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Àííîòàöèÿ. Â êà÷åñòâå ìîäåëè äåÿòåëüíîñòè ñòðàõîâîé êîìïàíèè ðàññìîò-
ðåíà ìîäåëü Êðàìåðà–Ëóíäáåðãà. Ïîñêîëüêó ïîëó÷èòü â ÿâíîì âèäå ðåøå-
íèå äëÿ ôóíêöèè âåðîÿòíîñòè íåðàçîðåíèÿ ñòðàõîâîé êîìïàíèè ïðè ïðîèç-
âîëüíîì ðàñïðåäåëåíèè âåëè÷èí ñòðàõîâûõ èñêîâ íà äàííûé ìîìåíò ïîêà
íå ïðåäñòàâëÿåòñÿ âîçìîæíûì, ðàññìàòðèâàåòñÿ çàäà÷à íàõîæäåíèÿ îöåíêè
ñõîäèìîñòè èçíà÷àëüíîé âåðîÿòíîñòè íåðàçîðåíèÿ ê òîé, ÷òî áóäåò ïîëó÷å-
íà ïîñëå àïïðîêñèìàöèè ôóíêöèè ðàñïðåäåëåíèÿ âåëè÷èí èñêîâ.

Êëþ÷åâûå ñëîâà: ìîäåëü Êðàìåðà–Ëóíäáåðãà, ïðîöåññ ðèñêà, ñõîäèìîñòü,
âåðîÿòíîñòü ðàçîðåíèÿ.

ÂÂÅÄÅÍÈÅ

Ïðè ðàáîòå ñ ðåàëüíûìè ñòàòèñòè÷åñêèìè äàííûìè ñòðàõîâûõ êîìïàíèé èññëå-
äîâàòåëè ÷àñòî ñòàëêèâàþòñÿ ñ ïðîáëåìîé òðóäîåìêîñòè îáðàáîòêè ïîëó÷åííûõ
ýìïèðè÷åñêèõ ôóíêöèé ðàñïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí. Ïîñêîëüêó ïðè ñáî-
ðå è ñîðòèðîâêå äàííûõ â ëþáîì ñëó÷àå âîçíèêàþò íåòî÷íîñòè, ïðèìåíåíèå
ðàçëè÷íûõ àïïðîêñèìàöèé çàêîíîìåðíî. Äëÿ àíàëèçà äàííûõ î äåÿòåëüíîñòè
ñòðàõîâûõ êîìïàíèé èñïîëüçóþò ìàòåìàòè÷åñêèå ìîäåëè. Ðàáîòû Ô. Ëóíäáåðãà
[1, 2] ñ÷èòàþòñÿ áàçîâûìè èññëåäîâàíèÿìè, ïîñâÿùåííûìè ïîñòðîåíèþ ìàòåìà-
òè÷åñêèõ ìîäåëåé ðàáîòû ñòðàõîâûõ êîìïàíèé. Â íèõ ñòðàõîâàíèå ðàññìàòðèâà-
åòñÿ êàê ïðîöåññ, çàâèñÿùèé îò âðåìåíè ðàáîòû êîìïàíèè è åå êàïèòàëà.

Â äàííîé ñòàòüå â êà÷åñòâå ìîäåëè ðàáîòû ñòðàõîâîé êîìïàíèè èñïîëüçóåì
êëàññè÷åñêóþ ìîäåëü ðèñêà (ìîäåëü Êðàìåðà–Ëóíäáåðãà). Äèíàìèêîé êàïèòàëà
â íåé íàçûâàþò ñëó÷àéíûé ïðîöåññ

�x t x ct S t( ) ( )� � � ,

ãäå x — íà÷àëüíîå çíà÷åíèå êàïèòàëà, �x t( ) — êàïèòàë ñòðàõîâîé êîìïàíèè
â ìîìåíò âðåìåíè t, c — ñêîðîñòü ïîñòóïëåíèÿ ïðåìèé îò êëèåíòîâ, S t( ) �

�
�
�Yk

k

N t

1

( )
— ñëó÷àéíûé ïðîöåññ [3], îïðåäåëÿþùèé ñóììó âûïëà÷åííûõ êîìïà-

íèåé ñòðàõîâûõ òðåáîâàíèé íà âûáðàííîì îòðåçêå âðåìåíè, Y Yk1, ,� — îäè-
íàêîâî ðàñïðåäåëåííûå íåçàâèñèìûå âåëè÷èíû èñêîâ ñ ôóíêöèåé ðàñïðåäåëå-
íèÿ F x( ), N t( ) — êîëè÷åñòâî ïîëó÷åííûõ èñêîâ, îïèñûâàåìûõ ïóàññîíîâñêèì
ïðîöåññîì ñ ïàðàìåòðîì �. Ìîìåíò, êîãäà ñóììà êàïèòàëà êîìïàíèè îïóñòèò-
ñÿ íèæå íóëÿ, íàçîâåì ðàçîðåíèåì. Âåðîÿòíîñòü òîãî, ÷òî íà áåñêîíå÷íîì èí-
òåðâàëå âðåìåíè [ , )0 �� ôóíêöèîíèðîâàíèÿ ñòðàõîâàÿ êîìïàíèÿ ðàçîðèòñÿ, çà-
äàåòñÿ âûðàæåíèåì

� �( ) ( )x P t tx� � �{ ïðè íåêîòîðîì }0 0 .

Ñîîòâåòñòâåííî ôóíêöèÿ âåðîÿòíîñòè íåðàçîðåíèÿ � �( ) ( )x x� �1 âûðàæàåò âå-
ðîÿòíîñòü òîãî, ÷òî íà èíòåðâàëå âðåìåíè [ , )0 �� ðàçîðåíèÿ íå ïðîèçîéäåò.

Ïîñêîëüêó èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, îïèñûâàþùåå âåðîÿò-
íîñòü íåðàçîðåíèÿ â êëàññè÷åñêîé ìîäåëè ðèñêà

c x x x y dF y
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äëÿ ïðîèçâîëüíîé ôóíêöèè ðàñïðåäåëåíèÿ íà äàííûé ìîìåíò â ÿâíîì âèäå
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ïîêà íåðàçðåøèìî, ïðåäñòàâëÿåò èíòåðåñ çàäà÷à î íàõîæäåíèè åãî ïðèáëèæåí-
íîãî ðåøåíèÿ è îöåíêè ñêîðîñòè àïïðîêñèìàöèè.

ÏÐÅÄÂÀÐÈÒÅËÜÍÛÅ ÑÂÅÄÅÍÈß

Ëåììà 1 (íåðàâåíñòâî Êðàìåðà–Ëóíäáåðãà) [4]. Ïóñòü óðàâíåíèå
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ãäå F y F y( ) ( )� �1 , èìååò êîðåíü R � 0 (êîýôôèöèåíò Ëóíäáåðãà). Òîãäà ïðè
âñåõ x � 0 âûïîëíÿåòñÿ íåðàâåíñòâî

� ( )x e Rx� � . (3)

Ëåììà 2. Óðàâíåíèå äëÿ âåðîÿòíîñòè íåðàçîðåíèÿ â êëàññè÷åñêîé ìîäåëè
ðèñêà çàïèøåì â èíòåãðàëüíîì âèäå [4]
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Äîêàçàòåëüñòâî. Ïåðåïèøåì óðàâíåíèå (1) â âèäå
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Ïðîèíòåãðèðóåì ïî x îáå ÷àñòè óðàâíåíèÿ (5) è ïîëó÷èì
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Ïîìåíÿåì âî âòîðîì èíòåãðàëå â (6) ïîðÿäîê èíòåãðèðîâàíèÿ:
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Òàêèì îáðàçîì, ôóíêöèÿ �( )x óäîâëåòâîðÿåò èíòåãðàëüíîìó óðàâíåíèþ

� �
�

�( ) ( ) ( )[ ( )]x
c

x y F y dy

x

� � � �
0 1
0

.

ISSN 1019-5262. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2018, òîì 54, ¹ 2 79



ÎÖÅÍÊÀ ÒÎ×ÍÎÑÒÈ ÏÐÈÁËÈÆÅÍÈß ÂÅÐÎßÒÍÎÑÒÈ ÍÅÐÀÇÎÐÅÍÈß

Â ÿâíîì âèäå ðåøåíèå äëÿ âåðîÿòíîñòè íåðàçîðåíèÿ â êëàññè÷åñêîé ìîäåëè
ðèñêà íàõîäèòñÿ òîëüêî äëÿ íåñêîëüêèõ ÷àñòíûõ ñëó÷àåâ, íàïðèìåð ýêñïîíåí-
öèàëüíîãî [5], ãàììà-ðàñïðåäåëåíèÿ [6], ñìåñè ýêñïîíåíöèàëüíûõ ðàñïðåäåëå-
íèé [7], âûðîæäåííîãî ðàñïðåäåëåíèÿ. Â ñâÿçè ñ ýòèì ðàññìîòðèì ìîäåëü,
â êîòîðîé ðèñêè èìåþò ôóíêöèþ ðàñïðåäåëåíèÿ F y� ( ), áëèçêóþ ê F y( ) â íå-
êîòîðîì ñìûñëå (ïîäðîáíåå îáñóæäàåòñÿ äàëåå). Îäíèì èç âîçìîæíûõ âàðèàí-
òîâ ÿâëÿåòñÿ ïðèáëèæåíèå ôóíêöèè ðàñïðåäåëåíèÿ ñìåñüþ ñäâèíóòûõ ýêñïî-
íåíöèàëüíûõ ðàñïðåäåëåíèé òàêèì îáðàçîì, ÷òî îíè áóäóò îòëè÷àòüñÿ íå áî-
ëåå ÷åì íà � â ñìûñëå ðàññòîÿíèÿ Ëåâè. Â ðàáîòå [8] îáîñíîâàíî ïîñòðîåíèå
òàêîãî ïðèáëèæåíèÿ, à â [7] ïîêàçàíî èñïîëüçîâàíèå äàííîé ñìåñè äëÿ ïîëó-
÷åíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ èç èíòåãðî-äèôôåðåíöèàëüíîãî, à òàêæå
ïîñòðîåíà îöåíêà ñáëèæåíèÿ ðåøåíèé.

Îñíîâíàÿ öåëü äàííîé ñòàòüè çàêëþ÷àåòñÿ â íàõîæäåíèè îöåíêè ïðèáëèæå-
íèÿ ïîëó÷åííîé ôóíêöèè âåðîÿòíîñòè íåðàçîðåíèÿ â ìîäåëè Êðàìåðà–Ëóíäáåð-
ãà ê èñõîäíîé, êîãäà äëÿ ôóíêöèè ðàñïðåäåëåíèÿ èñêîâ F y( ) èñïîëüçóåòñÿ íåêî-
òîðàÿ àïïðîêñèìàöèÿ F y� ( ) [9].

Èçâåñòíî, ÷òî ôóíêöèÿ âåðîÿòíîñòè íåðàçîðåíèÿ �( )x â êëàññè÷åñêîé ìîäå-
ëè ðèñêà óäîâëåòâîðÿåò èíòåãðàëüíîìó óðàâíåíèþ (4). Äëÿ ïðèáëèæåííîé âåðî-
ÿòíîñòè �� ( )x èíòåãðàëüíîå óðàâíåíèå ïîëó÷àåì àíàëîãè÷íî:
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Îáîçíà÷èì ïðèáëèæåííóþ âåðîÿòíîñòü ðàçîðåíèÿ � �� �( ) ( )x x� �1 ; äëÿ
óäîáñòâà òàêæå ââåäåì îáîçíà÷åíèÿ F x F x( ) ( )� �1 è F x F x� �( ) ( )� �1 .

Ïóñòü âûïîëíåíû óñëîâèÿ íåâûðîæäåííîñòè ðàñïðåäåëåíèÿ òðåáîâàíèé, ò.å.
F ( )0 1� , è ïîëîæèòåëüíîñòè äîõîäà:
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 � , (7)

èíà÷å ïðè ëþáîì x ïðîèçîéäåò ðàçîðåíèå ñ âåðîÿòíîñòüþ åäèíèöà. Ïîëàãàåì
òàêæå, ÷òî âûïîëíÿþòñÿ ïðåäïîëîæåíèÿ (2) è (3) íåðàâåíñòâà Êðàìåðà–Ëóí-
äáåðãà (ëåììà 1).

Òåîðåìà 1. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ (2) è (3) è äëÿ íåêîòîðîãî
��( , )0 R , ãäå R — êîýôôèöèåíò Ëóíäáåðãà, âûïîëíåíî óñëîâèå
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Äîêàçàòåëüñòâî. Çàïèøåì óðàâíåíèå (4) ñ ïîìîùüþ îáîçíà÷åíèé âåðîÿò-
íîñòè ðàçîðåíèÿ c ó÷åòîì
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Ïîëó÷èì
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Ïðèáàâèâ è âû÷òÿ â (9) ïîä çíàêîì ìîäóëÿ ñëàãàåìîå
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Çàìåòèì, ÷òî èç óñëîâèÿ (8) ñëåäóåò

� �( )x e x� � . (11)
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Äåéñòâèòåëüíî, çàìåíÿÿ ðàñïðåäåëåíèå F� òðåáîâàíèé òàêèì ðàñïðåäåëåíèåì
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Òàêèì îáðàçîì, èç íåðàâåíñòâà Êðàìåðà–Ëóíäáåðãà ïîëó÷èì (11).
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Äàëåå îöåíèì êàæäîå èç ïîëó÷åííûõ ñëàãàåìûõ â (12). Â ñèëó (11)
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Èç íåâûðîæäåííîñòè ðàñïðåäåëåíèÿ òðåáîâàíèé ñëåäóåò
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Çàìå÷àíèå 1. Ïðåäïîëàãàÿ äîïîëíèòåëüíî, ÷òî
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ïîëó÷àåì ñõîäèìîñòü èñõîäíîé è ïðèáëèæåííîé âåðîÿòíîñòåé íåðàçîðåíèÿ
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Çàìå÷àíèå 2. Ëåãêî âèäåòü, ÷òî âìåñòî ðàâåíñòâà (2) äîñòàòî÷íî òðåáîâàòü
âûïîëíåíèÿ íåðàâåíñòâà
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ÇÀÊËÞ×ÅÍÈÅ

Â äàííîé ðàáîòå ðàññìîòðåíà êëàññè÷åñêàÿ ìîäåëü ðèñêà, îïèñûâàþùàÿ äåÿ-
òåëüíîñòü ñòðàõîâîé êîìïàíèè. Ôóíêöèÿ âåðîÿòíîñòè íåðàçîðåíèÿ êîìïàíèè
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àïïðîêñèìèðîâàíà ñ ïîìîùüþ ïðîèçâîëüíîé ôóíêöèè ðàñïðåäåëåíèÿ âåëè÷èí
èñêîâ. Íàéäåíû óñëîâèÿ, ïðè êîòîðûõ ïîëó÷åíà áëèçêàÿ ñõîäèìîñòü ðåøåíèé
äëÿ âåðîÿòíîñòè íåðàçîðåíèÿ.
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Àíîòàö³ÿ. ßê ìîäåëü ä³ÿëüíîñò³ ñòðàõîâî¿ êîìïàí³¿ ðîçãëÿíóòî ìîäåëü Êðà-
ìåðà–Ëóíäáåðãà. Îñê³ëüêè îòðèìàòè â ÿâíîìó âèãëÿä³ ðîçâ’ÿçîê äëÿ ôóíêö³¿
éìîâ³ðíîñò³ íåáàíêðóòñòâà ñòðàõîâî¿ êîìïàí³¿ äëÿ äîâ³ëüíîãî ðîçïîä³ëó âå-
ëè÷èí ñòðàõîâèõ ïîçîâ³â íà äàíèé ìîìåíò ïîêè ùî íå º ìîæëèâèì,
äîñë³äæóºòüñÿ çàäà÷à çíàõîäæåííÿ îö³íêè çá³æíîñò³ ïî÷àòêîâî¿ éìîâ³ðíîñò³
íåáàíêðóòñòâà äî éìîâ³ðíîñò³, ÿêó áóäå îòðèìàíî ï³ñëÿ àïðîêñèìàö³¿
ôóíêö³¿ ðîçïîä³ëó âåëè÷èí ïîçîâ³â.

Êëþ÷îâ³ ñëîâà: ìîäåëü Êðàìåðà–Ëóíäáåðãà, ïðîöåñ ðèçèêó, çá³æí³ñòü,
éìîâ³ðí³ñòü áàíêðóòñòâà.

V.O. Boldyreva, G.M. Shevchenko
ON THE CONTINUOUS DEPENDENCE OF NON-BANKRUPTCY PROBABILITY
ON PAYMENT DISTRIBUTION FUNCTION IN THE CLASSICAL RISK MODEL

Abstract. The Cramer–Lundberg model is considered as a model of insurance
company. Since it is impossible to obtain an explicit solution for the function of
non-bankruptcy probability of insurance company for an arbitrary distribution of
the values of insurance claims, the authors consider the problem of estimating
the convergence of the original non-bankruptcy probability to one that would be
obtained by approximating the values of claim distribution function.

Keywords: Cramer–Lundberg model, risk process, convergence, ruin probability.
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