Symmetry, Integrability and Geometry: Methods and Applications Vol. 2 (2006), Paper 011, 6 pages

Order Parameters in XXZ-Type Spin %
Quantum Models with Gibbsian Ground States

Wolodymyr SKRYPNIK

Institute of Mathematics, 8 Tereshchenkivs’ka Str., Kyiv 4, 01601 Ukraine
E-mail: skrypnik@imath.kiev.ua

Received October 19, 2005, in final form January 16, 2006; Published online January 24, 2006
Original article is available at http://www.emis.de/journals/SIGMA/2006/Paper011/

Abstract. A class of general spin % lattice models on hyper-cubic lattice Z¢, whose Hamilto-
nians are sums of two functions depending on the Pauli matrices S*, $% and S3, respectively,
are found, which have Gibbsian eigen (ground) states and two order parameters for two spin
components x, z simultaneously for large values of the parameter « playing the role of the
inverse temperature. It is shown that the ferromagnetic order in x direction exists for all
dimensions d > 1 for a wide class of considered models (a proof is remarkably simple).
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1 Introduction and main result

The existence of several long-range orders (Iro’s) and order parameters in quantum many-body
systems is an important problem which is the first step towards a description of their phase
diagrams.

In our previous paper [1] we found a class of quantum spin % X Z-type systems on the hyper-
cubic lattice Z¢ with a Gibbsian ground state, characterized by the classical spin potential
energy Up(sy), in which two Iro’s can occur for the spin operators S' and S in a dimension
greater than one. In such the systems there is always the ferromagnetic Iro for S* even for d = 1
if a simple condition for Uy holds. The Hamiltonians, determined as symmetric matrices in the
2|A| dimensional complex Hilbert space C2A with the Euclidean scalar product (+,+), were given
by

Hy= > JaPa, Ja<0, Py=8k—e W0 gl =] s,
ACA,|A|>0 z€A

Wa(SR) = Uo(S3%) = Uo(S3), S = (Sk\ar —5%)- (1)

J4 are real numbers, SL, S2 x € Z% are the ‘unity’ Pauli matrices, A C Z% is a hypercube with
a finite cardinality |A| (number of sites). S* is diagonal and S}, = —S3, = 1. S has zero

diagonal elements and 511?2 = 82171 = 1. The matrices at different sites commute. Sf a] 18 the

abbreviated notation for the tensor product of the matrices S, z € A and the unity matrices I,
x € A\A.
The Gibbsian non-normalized state Wy is given by

Uy = Ze_%UO(SA)\I/(}\(sA), acRY, (2)
s
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where the summation is performed over (x(—1,1))A,

\119\(51\) = ®xEAwO(SJ})7 wo(l) - (170)7 1/}0(_1) = (07 1)‘

These systems differ from the X7 spin % systems, which admit Gibbsian ground states con-
sidered in [2]. The potential energy of the associated classical Gibbsian system, which generates
the ground state, is found there in the form of a perturbation expansion in a small parameter
(an analog of ). The authors proved that there is the ferromagnetic Iro for S3 in the ground
state in some of their ferromagnetic systems. Our proof of the S'-lro is a simplified analog of
their proof. Uniqueness of a Gibbsian translation invariant ground state is established in the
thermodynamic limit for general X Z models with a sufficiently strong magnetic field in [3].

In [4] the classical Gibbsian states are identified with ground states of quantum Potts models.
The structure of the considered Hamiltonians are close to the Hamiltonians of XZ spin systems
which are represented as a sum of a diagonal and non-diagonal parts.

In this paper we consider the Hamiltonians

Hy=Hoa+Va,  Hoa= Y, baaShySt, (3)
AN C A,
ANA =g

where ¢4 a are real valued coefficients, S? is the second Pauli matrix with the zero diagonal
elements such that S%’Q = —Sil = —i and V) depends on S3. We find the expression for Vj
which guarantees that ¥, given by (2) is the eigen (ground) state. This result is a generalization
of our previous result since with the help of (6) we reduce our Hamiltonian to the Hamiltonian (1)
with J4 depending in S3. Our result is summarized in the following theorem

Theorem. Let V) be given by
_a 3 . ’
Va=— > Ja(S%)e 20 gy (%) = > (=) gaaa St (4)
ACA A'CA
Then
I. Uy is an eigenfunction of the Hamiltonian (3);
II. Wy is its ground state if pa ar =0 for odd |A'| and Ja < 0;
1. Iro for S occurs in the eigenstate Wy if Alimd Wa(sa) exists for |A] = 2 and is uni-
—7
formly bounded. Moreover, <S[1A]>A > a > 0, where a is a constant independent of A if

limd Wa(sa) exists and is uniformly bounded.
A—Z

IV. Iro occurs for S in the eigenstate W if lro occurs in the classical spin system with the
potential energy Uy.

If Hopa coincides with the Hamiltonian of the X X Heisenberg model

Hon = ) éuy(S:8, +5257),

z,yEN

then it can be shown without difficulty, utilizing the equality (53)2 = I, that for the following

choice Up(sp) = > ugs, the matrix Vi in (4) is given by
TEA

Va = Z Gy [S;Z’Sz’ cosh a(uy — uy) — (S2 — 5’2) sinh(a(uy — uy)) — cosh(a(uy — uy))] .
T, YyeN
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If one puts ¢a:,y :¢x—y7 Gz = ¢\:v| =0, ’x‘ #1,¢1=1J,q=e" and
ux:xl—l—~-'—i—:cd, x:(xl,...,a:d)

then the following Hamiltonian of the X X Z Heisenberg model is derived

1
1ﬁ:J§j[$%+ﬁ% q+q5%ﬂ

-1 —1
_ q—4q 3 a3 q+q
2J § [ 5 (Sy = S,) + 5 ],

where the summations are performed over nearest neighbor pairs and “<” means lexicographic
order. It is remarkable that the term linear in S2 contributes only on the boundary of A. These
Hamiltonians coincide with the Hamiltonians proposed in [5, 6]. A reader may find out that
the Gibbsian ground states of these Hamiltonians are not unique. Gibbsian ground states for
a partial case of our Hamiltonians were considered in [7].

If F4 depends on Si, 5}4 then its expectation value in a state Wy is given by

(Fa)n = (W, 0a) (0, Fa (S5, 5%) 1),
where (-,-) is the Euclidean scalar product on C2*!. Ferromagnetic Iro for S' occurs if
(SLSLYA > a; >0, (5)

where the constants a; are independent of A. It implies that the magnetization M /l\ is an order
parameter in the thermodynamic limit since

(MOH)a > >0, Mi=|[A"') S,
€A

Besides, the inequality in the statement III of the Theorem for |A| = 1 implies that
(Mp)p > a>0.

It is well known that in the classical Ising model with a ferromagnetic short-range potential
energy Uy, generated by the nearest neighbor bilinear pair potential, there is the ferromag-
netic Iro. Hence our quantum systems for such Uy admit two order parameters M4, [ = 1,3 in
the thermodynamic limit for sufficiently large a since for such Uy the condition in the statements
IIT-IV of the Theorem is true. For small values of o the magnetization in the third direction
vanishes for short-range pair interaction potentials.

The last statement of the theorem follows without difficulty since S is a diagonal matrix and
the ground state expectation value (F4)a of a function F4 depending on 5’1321 equals the classical
Gibbsian expectation value of the same function depending on the classical spins s4 correspon-
ding to the potential energy Uy(sp) and the “inverse temperature” «. The orthogonality of the
basis

(\II(I)X(SA \IIA SA H(SSI,S s
TEA

where 65 ¢ is the Kronecker symbol, has to be applied for proving that.

The proofs of the second statement of the Theorem is based on the proof that Hp is positive
definite. Its condition implies that the semigroup generated by Hx has positive matrix elements.
As a result the operator

H/—\i— — e%Uo(S?\)HAB*%UO(S?\)‘
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generates a Markovian process with a stationary state. We show that it is symmetric and positive
definite in the Euclidean scalar product with the operator weight e—oUo(S}).

For sufficiently small o and a pair simple ferromagnetic interaction with ¢4 4 = 0 for |[A’| # 0
Iro at non-zero low temperature occurs for St [8].

2 Proof of Theorem
It easy to check that

5% = —ig38t =istss, (6)
From this equality the following equalities are derived

2 AAe3 ol
Stan = (Z07 San S

Ho= Y )MoaaSinShnShy = D0 (=" Sk Shoa
A A" CA, A, A" CA,
ANA =0 ANA =2

As a result

Hopn = Y Ja(5%)S}y- (7)
ACA
(7) and (4) lead to the following expression for the Hamiltonian (3)

Hy= Y Ja(S))Pa. (8)
ACA, |A]>0

Proof of 1. S flips spins:
S[IA]‘I’?\(SA) = TR (s3) = PR (sa\4, —54), S39Q (sp) = 5,98 (s4).
These identities lead to
Ja(S%) PaWy = Z <JA(—3A)‘I’9\(3A\A, —54) — JA(SA)€_%WA(SA)\I/9\(SA)> e~ 2Uo(sa)
sA

From the definition of W4 and after changing signs of the spin variables s4 in the first term
in the sum it follows that

SA

=" Tasa) (e7E00ED — =006 ) 0f (54) = 0.
SA

That is, every term in the sum for Hy W, in (8) is equal to zero. This proves the statement.

Proof of II. It is necessary to prove that the Hamiltonian is positive-definite. For that purpose
we’ll use the operator HIJ{ introduced in the introduction. It is not difficult to check on the
basis \I’(}\ that

Hy = 3 Ja(83)e W40 (s — 1),
ACA
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where [ is the unity operator. If

F =) F(sA)UQ(sa),  H{F =Y (H{F)(s2)¥}(sa)

SA SA

then, taking into account that J4(s4) is en even function in s,, we obtain

(HYF)(sp) = — Y _ Ja(sa)e 2WatN)(F(sy) — F(s3)).
ACA

Hj{ is symmetric with respect to the new scalar product
(F‘l7 F/)UO — (e—OAUO(SI?{)F, F/)
The check is given by

(HXF,F)y, = (e N HTF F) = 3 (Ja(85)e” 50+ (5L, — 1) F, )

ACA
= > (Ja(sh)e 3ERHERIE, (s — DF) = (B H{F)y,
ACA
Here we used the equalities
ef%UO(S?\)S[lA] — S[lA]e*%UO(S?\A), ef%UO(S?\A)S[A] S[A]e 3 O(S )

and the fact that S[lA] commutes with J4(S5%). From the definitions it follows that

(H}F, F)y, = (Hpe 30D, e 3000 ), (9)

HIJ{ is positive definite. This is a consequence of the relations

(H{F,F)y, = — Z ZJA(SA)G—%[Uo(SA)Jon(sﬂ)} (F(sa) — F(sf\‘))F(sA)
ACA sa

- __ Z ZJA sa)e” Q[UO(SA)+UO<5A)]( (sp) — (5/1‘\1))2 > 0. (10)

ACA SA

Here we took into account that the exponential weight in the sum is invariant under changing
signs of spin variables s4. From (9), (10) it follows that Hy is, also, positive definite. Statement
is proved.

Proof of III. We have to prove (5) for [ = 1. From orthogonality of the basis it follows that
Zn = (Wp,Ty) = Ze’aUO(SA)
SA
and

1 _ -1 —aUp(sp) ,—SWa(sa) . —2Wa(sp) _E gnaX|WA(SA)\
=7 0 > f > e AA
<S[A}>A A ES € € 2 = SIRAe 2 >
A

This proves the statement.
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3

Discussion

The proposed perturbations V of the initial Hamiltonian Hyp seem complicated. But it is not
always so. If the initial Hamiltonian coincides with the Hamiltonian of the XX Heisenberg
model, then in some cases, mentioned in the introduction, the perturbation is very simple and
produces an anisotropic quadratic in S3, x € A term and a boundary term linear in S3, x € A
only. A reduction of Vj to a simpler form for a quadratic in S3, x € A function Uy can be
found in [1]. There is an interesting problem to find out all the cases of the initial Hamiltonians,
commuting with the total spin in the third direction, ¢4 4 and Uy leading to simple anisotropic
generalized X X Z models.
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