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Abstract. In this paper we are extending the well known integrability theorems obtained by
multiple scale techniques to the case of linearizable difference equations. As an example we
apply the theory to the case of a differential-difference dispersive equation of the Burgers
hierarchy which via a discrete Hopf-Cole transformation reduces to a linear differential
difference equation. In this case the equation satisfies the A;, As and Aj linearizability
conditions. We then consider its discretization. To get a dispersive equation we substitute
the time derivative by its symmetric discretization. When we apply to this nonlinear partial
difference equation the multiple scale expansion we find out that the lowest order non-
secularity condition is given by a non-integrable nonlinear Schrédinger equation. Thus
showing that this discretized Burgers equation is neither linearizable not integrable.
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1 Introduction

Calogero in 1991 [3] introduced the notion of S and C integrable equations to denote those
nonlinear partial differential equations which are solvable through an inverse Spectral transform
or linearizable through a Change of variables. Using the multiple scale reductive technique he
was able to show that the Nonlinear Schrédinger Equation (NLSE)

iatf + 8sz = p2|f|2f> f = f(xvt)a (1'1)

appears as a universal equation governing the evolution of slowly varying packets of quasi-
monochromatic waves in weakly nonlinear media featuring dispersion. Calogero and Eckhaus
then showed that a necessary condition for the S-integrability of a dispersive nonlinear partial
differential equation is that its multiple scale expansion around a slowly varying packet of
quasi-monochromatic wave should provide at the lowest order in the perturbation parameter an
integrable NLSE. Then, by a paradox, they showed that a C-integrable equation must reduce
to a linear equation or another C-integrable equation as the Eckhaus equation [4, 22].

In the case of discrete equations it has been shown [26, 1, 16, 18, 17, 19, 10, 11, 12] that
a similar situation is also true. One presents the equivalent of the Calogero—Eckhaus theorem
stating that a necessary condition for a nonlinear dispersive partial difference equation to be
S-integrable is that the lowest order multiple scale expansion on C(®) functions give rise to
integrable NLSE. The nonlinear dispersive partial difference equation will be C-integrable if
its multiple scale expansion on C(®) functions will give rise at the lowest order to a linear or
a C-integrable differential equation.

By going to a higher order in the expansion, the multiple scale techniques give more stringent
conditions which have been used to find new S-integrable Partial Differential Equations (PDE’s)
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and to prove the integrability of new nonlinear equations [8, 9, 15]. Probably the most important
example of such nonlinear PDE is the Degasperis—Procesi equation [7]. Up to our knowledge
higher order expansions for nonlinear linearizable equations have not been considered in details.

The purpose of this paper is to show that the integrability theorem, stated in [11], can
be extended to the case of linearizable difference equations, providing a way to discriminate
between S-integrable, C-integrable and non—integrable lattice equations. The continuous (and
thus discrete) higher order C-integrability conditions are, up to our knowledge, presented here for
the first time. We apply here the resulting linearizability conditions to a differential-difference
dispersive nonlinear equation of the discrete Burgers hierarchy [21] and its difference-difference
analogue.

In Section 2 we present the differential-difference linearizable nonlinear dispersive Burgers
and its partial difference analogue and discuss the tools necessary to carry out the multiple scale
C-integrability test. In Section 3 we apply them to the two equations previously introduced,
leaving to the Appendix all details of the calculation, and present in Section 4 some conclusive
remarks.

2 Multiple scale perturbation reduction of Burgers equations

The Burgers equation, the simplest nonlinear equation for the study of gas dynamics with heat
conduction and viscous effect, was introduced by Burgers in 1948 [2, 27]. Explicit solutions of
the Cauchy problem on the infinite line for the Burgers equation may be obtained by the Hopf-
Cole transform, introduced independently by Hopf and Cole in 1950 [5, 14]. This transformation
linearize the equation and the solution of the linearized equation provide solutions of the Burgers
equation.

Bruschi, Levi and Ragnisco [21] extended the Hopf-Cole transformation to construct hier-
archies of linearizable nonlinear matrix PDE’s, nonlinear differential-difference equations and
difference-difference equations.

The simplest differential-difference nonlinear dispersive equation of the Burgers hierarchy is
given by

_ Un—1 (t) — Up (t) } 7 (21>

Dyun (t) = % {[1 i ()] [n1 () = (0] = =5 —5

where the function u,(t) and the lattice parameter h are all supposed to be real. Equation (2.1)
has a nonlinear dispersion relation w = —w.

When h — 0 and n — oo in such a way that © = nh is finite, the Burgers equation (2.1)
reduces to the one dimensional wave equation dyu — d,u = O(h3).

Through the discrete Cole-Hopf transformation
_ ¢n+1 (t) — d)n (t)

Uy, (T 2.2
= e, 22
equation (2.1) linearizes to the discrete linear wave equation
i1 (1) — Py (
06 (1) = Lot Ot 1) (23)
2h
The transformation (2.2) can be inverted and gives
j=n—1
Sn=0n, || U+hu), n>ng+1, (2.4a)

J=mno
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n = Pro ; n<mny—1, (2.4D)

T j=no—1

H (1 +hUj)

j=n

where ¢, = ¢n,(t) is the function ¢, calculated at a given initial point n = ng. When u,(t)
satisfies equation (2.1), the function ¢, (t) will satisfy the discrete wave equation (2.3) if ¢y,
satisfies the ordinary differential equation

_ L
2h

1

.n 1+huy — ———| Pn =0,
¢ |: + (1—|—hun1)] ¢ ‘n:no

whose solution is given by

t
Gno (t) = by (to) exp {21h /t [1 + o, — (1—i-h1un_1)]

dt’} ,
n=ng

and t( is an initial time. If lim wu,(t) = u_ is finite equations (2.4) reduce to

" 4 b
_ n Y

where a (t) is a t-dependent function,

1 1
a(t) = (pexp 5 1 —+ HT U_Oot .

A C-integrable discretization of equation (2.1) is given by the partial difference equation

Un,m+1 — Unp, 1
w = o [(1 + Pt ) (Un1,m = Unmt1) —

Un—1,m — Unm+1
7 mtl | 2.5
1+ hunfl,m :| ( )

where o is the constant lattice parameter in the time variable. Equation (2.5) is dissipative
as it has a complex dispersion relation w = ﬁln [1 + 17 sin (/ﬁh)]. As we are not able to con-
struct a dispersive counterpart of equation (2.1) we consider a straightforward discretization of
equation (2.1)

Un,m+1 — Un,m—1 1
n,m+ 29 = = ﬁ |:(1 + humm) (Un+1,m - Un,m) -

(2.6)

(un—l,m - Un,m)
1+ hunfl,m ’

whose nonlinear dispersion relation is

sin (kh) o
—

In the remaining part of this section we will present the tools necessary to carry out the
multiple scale expansion of equations (2.1), (2.6) and construct the conditions which they must
satisfy to be C-integrable equation of j order, with j = 1,2, 3, i.e. such that asymptotically they
reduce to a linear equation up to terms respectively of the third, fourth and fifth order in the
perturbation paramether. These conditions up to our knowledge have been presented for the
first time by Dr. Scimiterna in his PhD Thesis [25] and are published here for the first time.

sin (wo) = —

2.1 Expansion of real dispersive partial difference equations

For completeness we briefly illustrate here all the ingredients of the reductive perturbative
technique necessary to treat difference equations, as presented in [10, 11, 25].
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2.1.1 From shifts to derivatives
Let us consider a function u, : Z — R depending on an index n € Z and let us suppose that:

e The dependence of u, on n is realized through the slow variable ny = en € R, € € R,
0 < e < 1, that is to say u, = u(ny).

e The function u (ny) € C(>) (D), where D € R is a region containing the point n;.

Under these hypotheses one can write the action of the shift operator T, such that T,u, =
Unt1 = u(ny + €) as the following (formal) series
2 ek

€
Tou(ny) = u(ng) + eup, (n1) + 5“,2711(“1) 4+ 4 gqul(nl) + -

+ook

- Z kluknl ), (2.7)

where w5, (1) = d*u(ny)/dn} = d* w(ny), being d,, the total derivative operator. The last
expression suggests the following formal expansion for the differential operator 7;,:

valid only when the series in equation (2.7) is converging. So we must require that the radius
of convergence of the series starting at ny is wide enough to include as an inner point at least
the point nq + .

Let us introduce more complicated dependencies of u, on n. For example one can assume
a simultaneous dependence on the fast variable n and on the slow variable nq, i.e. u, = u(n,ny).
The action of the total shift operator T,, will now be given by T,,u, = up+1 = u(n + 1,n1 + €)
so that we can write T, = 'Z;l(l)’]’n(f), where the partial shift operators ’Z?L(l) and ’fo ) are defined
respectively by

1
TWu(n,n1) = u(n +1,n1) k— u(n,ny) = e"u(n,ny)
k=0
and
o0 k
’];(f)u(n,nl) =u(n,n; +¢€) Z k— (n,n1) = e u(n,ny). (2.8)
k=

The dependence of u,, on n can be easily extended to the case of one fast variable n and K slow
variables n; = €jn, ¢; € R, 1 < j < K each of them being defined by its own parameter €;. The
action of the total shift operator T;, will now be given in terms of the partial shifts ,];1(1)7 ’Z;L(].E),
K .
as T,, = ’2;(1) II Tn(?).
j=1
Let us now consider a nonlinear partial difference equation

=(—x(=) )
F s Cvy| =00 (W.K9) 2 0 (29)

for a function wu, , : 7? — R which now depends on two indexes n and m € Z which we will
term respectively as discrete space and time indices. Equation (2.9) contains m and n-shifts,
respectively in the intervals (m — K7 m+K*)) and (n—N) n+ N ™). Under some obvious
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Table 1. The operators Aif'), B and C,(szn appearing in equations (2.10).

[ =0 j=1 [ =2 [ =3 | j=4 |
. N2 N3 N4
AP 1 | N, Moz, M3, 2ot
. 2 3 4 2
BP 1 | Midm, |ML02, + M2Om, Mig3, + Mop, + MM g2 5+
2
My MOy Oy |+ 2202, + My M3y Oy + MOy,
+M36m3
Cnll 1 |AY +BY| AP +BR+ | AP +BR+ AL + B+
3 3
A N1 M1y Oy |+ N1 MoOry Oy + | +2EL03, 0, + M98 9, +
2 2
+ ML G2 Oy + |+ N1 ML Moy Oy Oy + 27202, Oy +
Ny M3 2 NZM?Z q2 42
+ P} anlaml + 1 87118777.1 + N1M38n1 6m3

hypothesis on the C(°°) property of the function Un,m and on the radius of convergence of its
Taylor expansion for all shifts in the indices n and m involved in the difference equation (2.9),
we can write a series representation of u, 4 around u,,,. We choose the slow variables as
N = €ny Ty Mj = €M with

€ny, = Nkek, 1 S k S K’n,, Emj = Mjeja 1 S] S Km’

where the various constants Ni, M; and € are all real numbers. In this presentation we assume
K, =1 and K,, = K (eventually K = 400) so that

+o0
T, = TOT =703 d AP, (2.108)
7=0
C(em) X
T =T [[ T, =T /B, (2.10b)
7=1 7=0
K (em) R
Ty T = TOTOTED [ T = OIS éicl),, (2.10¢)
j=1 Jj=0

where the operators Aﬁ{ ), B,(%), and C,(ﬂ)n are given in Table 1. Inserting the explicit expres-
sions (2.10) of the shift operators into equation (2.9), this turns into a PDE of infinite order. So
we will assume for the function w, ,, = u(n, m,nq, {mj}K €) a double expansion in harmonics

j=1"
and in the perturbative parameter
+oo ¥ )
Un,m = Z Z e”u(f) (n1,mj,5 > 1) W (rhn—w(k)om) (2.11)
y=10=—y
with u{™% (n1,mj,5>1) = 11(76) (n1,mj,j > 1), where by a bar we denote the complex conjugate,

in order to ensure the reality of wy,,. The index 7 is chosen > 1 so that the nonlinear terms
of equation (2.9) enter as a perturbation in the multiple scale expansion. For simplicity we will

©)

set Ny = M; =1, j > 1. Moreover we will assume that the functions u, "~ satisfy the asymptotic

conditions lim u(ve) =0, Vv and 6 to provide a meaningful expansion.
ny—xroo

2.1.2 From derivatives to shifts

The multiple scale approach discussed above reduces a given partial difference equation into
a partial differential equation for the amplitudes uf(ye) contained in the definition (2.11).
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We can rewrite the so obtained partial differential equation as a partial difference equa-
tion inverting the expansion of the partial shift operator in term of partial derivatives (2.8).
From (2.8) we have

+
8

1 1 .
8n1 = Eln,];l(l) = gln (1 + €A$L—il_)) = n1

(—Elzk_l (AT, (2.12)

b
Il
—_

where AS{) = (’Z;l(f) — 1)/e is the first forward difference operator with respect to the slow-
variable ni. This is just one of the possible inversion formulae for the operator 7}516 ). For example
an expression similar to equation (2.12) can be written for the first backward difference operator
A,({) = (1- [’Z;I(f)] 71)/6. For the first symmetric difference operator Aﬁfﬁ = (’Z}l(f) - [’Z;l(f)] 71)/26
we get

+oo k
P._(0
0n1 — sinh ™! EA%SI) = g kli()e [A;sl)}k7
k=1

where Py (0) is the k-th Legendre polynomial evaluated at z = 0.

Only when we impose that the function wu, is a slow-varying function of order ¢ in the
variable nq, i.e. that Aﬁlun = 0, we can see that the 0,, operator, which is given by formal
series containing in general infinite powers of the A,,,, reduces to polynomial of order at most .
In [17], choosing ¢ = 2 for the indexes n; and m; and ¢ = 1 for mg, it was shown that the
integrable lattice potential KdV equation [20] reduces to a completely discrete and local nonlinear
Schrédinger equation which has been proved to be not integrable by singularity confinement and
algebraic entropy [13, 23]. Consequently, if one passes from derivatives to shifts, one ends up in
general with a nonlocal partial difference equation in the slow variables n, and msg.

2.2 The orders beyond the Schrodinger equation
and the C-integrability conditions

The multiple scale expansion of an equation of the Burgers hierarchy on functions of infinite
order will thus give rise to PDE’s. So a multiple scale integrability test will require that a dis-
persive equation like equation (2.1) is C-integrable if its multiple scale expansion will go into
the hierarchy of the Schrédinger equation

10 + 0% = 0.

To be able to verify the C-integrability we need to consider in principle all the orders beyond
the Schrodinger equation. This in general will not be possible but already a few orders beyond
the Schrodinger equation might be sufficient to verify if the equation is linearizable or not. In
the case of S-integrable nonlinear PDE’s the first attempt to go beyond the NLSE order has
been presented by Degasperis, Manakov and Santini in [8]. These authors, starting from an
S-integrable model, through a combination of an asymptotic functional analysis and spectral
methods, succeeded in removing all the secular terms from the reduced equations order by order.
Their results could be summarized as follows:
1. The number of slow-time variables required for the amplitudes ug.e) appearing in (2.11)
coincides with the number of nonvanishing coefficients of the Taylor expansion of the

dispersion relation, w; (k) = %djé‘;ggk)
(1)

2. The amplitude u; ’ evolves at the slow-times my, s > 2 according to the s-th equation of
the NLS hierarchy.
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3. The amplitudes of the higher perturbations of the first harmonic ug-l), j > 2 evolve, taking

into account some asymptotic boundary conditions, at the slow-times mg, s > 2 according
to certain linear, nonhomogeneous equations.

Then they concluded that the cancellation at each stage of the perturbation process of all
the secular terms is a sufficient condition to uniquely fix the evolution equations followed by
every ug-l), j > 1 for each slow-time mg. Point 2 implies that a hierarchy of integrable equations
provide for a function u always compatible evolutions, i.e. the equations in its hierarchy are
generalized symmetries of each other. In this way this procedure provides necessary and sufficient
conditions to get secularity-free reduced equations [8].

We apply the present procedure to the case of C-integrable partial difference equations.

Following Degasperis and Procesi [9] we state the following theorem:

Theorem 1. If equation (2.9) is C-integrable then, after a multiple scale expansion, the func-

(1)

tions ut' , 7 > 1 satisfy the equations

J
Oyl — (=) 1B,z Wl = MV =0, (2.13a)
Mol = f,(5), (2.13b)

Vj, s > 2, where Bscf?f“ugj) is the s-th flow in the linear Schrodinger hierarchy and Bs are real
(%)

constants. All the other u;, k=2 are expressed as differential monomials of ugl), r<j—1.

In equation (2.13b) fs(j) is a nonhomogeneous nonlinear forcing written in term of differential

monomials of u,(nl), r < j. From Theorem 1 it follows that a nonlinear partial difference equation
is said to be C-integrable if its asymptotic multiple scale expansion is given by a uniform
asymptotic series whose leading harmonic u®) possesses an infinity of generalized symmetries
evolving at different times and given by commuting linear equations. Equations (2.13) are
a necessary condition for C-integrability.

It is worthwhile to stress here the non completely obvious fact that, in contrast to the first
order wave equation, dyu = J,u, all the symmetries of the Schréodinger equation commuting
with it are given by the equations (2.13a) and only by them. This implies that all the equations
appearing in the multiple scale expansion for a C-integrable equation are uniquely defined.

It is obvious that the operators My defined in equation (2.13a) commute among themselves.
However the compatibility of equations (2.13b) is not always guaranteed but is subject to some
compatibility conditions among their r.h.s. terms fs(j). Once we fix the index j > 2 in the set
of equations (2.13b), this commutativity condition implies the compatibility conditions

MSfS/ (j)ZMS'fS (J)v VS,SIZQ, (214)

where, as fs(j) and fy (j) are functions of the different perturbations u) of the fundamental
harmonic up to degree j —1, the time derivatives Oy, , O , appearing respectively in M and My
have to be eliminated using the evolution equations (2.13) up to the index j — 1. These last
commutativity conditions turn out to be a linearizability test.

Following [8] we conjecture that the relations (2.13) are a sufficient condition for the C-
integrability or that the C-integrability is a necessary condition to have a multiple scale expan-
sion where equations (2.13) are satisfied. To characterize the functions fs(j) we introduce the
following definitions:

)

Definition 1. A differential monomial M [ugl)], J = 1in the functions u; ", its complex conju-
gate and its ni-derivatives is a monomial of “gauge” 1 if it possesses the transformation property

M [ﬂ;l)] — e’L'@M [u‘gl)]7 when ’1‘1‘51) - eieu‘gl)'
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Definition 2. A finite dimensional vector space P,, v > 2 is the set of all differential polyno-
mials of gauge 1 in the functions ué»l) , J = 1, their complex conjugates and their ni-derivatives
such that their total order in € is v, i.e.

order (9 u(l)) = order (9} a(l)) =p+j=uv, w>0.

175 n17j

Definition 3. P,(u), 4 > 1 and v > 2 is the subspace of P, whose elements are differential
1)

polynomials of gauge 1 in the functions u; their complex conjugates and their ni-derivatives

such that their total order is ¥ and 1 < 5 < p.

From Definition 3 it follows that P, = P,(v—2). Moreover in general fs(j) € Pjts(j—1)
where j, s > 2. The basis monomials of the spaces P,(u) in which we can express the func-
tions fs(j) can be found, for example, in [25].

Proposition 1. If for each fized j > 2 the equation (2.14) with s = 2 and s’ = 3, namely

Maf3 () = M3 f2 (j), (2.15)

is satisfied, then there exist unique differential polynomials fs(j) Vs > 4 such that the flows
Msug-l) = fs (j) commute for any s > 2 [24, 6].

Hence among the relations (2.14) only those with s = 2 and s’ = 3 have to be tested.

Proposition 2. The homogeneous equation Msu = 0 has no solution u in the vector space Py,
i.e. Ker (Ms) NP, =@.

Consequently the multiple scale expansion (2.13) is secularity-free. This does not mean that,
in solving equation (2.13b), we have to set to zero all the contributions to the solution coming
from the homogeneous equation but only that part of it which is present in the forcing terms.
Finally:

Definition 4. If the relations (2.14) are satisfied up to the index j, j > 2, we say that our
equation is asymptotically C-integrable of degree j or A; C-integrable.

2.2.1 Integrability conditions for the Schrodinger hierarchy

Here we present the conditions for the asymptotic C-integrability of order k or A; C-integrability
conditions with k = 1,2, 3. To simplify the notation, we will use for ug-l) the concise form u(j).

The A; C-integrability condition is given by the absence of the coefficient py of the nonlinear
term in the NLSE (1.1).

The A, integrability conditions are obtained choosing j = 2 in the compatibility condi-
tions (2.14) with s = 2 and s’ = 3 as in (2.15). In this case we have that f2(2) € Py(1)
and f3(2) € P5(1) where P4(1) contains 2 different differential monomials and P5(1) contains
5 different differential monomials, so that f2(2) and f3(2) will be respectively identified by 2
and 5 complex constants

F2(2) = av, (D]u(1)]? + b, (1)u(1)?, (2.16)
£3(2) = alu(D)*u(1) + Blun, (1)Pu(1) + yum (1)*a(1) + 820, (Du(1)? + efu(1)*u2n, (1).
In this way, eliminating from equation (2.15) the derivatives of u(1) with respect to the slow-

times mg and mg using the evolutions (2.13a) with s = 2,3 and equating term by term, we
obtain that the A, C-integrability conditions gives no constraints on the coefficients a and b
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appearing in f2(2). The expression of the coefficients «, 3, v, 0, € appearing in f3(2) in terms
of a and b are
3ing 3iB3a

a=0, pB=- B, 5 ’7:—232, 620, €=1.

The Az C-integrability conditions are derived in a similar way setting j = 3 in equation (2.15).
In this case we have that f2(3) € P5(2) and f3(3) € Ps(2) where P5(2) contains 12 different
differential monomials and Pg(2) contains 26 different differential monomials, so that f2(3)
and f3(3) will be respectively identified by 12 and 26 complex constants

F£2(3) = milu()[*u(1) + 7w, (D)Pu(1) + 7slu(l)Puzn, (1) + 741,20, (1)u(1)?
+ 75ty (1)2@(1) + 76wy (2)[w(1) 2 4 7780, (2)u(1)? + su(2)a(1) (2.17)
+ Tolu(2) Pu(1) + 10u(2)w ny (1) (1) + T16(2) 0, (1)u(1) + T128(2)u n, (1u(1),
£3(3) = mlu()[Fum, (1) +v2lu(D)Pu(1)?dn, (1) +7su() Pugn, (1) +yau(1) a0, (1)
+ 5w, (1) P, (1) + 68,20, (1)1, (Du(l) + 970,20, (1) 0, (1)u(1)
+ 81,20, (1)t (1)a(1) + 50 u(1)[*u(2) + y10lu(l)Pu(1)*a(2) + y11dm, (1)u(2)?
+ 712, (Dw(2) ] + Y13l (1)P0(2) + y1alu(2)Pu(2) + 15w, (1)*a(2)
+y16[u(1)]Pu 20, (2) + y17u(1)*@2n, (2) + Y18u(2) 20, (1)u(l)
+ M9u(2)u 20, (1)a(1) + 7200(2) w20, (1 (1) + 210(2)un, (2)u(1)
+ 722U(2) w0y (2)u(1) + 723U, 0 (2)t 0y (1)(1) + V24U 1y (2)8 g (1)ui(1)
+ 7258 (2) 1y (Du(1) + 726U ny (2)1(2)u(1).
Let us eliminate from equation (2.15) with j = 3 the derivatives of u(1) with respect to the slow-
times mg and ms using the evolutions (2.13a) with s = 2,3 and the same derivatives of u(2)

using the evolutions (2.13b) with s = 2,3. Equating the remaining terms term by term, the As
C-integrability conditions turn out to be:

i B - 1 N
T = ——— [b (7’11 — 27—6) +aT7] s bT7 = — (b— CL) (Tll —|-T10 — 7’6) +CL7’7,
4B, 2
atg = brg =0, atg = brg =0, aria = a(T0 — 1) + b1 + ary,
(B—EL) T2 = (b—a) T10- (218)

Sometimes a and b turn out to be both real. In this case the conditions given in equations (2.18)
becomes:

1 1
Ry = 432 [b (Ill - 216) + CLI7] I = 4B [b (R11 — 2R6) + aR7]
b—a)(Ri1 + Rio — Rs — 2R7) = 0, (b—a) (I11 + Iio — Is — 2I7) = 0,
(b—a)Rg =0, (b—a)ls=0, (b—a)Rg =0, (b—a)ly=0,

a(Ri2 + Ri1 — Rio — R7) = bR, a(liz + I — Iio — I7) = blg,

b— ) (R12 — RlO) = 0, (b — a) ([12 — IlO) = 0, (2.19)
where 7; = R; +il; for i = 1,...,12. The expressions of the v; as functions of the 7; are:
3B - 383
v = 4—32 (a7'6 —4iBam + lez) , Yo = 432 (bre + ary) ,
31 B3T3 3iB31y 31837y
13 == Y4=0, 75=— Y6 = —

2By ' 2By By
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3iB37‘5
Y7 =", W=V Y9 = 710 = 711 = 0,
2

. 3iBgT9 o 3iB37’11 —0 o 3iBgT12
Y12 = 7232 ) M3 = 7232 ) Y14 = U, Y5 = 7232 )

_ 3iB3Tg e 0 _ 3iBsTio _
Y16 = 2B, Y17 =718 = U, Y19 = 2B, Y20 = Y15,

31B3Tg

Y21 = — By Y22 = Y12, Y23 = Y16 + 719, Y24 = 713,

_ 3iBs7y _ 0
Y25 = By Y26 = U.

The conditions given in equations (2.18), (2.19) appear to be new. Their importance resides in
the fact that a C-integrable equation must satisfy those conditions.

3 Linearizability of the equations of the Burgers hierarchy

Taking into account the results of the previous section we can carry out the multiple scale
expansion of the equations of the Burgers hierarchy. To do so we substitute the definition (2.11)
into equations (2.1), (2.6) and write down the coefficients of the various harmonics 6 and of the
various orders j of e. When we deal with the differential-difference equation (2.1), we have to
make the substitutions om — t, om; — t;. This transformation implies that in this case the
corresponding coefficients ps and Be will turn out to be o-independent. In Appendix we present
all relevant equations and here we just present their results.

Proposition 3. The differential-difference equation (2.1) of the Burgers hierarchy satisfies
the Ay (and consequently also the Ag) and also the As C-integrability conditions.

Proposition 4. The partial difference Burgers-like equation (2.6) reduces for j =3 and o =1
to a NLSE with a nonlinear complex coefficient pa given by equation (A.9c). Thus the equation
1s neither S-integrable nor C-integrable.

4 Conclusions

In the present paper we have presented all the steps necessary to apply the perturbative multiple
scale expansion to dispersive nonlinear differential-difference or partial difference equations
which may be linearizable. These passages involve the representation of the lattice variables in
terms of an infinite set of derivative with respect to the lattice index and the analysis of the
higher order of the perturbation which give rise to a set of compatible higher order linear PDE’s
belonging to the hierarchy of the Schrodinger equation. The compatibility of these equations
give rise to a linearizability test. We applied the so obtained test to the case of a differential-
difference dispersive Burgers equation and its discretization. It turns out that the Burgers
is linearizable (as it should be) but its discretization is neither S-integrable nor C-integrable.
So, effectively this procedure is able to distinguish between linearizable and non-linearizable
equations.

A Appendix

Let us now start performing a multiple scale analysis of the partial difference equation (2.6). We
present here the equations we get at the various orders of € and for the different harmonics 6.

e Order € and 8 = 0: In this case the resulting equation is automatically satisfied.
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e Order € and 8 = 1: If one requires that ugl) # 0, one obtains the dispersion relation

_sin(kh)o

sin (wo) = - (A.1)
e Order €2 and § = 0: We obtain the evolution
Oyl — %amugm —0, (A.2)
which implies that ugo) depends on the variable p = hny + om;.
e Order €2 and § = 1: Taking into account the dispersion relation (A.1), we have
1 o cos (kh) 1 . kh\ (0 (1
8m1u§ ) _ o5 (@0) [ . 8n1u§ ) _ 2gin? (2 ug )ug | =o, (A.3)
which implies that ugl) has the form
2
(1) _ s 5/9 ©) /4 4o/ 5= 2sin” (kh/2) A4
ul g (57 m]?j = )exp { o0 ul (p ) 4 ’ [COS (th) — oS (WU)]7 ( . )

cos(kh)
cos(wo)

where £ = hny + omyq, ¢ is an arbitrary function of its arguments going to zero as

& — +o00 and pg, by a proper redefinition of g, can always be chosen to be a zero of ugo)

as when p — Fo0, ugo) — 0 so that there will exists at least one zero.

e Order €2 and § = 2: Taking into account the dispersion relation (A.1), we have

—ikh
@_ _ (e =Dh oy A
Y2 = 2 [cos (kh) — cos (wo)] Cl (A.5)
e Order €3 and 6 = 0: We have
8m1ugo) - %&Lluéo) = —8m2u§0) — 20 sin® (kh/2) [On, + 2hu§0)] ‘ugl)‘% (A.6)

By equation (A.2), the term 8m2ug0) is a solution of the left hand side of equation (A.6),

hence it is a secular term. As a consequence we have to require that

3mluéo) - %8n1u§0) = —20sin? (kh/2) [37“ + ZhUgO)} ‘ugl)|27

8m2ugo) =0.

Solving equation (A) taking into account equation (A.4), we obtain
3

ul) = f(p,my.j > 2) — hdcos (wo) |[ul" 2 +2 (1 + ) u§°>/ |u§1)|2dg'] . (A7)
o

where f is an arbitrary function of its arguments going to zero as p — +oo and & is an
arbitrary value of the variable £. Let us restrict ourselves for simplicity to the case where
(0)

there is no dependence at all on p. If one wants that the harmonic u;’ depends on & and

not on p, from equation (A.2) one has that agugo) = (0, so that ugo) depends on the slow

variables m;, j > 2 only. Similarly we have that 0¢f = 0. In this case, in order to satisfy
the asymptotic conditions ghrin ugo) =0, v =1, 2, one has to take u§0) = f =0 (unless
— =00

we take the fully continuous limit h — 0, hny = x1, 0 — 0, omy = t; in which p — &).
Equation (A.7) then becomes

ugo) = —hd cos (wo) !ugl) ‘2. (A.8)
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e Order €8 and § = 1: Taking into account the dispersion relation (A.1) and the equa-
tions u{”) = 0, (A.3), (A.5), (A.8), we have

h
O o cos (kh)

Om, Us 8mué1) = —8m2u§1) — iB2a§u§” — ipg‘ugl)fugl), (A.9a)

h cos (wo)
ho (h? — o?) sin (kh)

B2 = 2 [02sin? (kh) — h?] cos (wo)’ (A.9b)
py = — 2ho sin? (wo /2) [2 cos (kh/2) — cos (3kh/2)]sin (kh/2)
[cos (kh) — cos (wo)] cos (wo)
_ 2iho sin? (wo/2) sin (kh/2) sin (kh/2) (A.90)

[cos (kh) — cos (wo)] cos (wo)

As a consequence of equation (A.3) with ugo) = 0, the right hand side of equation (A.9a)
is secular. Hence we have to require that
(1) _ ocos(kh) 1)

Om On =0, A.10
1Ug hcos(wa) 1Ug ( a)

i@mzugl) = Bgﬁgugl) + p2|u§1) ‘QUSI). (A.10Db)

Equation (A.10a) implies that ugl) also depends on ¢ while equation (A.10b) is a nonintegrable

nonlinear Schrédinger equation, as from the definition (A.9¢) we can see that ps is a complex
coefficient. So we can conclude that equation (2.6) is not A;-integrable.

Let us perform the multiple scale reduction of the Burgers equation (2.1). Equation (2.1) can
be always obtained as a semicontinuous limit of equation (2.6) defining the slow times t; = om;;,
7 > 1. In such a way we can use in the present calculation the results presented up above.

e Order € and 8 = 0: In this case the resulting equation is automatically satisfied.

e Order € and 6 = 1: Taking the semi continuous limit of equation (A.1), one obtains the
dispersion relation
sin (kh)

w= W (A.11)

e Order €2 and 6 = 0: Taking the semi continuous limit of equation (A.2), one obtains
1
8t1ugo) - Eamugo) =0, (A.12)

which implies that ugo) depends on the variable p = hng + ¢;.

e Order €2 and a = 1: Taking the semi continuous limit of equation (A.3), one obtains

cos (kh
8751 ugl) - f(L )

which implies that ugl) has the form

&Hugl) + 2sin? (kh/2) ugo)ugl) =0, (A.13)

p
ugl) — g(l) (&,t5,5 > 2)exp {—/ ugo) (,O/) dp/} , (A.14)

PO

where £ = hny + cos (kh) t1, g is an arbitrary function of its arguments going to zero as

& — 400 and pg, by a proper redefinition of g, can always be chosen to be a zero of ugo).
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e Order €2 and § = 2: Taking the semi continuous limit of equation (A.5), one obtains

h
u$? = mugm. (A.15)

e Order €8 and 6 = 0: Taking the semi continuous limit of equation (A.6), one obtains

1
O ul) — Eamugm = — 9 ul” — 2sin® (kh/2) [On, + 20V [ulV)?. (A.16)

By equation (A.12), the term 8t2u§0) is a solution of the left hand side of equation (A.16),
hence it is a secular term. As a consequence we have to require that

(9t1u§0) — %c%lugo) = —2sin® (kh/2) [On, + 2hu§0)] ‘ugl) 2, (A.17)
8t2u§0) =0.

Solving equation (A.17) taking into account equation (A.14), we obtain
uS) = f(p,tj,5 > 2) + hlulV]?, (A.18)

where f is an arbitrary function of its arguments going to zero p — +oo.

e Order € and 6 = 1: For simplicity, from now on we require no dependence on p' so that,
in order to satisfy the asymptotic conditions, it necessarily follows that

ugO) — f=0. (A.19)
Taking the semi continuous limit of equations (A.9a), (A.9b), one obtains

cos (kh) hsin (kh) '

n amugl) = —6t2ug1) — 2‘328211%1), By = — 5

O us — (A.20)
As a consequence of equation (A.13) (with ugo) = 0), the right hand side of equation (A.20)

is secular. Hence we have to require that

h
at1u§1) - (msliwanlugl) =0, (A213“>
i, ul") — Bdtult = 0. (A.21D)

Equation (A.21a) implies that ué ) depends also on ¢ while, contrary to equation (A.10b),

equation (A.21b) now is a linear Schrodinger equation, reflecting the C-integrability of
equation (2.1).

e Order ¢ and o = 2: Taking into account the dispersion relation (A.11), the fact that
ugo) = 0 and the equations (A.13), (A.15), we have

@_ 2 o h W, A.99
U3 [1—ei“hu2 4 sin? (/<eh/2)au1 } v (A.22)

1t apugo) #0, 0, f #0, we have:
P
us? = g® (n1,t5,5 > 1) exp {*/ ul” (o) dﬂ’} 0,9 = Ba0Zg",
PO

h h [* L
9(2)/9( p(&tj,7>2)+h |:1 + 3 cot <‘Z )] ugo) + 5/ u§0)2dp/ 7/ ¥ (p/) dy,
Po po

with p arbitrary function of its arguments going to zero as £ — Foo.
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e Order €3 and = 3: Taking into account the dispersion relation (A.11) and equation (A.15),
we obtain

(3) h N\’ r )3
uy’ = <M> [ui”]" (A.23)

e Order ¢* and § = 0: Taking into account equations (A.15), (A.18), (A.19), (A.21b), we
get

1 h - -
8t1u§,0) — =0 1ug0) = hog [28§‘u§1)‘2 — 2sin® (kh/2) (uél)ug Rt ué 1)u§1)) .

h n
(A.24)
Solving equation (A.24), we obtain
0 . 1) (-1 -1) h? 1))2
ug )= TPt d 2 2) + h(ug )ug ol )ug ))  4sin? (/ﬁh/Q)ag‘ug )‘ ) (A.25)

where 7 is an arbitrary function of its arguments going to zero as p — 4o00. As usually,
if we don’t want any dependence at all from p but only on £, in order to satisfy the
asymptotic conditions §linEn uéo) = 0, we have to take

— =00

=0 (A.26)
(unless we take the fully continuous limit).

e Order €* and § = 1: Taking into account the dispersion relation (A.11) and equations
(A.15), (A.18), (A.19), (A.22), (A.25), (A.26), we get

cos (kh ,
&glu:(,)l) - }(L )3n1u:())1) = —8t3ug1) - 8t2ug1) - Bgﬁgugl) - ZBgﬁgugl),
2
By = _hCOZ(’m)_ (A.27)

As a consequence of the equations (A.13), (A.21a) and as ugo) = 0, the right hand side of
equation (A.27) is secular, so that

oy uf) — 2 ](:h) Oy ul) =0, (A.282)
Oud) + iBroZul) = —a,ul) — Baodull. (A.28D)

(1)

The first relation implies that us * also depends on £ while the second one, as a consequence
of equation (A.21b), implies that the right hand side is secular, so that

i0,us”) — Badul) =0, (A.29%)
Ol + Bydful) = 0. (A.29b)

Equation (A.29a), as one can see from the definition (2.16), has a forcing term f2(2) with
coefficients a = b = 0.

e Order ¢* and § = 2: Taking into account the dispersion relation (A.11) and the equa-
tions (A.13), (A.15), (A.18), (A.19), (A.21), (A.22), (A.23), we get

R e e et S R
(1 — eirh) 8sin® (kh/2)
n 1), (1) R W)
B maﬁ(ul uy) + 1 _ ¢irh (up ™ + 2u; Tuy ). (A.30)
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e Order ¢* and § = 3: Taking into account the dispersion relation (A.11) and the equa-
tions (A.13), (A.15), (A.19), (A.22), (A.23), we get

3 h )\ 1 2hetrh 1
ufl ) — <1 - emhug )> <3ué ) + T emhagug ).

e Order €' and § = 4: Taking into account the dispersion relation (A.11) and the equa-
tions (A.15), (A.23), we get

() h N\ ()4
Uy " = 1 — eikh [ul ] :

e Order €® and 0 = 0: Taking into account equations (A.15), (A.18), (A.19), (A.21b), (A.22),
(A.26), (A.25), (A.28), we get

1 _ _
8t1u510) - E(‘)nluflg) = h@g{ — 2sin? (kh/2) (ugl)ué Y Duél) + \u§1)|2)

+ [4sin® (kh/2) — 1] h22|u§1) ’4 + gag (ugl)u(_l) + u(_l)ugl))
+ ? cot (kh/2) O¢ (ug_l)agugl) — u(ll)agug_l)) } (A.31)
Solving equation (A.31), we obtain
u) =0 (ptj,5 > 2) + h(ufuf ™ +ui ) 4 uf?)
+ 451112h(2mh/2) {85 (ugl)ué_l) + ug_l)ugl)) + [4sin® (kh/2) — 1] h‘ugl)‘4}
ih3 cos (kh/2)

-1 1 1 —1
_W‘%M ocutt) — udgui ™), (A.32)

where © is an arbitrary function of its arguments going to zero as p — +oo. As usually,
if we don’t want any dependence from p but only on &, in order to satisfy the asymptotic
. . ©)
conditions lim w,’ = 0, we have to take
£—+oo

©=0

(unless we take the fully continuous limit).

e Order € and § = 1: Taking into account the dispersion relation (A.11) and equations
ugo) = f =71 =0 =0, together with the equations (A.15), (A.18), (A.22), (A.23), (A.25),
(A.30), (A.32), we get

(1) cos(kh)

O uy’ — W 8n1u511) = —8t4ug1) - 8t3ug1) - 8t2u§1) - iBgaguél) — Bgagugl)
+ iB48§ugl) +¢ [ugl) ‘&Hugl) ‘2 + ug_l) (8n1u§1))2 + ugl)Zafllug_l) , (A.33)
. h3sin (kh) . h[1+ cos(kh) + 3isin (kh)]
B ¢ o —1 '

As a consequence of the equations (A.13), (A.21a), (A.28a) and of ugo) = 0, the right hand
side of equation (A.33) is secular, so that

(1) _ cos (kh)

O, uy N 8n1u511) =0,
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8t2ug1) + iBgagugl) = —8t4u(1) - 8t3u(1) - Bgagugl)
+iBydful) + ¢ { W10, w4 w7 (0, i)+ ul?02 u{Y] . (A.34)
The first relation tells us that ufll) depends on £ too while in the second one, as a con-
sequence of equations (A.21b), (A.29a), the first our terms in the right hand side of
equation (A.34) are secular, so that
8t2ug1) + iBgﬁgugl) =( [ugl)‘ﬁmugl” )(8n1u(1))2 + ug )2 92 uj (-1 )] ,  (A.3ba)
Orus) + BydRud) = —0p,ul") + iBsoful! >. (A.35b)
As a consequence of equation (A.29b), the right hand side of equation (A.35b) is secular
so that
Oud) + Bsdgus) =0, 9ul) — Bt = 0.
Equation (A.35a), as one can see from the definition (2.17) and taking into account
that a = b = 0, has a forcing term f2(3) that respects all the Az C-integrability con-
ditions (2.18).
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