1]. As a matter of fact, the functions f"
are positive definite on G in the sense that the kernel (u,v) € G?> — f™(u~! % v) is positive
definite as previously defined. The paper [5] did not considered any strict positive definiteness
issues. It is worth to mention that [5] may be linked to [9] where the reader can find a possible
reason for considering positive definiteness on a product of a locally compact abelian group with
a classical space.
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Simultaneously, positive definiteness and strict positive definiteness on a product of spheres
was investigated in [11, 12, 13]. A characterization for the isotropic and positive definite kernels
on S™ x SM was deduced in [12] and that agreed with the characterization mentioned in [5] and
also with [18, Chapter 4]. By the way, a real, continuous and isotropic kernel ((z, z), (y,w)) €
(8™ x SM)2 — f(x-y,z-w) is positive definite if, and only if, the function f has a double series
representation in the form

o0
flt,s) =" apM PP (s),  tse-1,1], (1.1)
k=0

o0

in which a';"' >0, k,1 € Z, and klzanf;M PM(1)PM(1) < oo. As before, we will call f the
generating function of the kernel. 7

One of the main theorems in [11] reveals that, in the case in which m, M > 2, a positive
definite kernel as above is strictly positive definite if, and only if, the set {(k,1): aZfl’M > 0}
contains sequences from each one of the sets 2Z x 2Z, 27, x (2Z4+ + 1), (2Z4+ + 1) x 2Z,
and (2Z4 + 1) x (2Z4 + 1), all of them having both component sequences unbounded. The
very same paper contains some other intriguing results related to strict positive definiteness,
including a notion of strict positive definiteness that holds in product spaces only. In the case
m = M = 1, the condition becomes this one [13]: the set {(k,l): a\ll;\l,|l| > 0} intersects all the

translations of each subgroup of Z? having the form {(pa,gb): ¢,p € Z}, a,b > 0. Even with
the completion of these papers, it became clear very soon that a similar characterization for the
remaining case, that is, strict positive definiteness on S x S™, m > 2, would demand much
more work, perhaps a mix of the techniques used in [11, 13].

This is the point where we explain what the contributions in this paper are. In the next
section, we present two abstract results that describe how to obtain continuous, isotropic and
strictly positive kernels on S' x S™ via the characterization for strict positive definiteness of
continuous, isotropic and positive definite kernels on either S! or S™ separately. In Section 3,
we present necessary and sufficient conditions in order that a real, continuous, isotropic and
positive definite kernel on S' x S™, m > 2, be strictly positive definite, thus filling in the
missing gap in the previous papers on the subject. In Section 4, we indicate how to obtain
a similar characterization after we replace the sphere S™ with an arbitrary compact two-point
homogeneous space.

2 Abstract sufficient conditions

In this section, we describe two abstract sufficient conditions for strict positive definiteness on
S1 % 8™ both derived from strict positive definiteness on single spheres. The results show that
transferring strict positive definiteness from the factors S' and S™ to strict positive definiteness
of the product S* x S™ is not so obvious as it seems.

Here and in the next sections, we will assume all the generating functions of the kernels are
real-valued continuous functions and that the dimension m in S™ is at least 2. But the reader
is advised that the results hold true for complex kernels after some obvious modifications.

The results to be presented here will depend upon a technical lemma that provides an al-
ternative formulation for the strict positive definiteness of a continuous, isotropic and positive
definite kernel on S* x S™, to be described below. Let (z1,w1), (z2,w2), ..., (2n, w,) be distinct
points on S! x S™ and represent the components in S* in polar form:

x, = (cosB,,sinb,), 6, € 0,2m), w=1,2,...,n.
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Write A to denote the interpolation matrix of ((z,z2), (y,w)) € (S' x S™)2 — f(x-y,z - w)
at {(x1,21), (z2,22), ..., (Tn, 2n)} and consider the quadratic form c!Ac, where ¢! indicates the
transpose of c¢. If the kernel is positive definite, then the addition theorem for spherical har-
monics [15, p. 18] and the representation (1.1) imply that

d m n 2

ctAc:iC(k,l,m Jagy" Z Z e (2)|

k=0 j=1 =1

in which ¢ = (e1,c2,...,¢p), {Yl’;‘ j=1,2,...,d(l,m)} is a basis for the space of all spherical
harmonics of degree [ in m + 1 variables and C(k,l,m) is a positive constant that depends
upon k, [ and m. The deduction of the equality above requires the formulas PO1 =1 and

2
Pkl(cosﬁ):%cosk‘ﬁ, t €0,2m), kE=1,2,....

The equality ¢! Ac = 0 is equivalent to
n .
Zcﬂezw” 1 (2u) =0, j=1,2,....d(l,m), (k,1) € {(k,0): akl > 0}.
pn=1
If this last piece of information holds, we can invoke the addition theorem once again in order
to see that
n .
Zcﬂemeﬂﬂm(zu -z) =0, (k,1) € {(k,1): akl > 0}, ze S™.
pn=1

Finally, if the condition above holds, we can multiply the equality in it by e~* and split the
equation once again via the addition theorem to obtain

d(l,m) n
S ey | V) =0, (kD)€ {(k1): )" >0}, zeS™
j=1 |[p=1

Since {Yl? j=1,2,...,d(l,m)} is linearly independent, we reach
ch )eF0n=0) = o i =1,2,...,d(l k1
wly; ) J=12,...,d(l,m), (,)E{(k‘,l akl >0}

for 6 € [0,27). Multiplying the real part of the equality in the previous formula by cos kf and
integrating in [0, 27r] with respect to 6, we obtain

n
> e Y (za)coskd, =0, j=1,2,....d(1m), (k1) € {(kD):a; >0}
pn=1

Similarly, it is easily seen that
> eV (z)sinkd, =0,  j=1,2,....d(l,m), (k1) € {(k,1): ai" > 0}.
pn=1

The above computations justify the following lemma.

Lemma 2.1. Let f be the generating function of an isotropic and positive definite kernel
on St x S™ and consider its series representation (1.1). The following statements are equivalent:
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(i) the kernel ((z,2), (y,w)) € (S* x S™)?% — f(x -y, z-w) is strictly positive definite;

(ii) if n is a positive integer and (x1,21), (x2,22),. .., (Tn, 2n) are distinct points on S* x S™,
then the only solution ¢ = (c1,c¢a,...,cn) of the system

Zcueike“le(zﬂ -z) =0, (k1) € {(k,1): a,lc’fln > 0}, zeS™,
pn=1

15 ¢ = 0.
A particular case of the lemma is pertinent (see Theorem 2 in [6]).

Lemma 2.2. Let g be the generating function of an isotropic and positive definite kernel on S™
and consider its series representation according to Schoenberg. The following statements are
equivalent:

(i) the kernel (z,w) € (S™)? — g(z - w) is strictly positive definite;

(13) if n is a positive integer and z1, z2, . . ., zn, are distinct points on S™, then the only solution
c=(c1,c2,...,cq) of the system

n
ZcuPﬁ(zwz):O, ke {k:al >0}, zeS™,
p=1
isc=0.
Another consequence is this one (see Theorem 5.1 in [16]).

Lemma 2.3. Let g be the generating function of an isotropic and positive definite kernel on S*
and consider its series representation according to Schoenberg. The following statements are
equivalent:

(i) the kernel (z,y) € (S1)? — g(x - y) is strictly positive definite;

(ii) if n is a positive integer and x1, T, ..., x, are distinct points on S' given in polar form
x, = (cosby,sinf,), p = 1,2,...,n, then the only solution ¢ = (c1,c2,...,cn) of the
system

> e =0, ke {k:a} >0},
pn=1

is ¢ = 0.

If f generates an isotropic positive definite kernel on S x S™. we will adopt the following
notation attached to its double series representation (1.1):

Jp = {(k,1): a;;]" > 0}.

If I is a subset of Z,, we will write I € SPD(S™) to indicate that there exists a continuous
and positive definite kernel (z,w) € (S™)? — g(z - w) for which the set {I: a]" > 0} attached to
the series representation for g in Schoenberg’s result is precisely I. This definition is well posed
once strict positive definiteness does not depend upon the actual values of the numbers ;" in
the series representation for the generating function but only on the set {l: aj* > 0} itself.

The first important contribution in this section is as follows.
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Theorem 2.4. Let f be the generating function of an isotropic and positive definite kernel
on St x S™ and consider its series representation (1.1). If

{k: {l: (k1) € J;} € SPD(S™)} € SPD(S"),
then the kernel ((z, 2), (y,w)) € (ST xS™)2 — f(z-y, z-w) is strictly positive definite on S*x S™.
Proof. We will show that, under the assumption

{k: {l: (k1) € J;} € SPD(S™)} € SPD(S"),

the alternative condition in Lemma 2.1 holds. In particular, the notation employed in that
lemma will be adopted here. Let (z1, 21), (22, 22), . .., (Zn, 2,) be distinct points in S* x S™ and
suppose that

Zcueike“ljlm(zu -z) =0, (k,1) € Jy, zeS™.
pn=1

Let M be a maximal subset of {1,2,...,n} that indexes the distinct elements among the z;.
Writing M, := {u: 2, = zj}, j € M, the previous equality becomes

Z Z e | P (2 - 2) = 0, (k,1) € Jy, zeS™.
JEM \ peEM;

In particular,

S D e | Pr(z-2) =0, 1e{l: (kD) e}, zeST
JEM MEMJ‘

whenever k£ € {k: {l: (k,l) € Jr} € SPD(S™)}. Since the z; in the expression above are all
distinct, Lemma 2.2 yields that

> cue™ =0, ke {k:{l: (k1) € J} € SPD(S™)},
peM;

for every j € M. An application of Lemma 2.3 for each j plus the help of our original assumption
leads to ¢, =0, p € Mj, j € M. But this corresponds to ¢ = 0. |

In a similar manner, but with slightly easier arguments, the following cousin theorem can be
proved.

Theorem 2.5. Let f be the generating function of an isotropic and positive definite kernel
on S x S™ and consider its series representation (1.1). If

{l: {k: (k,1) € J;} € SPD(S")} € SPD(S™),
then the kernel ((x, 2), (y,w)) € (S'xS™)? — f(x-y, 2-w) is strictly positive definite on S* x S™.

We close this section presenting realizations for the previous theorems. They follow from the
characterizations for strict positive definiteness on singles spheres described in the Introduction.

Corollary 2.6. Let f be the generating function for an isotropic and positive definite kernel
on S' x S™ and consider its series representation (1.1). Either condition below is sufficient for
the kernel ((z,2), (y,w)) € (S* x S™)% — f(x-y,z-w) to be strictly positive definite:
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(i) Jy contains sequences {(ky,2ly): p,v € Zy} and {(k,, 2L, +1): p,v € Zy} so that

{£ky:peZitn(nZ +j) # 2, j=0,1,....n—1, n>1,
{£k,:peZi N (nZ+j) # 2, j=0,1,...,n—1, n>1,

and

/

lim [, = lim [},, = oo, weZy.

V—r00 V—r00 HY
(i) Jy contains sequences {(kuy,2l,): p,v € Zy} and {(ky,, 20, +1): p,v € Zy} so that

{£kpw:veZ }N(nZ+j) # 2, j=0,1,....n—1, n>1, we Ly,
{:I:k;V:VGZ+}ﬂ(nZ+j)7£®, j=0,1,....,n—1, n>1, [TRSy/

and

. _ . !
uh_}rgo l, = “h_)ngo l, = .
Finally, we would like to point that the previous theorems can be reproduced in other settings,
with or without the presence of isotropy (for example S™ x S™ and the product of S™ and
a torus). Details will not be included here.

3 Characterizations for strict positive definiteness on S' x ™

In order to obtain a characterization for the strict positive definiteness of an isotropic positive
definite kernel on S' x S™, we need to look at the concept of strict positive definiteness in an
enhanced form. We begin this section explaining what we mean by that and introducing the
additional concepts needed.

It is an obvious matter to see that we can write the generating function f of a positive definite
kernel ((z, 2), (y,w)) € (S* x §™)? = f(x -y, z-w) in the form

oo
f(t8) = AP (s),  tse[-1,1], (3.1)
1=0
in which
(o]
A= a'Pht),  tel-1,1, 1=0,1,....
k=0
o0
Since P/™(1) > 1, m > 2,1 =0,1,..., the series ) a,lg’}nP,i(l) < oo converges. In particular,
k=0

each f; is the generating function of a continuous, isotropic and positive definite kernel on S*.
In the statement of the next lemma, we will employ the following additional notation related
to another one we have previously introduced:

I = {l: (k1) € Jg}.
In particular,
UrJf = {l: fi # 0}

Among other things, the lemma suggests how a characterization for the strict positive definite-
ness of an isotropic and positive definite kernel on S' x S™ should look like.
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Lemma 3.1. Let f be the generating function of an isotropic and positive definite kernel
on S' x S™ and consider the alternative series representation (3.1) for f. If p is a positive
integer, x1,T2,...,Tp, are distinct points on S and c is a real vector in RP, then the continuous
function g given by

g(s) = Y A{cfulmi x))I i} P (s), se[-1,1],

lGUkJ]If

generates an isotropic and positive definite kernel on S™. If ¢ is nonzero and the kernel
((z,2), (y,w)) € (ST x §™)2 = f(z-y,z-w) is strictly positive definite, then (z,w) € (S™)? —
g(z - w) is strictly positive definite as well.

Proof. Write ¢ = (c1,c¢2,...,¢p). If 21,20,..., 2z, are distinct points on S™ and di,ds,...,dq
are real numbers, then

q q p
D dudug(zu-z) = Y Y (duci)(due) f (i - 5,2 20).

pr=1 wr=14,j=1

But, the last expression above corresponds to a quadratic form involving f and the pq distinct
points (24, 2,), 1 =1,2,...,p, p=1,2,...,¢, of St x S™. In particular,

q
Z dudyg(zy - 2,) 2 0.
p,r=1

If the real numbers d,, are not all zero and ¢ # 0, then at least one of the scalars d,,c; is likewise
nonzero. Further, if ((z,2), (y,w)) € (S* x S™)? — f(x-y,z - w) is strictly positive definite,
then the quadratic form above is, in fact, positive. In particular, (z,w) € (S™)? — g(z - w) is
strictly positive definite. |

Another useful technical result is as follows.

Lemma 3.2. Let f be the generating function of an isotropic and positive definite kernel
on St x 8™ and consider the alternative series representation (3.1) for f. If (x1,21), (22, 22),
cooy (Tn, 2n) are distinct points in S' x S™ and c1,ca, ..., c, are real scalars, then the following
assertions are equivalent:

7

(1) 22 cicjf(wi-xj,zi-zj) = 0;
ij=1
n
(ZZ) Z Ciijl(a}Z‘ : xj)le(zi : Zj) =0,l€e UkJ]]f.
ij=1
Proof. One direction is immediate while the other follows simply from the observation that
(t,s) € [-1,1)2 — fi(t)P™(s) is the generating function of a positive definite kernel
on St x 8™, |

Next, we formalize the definition of enhancement we use in this section.

Definition 3.3. Let p and ¢ be positive integers, {z1,72,...,2,} C St and {z1,22,...,2,} an
antipodal free subset of S™ that is, a set containing no pairs of antipodal points. An enhanced
subset of ST x S™ generated by them is the set

{(1‘17 21)7 (ZE27 Zl)a ceey (xpa Zl)a (xly Z?)a (.5[72, Z2)7 ceey (l‘pa 22)7 ey
(l‘lu Zq)a (LUQ, Zq)v ey (ija Zq)a (xlv _Zl)v (332, _Zl)) ey (:L‘pu _Zl)a

(1, —22), (X2, —22), .., (Xp, —22), ..., (&1, —2¢), (2, —2¢), - - ., (Tps —zq)}.
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The positive numbers p and ¢ in the previous definition may have no connection at all. The
order in which the elements in an enhanced subset of S x S are displayed is not relevant, but
the writing of the upcoming results will take into account the order adopted above and inherited
from those in the subsets of S and S™ involved. An enhanced set as above contains 2pq distinct
points.

The following lemma is concerned with the existence of enhanced sets.

Lemma 3.4. If B’ = {(2},2}), (¥}, 25), ..., (2}, 2)} is a subset of ST x S™, then there exists

an enhanced subset B of S' x S™ that contains B'.

Proof. It suffices to consider the enhanced subset of S! x S™ generated by the set {z1,z2,
...,Tp} that encompasses the distinct elements among the z; and an antipodal free subset
{z1,22,...,24} of S™ satisfying 2 € {z1,22,...,2¢}, 1 =1,2,...,n. [

If f is the generating function of an isotropic and positive definite kernel on S' x S™ and B
is an enhanced set as previously described, we will write £(f, B) to denote the interpolation
matrix of ((z,2), (y,w)) € (S* x ™) — f(x-vy,z-w) at B, keeping the order for the points
of B. If A is a subset of S' x §™ and B is an enhanced subset of S' x S™ containing A, then
the interpolation matrix of ((z,z2), (y,w)) € (S* x §™)? — f(z-vy,z-w) at A is a principal
sub-matrix of £(f, B). In particular, if £(f, B) is positive definite, so is A. These comments
justify the following lemma.

Lemma 3.5. Let f be the gemerating function of an isotropic and positive definite kernel
on S x S™ and consider the alternative series representation (3.1) for f. The following as-
sertions are equivalent:

(i) the kernel ((z,2), (y,w)) € (St x S™)?% — f(x-y,2z - w) is strictly positive definite;
(ii) If B is an enhanced subset of S* x S™, then the matriz E(f, B) is positive definite.

Due to the decomposition for the generating function f of an isotropic positive definite kernel
as described in (3.1), we can write

E(f,B) =) _&(f.B,)
=0

in which &(f, B, 1) is the interpolation matrix of the kernel (¢,s) € S' x S™ — f;(t)P"(s) at B.
The order in which the elements of an enhanced subset of S x S™ appears forces the matrix
E(f, B,1) to have a very distinctive block representation. Precisely,

My M
E(f,B,1) = ( M, MZ) :

where each block M,, = M,,(f, B,l) has its own block structure

Mpo’ = [Mﬁ:]z’yzl’ p,0 = 1’27

defined by

M[/jo,'j = [fl(ml ’ xj)]f,j:l(_l)l(g+p)‘le(ZM ’ ZV)’ o,V = 17 27 -5 4.
Implicitly used in the writing of the block decomposition above is the fact that Gegenbauer
polynomials of even degree are even functions while those of odd degree are odd functions.
In particular, since My = My, and Mjs = Moy = (—1)!Myy, the matrix £(f, B,1) depends
upon Mj; only.
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Keeping all the notation introduced so far, Lemmas 3.2 and 3.5 and the comments above lead
to the following characterization for the strict positive definiteness of the kernel ((z, 2), (y,w)) €
(St x8™)?2 = f(z-y,z-w) via

My = [[filwi o)y PP G 20)] ey

Lemma 3.6. Let f be the gemerating function of an isotropic and positive definite kernel
on S x S™ and consider the alternative series representation (3.1) for f. The following as-
sertions are equivalent:

(i) the kernel ((z,2), (y,w)) € (S* x S™)2 — f(x-y,z-w) is strictly positive definite;

(ii) if B is an enhanced subset of S x S™ generated by a subset {x1,xa,...,7,} of S* and the
antipodal free subset {21, z2,...,2,} of S™, then the only solution (c1,co) € (RP9)? of the
system

[e1+ (=D)'es] Mug[er + (~1)'ea] =0, 1€ U],
18 the trivial one, that is, c1 = cg = 0.

Introducing components for the vectors ¢; in the previous lemma, we obtain the following
reformulation.

Lemma 3.7. Let f be as in the previous lemma. The following assertions are equivalent:

(i) the kernel ((z,2), (y,w)) € (St x S™)2% — f(x -y, w) is strictly positive definite;

(i4) if B is an enhanced subset of ST x S™ generated by a subset {x1,2,...,2p} of S' and

the antipodal free subset {z1,22,...,24} of S™, then the only solution (ci,c3,...,cf,cd, c3,

) € (RP)22 of the system
YA+ V') il 2 o (F + (D)) P (z0-2) =0, L€ WS,

1s the trivial one.

Next, we break up the system in the previous lemma, according to the parity of the elements
in UgJJ.
Proposition 3.8. Let [ be as in the previous lemma. The following assertions are equivalent:

(i) the kernel ((z,2), (y,w)) € (S* x S™)% — f(x -y, 2 - w) is strictly positive definite;

(it) if p and q are positive integers, x1,x2,...,x, are distinct points on St and {z1,2,...,
zq} is an antipodal free subset of S™, then the only solution (di,d3,...,d%,d},d3,. .., d3)
in (RP)%4 of the system

q

Z {( @) fila; - xj)]zjzldT}le(Zﬂ ~z,) =0, L€ (2Zy+1)N (U JJ’f),
=1

Yo A@) filwi-a)lh oy ds )P (2 20) =0, L€ (2Z4) N (g JF),
=1

is the trivial one.
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Proof. Assume that for some distinct points z1,x2,...,2,in S I and some antipodal free subset
{21, 29,...,2,} of S™, the system in (ii) has a nontrivial solution (di,d?,...,d},d3, d3,...,dd).
If d # 0 for some p, we define ¢} = —c = 271d}, p = 1,2,...,q. Otherwise, we define
df =y =271, u = 1,2,...,¢. In both cases, the vector (c},c3,...,cl ek c3,...,cd) is
nonzero and, in addition,

q

o (A + D) il )l o (o + (1))} B (20 2) = 0,

H,v=1

for | € [(2Z4 + 1) N (UpJP)] U [(2Z4) N (UpJF)] = UpJp. In other words, Condition (i) in
Lemma 3.7 does not hold for the enhanced set B generated by the subset {x1,z2,...,2p}
of S1 and the antipodal free subset {z1,22,...,2,} of S™. Thus, ((z,2),(y,w)) € (S' x
S™?2 — f(x-y,z-w) is not strictly positive definite. Conversely, if (i) does not hold, the

previous lemma assures the existence of a subset {z1,z2,...,2,} of S 1 an antipodal free subset
{#1,22,...,24} of S™, an enhanced subset A of S 1% 8™ generated by them and a nonzero vector
(clyc3,....cl cd c3,... cd) € (RP)?9 so that

q
S {4 D) il 2oy (¢ + (D' ) PP (2 2) =0, 1€ R
p,v=1

However, this last piece of information corresponds to
: t
Z {(f = &) [fi(w; - xj)]f’jzl(clf —8) } P (20 - 20) = 0, L€ (2Zy+1)N (U J]lf),
p,v=1
and
L t
Z {(+ &) [filw - $j)]£j:1 ({4 c5) ™ (zp - 20) =0, le (2Z4)n (U JJI?)
p,v=1

On the other hand, it is easily verifiable that the vector

1 1 2_ 2 q_ 4 .1 12, 2 g4 4 2q
(1 — ey, cf =3, dl = e+ g, 6+, .., + ) € (RP)
is nonzero. Thus, (i7) does not hold due to Lemma 3.7. [

We are about ready to prove the crucial result in this section.

Theorem 3.9. Let f be the generating function of an isotropic and positive definite kernel
on S* x S™ and consider the alternative series representation (3.1) for f. The following asser-
tions are equivalent:

(i) the kernel ((z,2), (y,w)) € (S* x S™)?% — f(x -y, z-w) is strictly positive definite;

(i3) if p is a positive integer, x1,Ta, ..., T, are distinct points in St and ¢ € RP\ {0}, then the
set

{le UkJ}“: il - i)} j=1¢ > 0}

contains infinitely many even and infinitely many odd integers.
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Proof. Lemma 3.1 justifies one implication. As for the other, assume the condition in the
statement of the theorem holds but ((x, 2), (y,w)) € (S* x S™)2 — f(z -y, z - w) is not strictly
positive definite. Hence, we can find a positive integer p, distinct points 1, x2,...,z, in § 1 an
antipodal free subset {y1,¥2,...,yn} of S™ and a nonzero vector (di,d?,...,dJ,d},d3,...,d3)
in (RP)2? so that the two equations in Proposition 3.8(ii) hold. We will proceed assuming that
(di,d3,...,d3) is a nonzero vector and that

q
S (@) s 25y Pz 2) =0, 1€ 224 01 Uy JE)
p,v=1

and will reach a contradiction. The other possibility can be handled similarly but the details
will be omitted. Without loss of generality, we can assume that the vector d} is nonzero. Since
the set

{l S UkJJ]f: (d%)t[fl(.%‘z . $j)]zi)7j:1d% > O} N 27Z

is infinite by assumption, we can select an infinite subset @ of it and a number 6 = (1) in
{1,2,...,¢q} so that

t t
(dg) [fi(zi - xj)]ﬁj:ldg > (dg) [fi(zi - xj)]f,jﬂdg’ p=12,...,q, leq@.
In particular,
t
(dg) [fi(@i - xj)]];jﬂdg >0, leq.
Returning to the initial equality we can write

. I (dg)t[fl(xz ’ $j)]€,j:1dg f)lm(zu : Z,u)
EREAPY () [ filwi - zj)]f j_ydy  PM(1)

()" fiCai - 2))1f 1 P (2 2)
+;§,(dg)t[fl<$z" ])]” 1d9 P (1) )

leq.

Since each f; is the continuous and isotropic part of a positive definite kernel on S*, we have
that (dy)[fi(z; - ;)]f j=ydh > 0, p=1,2,...,q. In particular,

i (dy)*[fi(s - xj)]?,j:ldg

(@)t filwi - )]f =1 d €0,q—1],

while the Cauchy—Schwarz inequality implies that

()" [filwi - )]} 3
(d§) [ fulwi - )]} j—y dF

Since z, - z, € (—1,1), p # v, a well-known property of the Gegenbauer polynomials provides
the limit formula [20, p. 196]

0< <1, W #E .

P"(z, - zy)

lim L £ 22— :
i pamy 0 #AY
le@

Consequently, we may apply the definition of limit conveniently (I large enough), to conclude
that 0 > 1+0—1/2 =1/2, a contradiction. [
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The next theorem demands the truncated sum functions (y > 0)
£="> fun and =) fy
20+1>y 22y

attached to the generating function of an isotropic and positive definite kernel. Since /(1) > 1,
m > 2,1 >0, it follows that

o o0
(ABI< Y e PE) < Yo" PR, 1>
k=0 k=0

[o ole o]
In particular, since Y > a,lﬁ’;nPkl(l)le(l) < 00, the functions fJ and f§ are continuous.
1=0k=0 '

Theorem 3.10. Let f be the generating function of an isotropic and positive definite kernel
on S* x S™ and consider the alternative series representation (3.1) for f. The following asser-
tions are equivalent:

(i) the kernel ((z,2), (y,w)) € (S* x S™)% — f(x -y, z-w) is strictly positive definite;

(ii) for each v > 0, the functions [y and f5 are the generating functions of isotropic and
strictly positive definite kernels on S*.

Proof. If (i) holds, we can apply Lemma 3.1 in order to see that
ctff;(xi xj)e= Z A forr1(wi - z4)e > 0,
204+1>7~

whenever ¢ € R? \ {0}, v > 0 and 1,29, ...,z, are distinct points in S1. Obviously, a similar
property is valid for fJ. Thus, (ii) follows. Conversely, if (ii) holds, then Condition (i) in the
previous theorem holds as well, due to the fact that (i7) is valid for all v > 0. Thus, Theorem 3.9
guarantees the strict positive definiteness of ((z,2), (y,w)) € (S* x S™)? = f(z - y,z-w). N

The coefficient in the series expansion of fJ attached to the polynomial Pk1 is

1,m
A o141

7§2l+16J}c

It is positive if, and only if, Jj’f contains an odd integer greater than or equal to . A similar
remark applies to the coefficients in the series of fJ. Taking into account the characterization for
strict positive definiteness on S quoted at the introduction, we have the following consequence
of the previous theorem and our final characterization for strict positive definiteness on S x S™.

Theorem 3.11. Let f be the generating function of an isotropic and positive definite kernel
on St x S™. The following assertions are equivalent:

(i) the kernel ((z,2), (y,w)) € (S* x S™)% — f(x -y, z-w) is strictly positive definite;
(13) for each v > 0, the sets

{keZ: N {yy+1,..3N QL+ 1) # o)
and
{kez: I n{y,y+1,..}N2Z; # o)

intersect every arithmetic progression in 7.
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4 Replacing S™ with a compact two-point homogeneous space

The results obtained so far in the paper can be adapted to hold for kernels on a product of the
form S' x M, in which M? is a compact two-point homogeneous space. The case S* x S was
covered in [13] while the case S? x M9, d > 3, was covered in [2, Theorem 4.5]. The results
sketched in this section complement these two cases.

Let us write |zw| to denote the usual normalized surface distance between z and w in M¢.
As described in [2], an isotropic kernel ((x, 2), (y,w)) € (S* x M%)2 — f(z - y,cos(|zw|/2)) is
positive definite if, and only if, the generating function f has a double series representation in
the form

o

flt,s) =" af PLO)PMP(s),  tsel-1,1]%
k,1=0

in which aﬁ’l >0, k1l eZy, Pld”B is the Jacobi polynomial associated to the pair ((d — 2)/2, ),
B is a number from the list —1/2,0,1,3, depending on the respective category M¢ belongs to,
that is, the real projective spaces P4(R), d = 2,3,..., the complex projective spaces P4(C),
d = 4,6,. .., the quaternionic projective spaces P4(H), d = 8,12, ..., and the Cayley projective
[e.e]
plane P4(Cay), d = 16, and > akJPkl(l)Pld’B(l) < 0.
/=0

In this setting, the procedure adopted in Section 3 can be considerably simplified. An alter-
native series representation for the generating function of the kernel can be likewise defined and
the fact that a point in M¢ possesses infinitely many antipodal points permits the deduction of
a version of Theorem 3.9 without considering any enhancements and augmentations. Precisely,
we have the following result.

Theorem 4.1. Let f be the generating function of an isotropic and positive definite kernel
on St x M¢ and consider the alternative series representation for f. The following assertions
are equivalent:

(i) the kernel ((z,2), (y,w)) € (S* x M)? — f(x-y,z-w) is strictly positive definite;

(i3) if p is a positive integer, x1,Ta, ..., are distinct points in S' and c € RP\ {0}, then the
set

{l € UkJJIcCZ ct[fl(wi . xj)]ﬁjzlc > 0}
contains infinitely many integers.

Taking into account the characterization for strict positive definiteness obtained in [1], the
final characterization in these remaining cases is this one.

Theorem 4.2. Let f be the generating function of an isotropic and positive definite kernel
on ST x M?. Assume M? is not a sphere. The following assertions are equivalent:

(i) the kernel ((x,2), (y,w)) € (S* x M%)? — f(x-y,z-w) is strictly positive definite;
(13) for each v > 0, the set

(kez: Jn{yy+1,..}£2)

intersects every arithmetic progression in 7.
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