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On a model semilinear elliptic equation
in the plane

VLADIMIR GUTLYANSKII, OLGA NESMELOVA, VLADIMIR RYAZANOV

Abstract. Assume that 2 is a regular domain in the complex plane C
and A(z) is symmetric 2 X 2 matrix with measurable entries, det A = 1
and such that 1/K[¢]? < (A(2)¢, &) < K|¢)?, € €¢ R, 1 < K <
0o. We study the blow-up problem for a model semilinear equation
div (A(2)Vu) = €* in  and show that the well-known Liouville-Bieber-
bach function solves the problem under an appropriate choice of the
matrix A(z). The proof is based on the fact that every regular solution
u can be expressed as u(z) = T'(w(z)) where w : Q — G stands for qua-
siconformal homeomorphism generated by the matrix A(z) and T is a
solution of the semilinear weihted Bieberbach equation AT = m(w)e”
in G. Here the weight m(w) is the Jacobian determinant of the inverse
mapping w™*(w).
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1. Introduction

Let € be a simply connected domain in the complex plane C. Denote
by M?*2(C) the class of two by two symmetric matrices A(z) = {ajx}
with measurable entries and det A(z) = 1, satisfying the uniform elliptic-
ity condition

%|§|2 < ajp(2)&¢ < KIE]* ae. in Q, (1.1)

for every £ € C. The factor K here can be either a constant or a measur-
able function on Q with 1 < K(z) < co almost everywhere in €.

Given a matrix A € M?*2(Q), let us consider the following second
order elliptic equation in divergence form

div (A(2)Vu) =0 a.e in Q. (1.2)
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Equation (1.2) is interpreted, generally speaking, in the distributional
sense. That is, a function u is a weak solution to the equation if it has
locally integrable gradient Vu with

/Q(A(Z)Vu, V) =0 Vo e C5°(). (1.3)

This is meaningful at least for u € Wﬁ)cl(Q) Dealing in the main with
quasiconformal mappings, generated by the uniformly elliptic matrix A €
M?*2(C), one can assume a little more regularity, namely u € I/VJJCQ (Q).
However, if we are going to study semilinear degenerate elliptic equation,

then will assume under the weak solution u € VVIEC1 (Q).

Let A € M**%(C) and u € Wéf(ﬂ) be a weak solution to (1.2). Then
there exists v € VV&)’CZ(Q), called the stream function of u, such that one

has

Vov=SAVu aeinQ, S= ((1) _3 > (1.4)

Setting w(z) = w + iv, one writes in complex notations that w satisfies
the Beltrami equation

wz(z) = u(z)w,(z) a.e. in Q, (1.5)
where the complex dilatation u(z) is given by

1

/L(Z) = m(agg — a1 — 21’@12). (1.6)

Here I stands for the unit matrix.
The condition of ellipticity (1.1) now is written as

K-1 )
lu(z)] < K1 e Q. (1.7)

And vice versa, given a complex-valued function p, satisfying (1.7), one
can invert the algebraic system (1.6) to obtain

[1—p>  —2Imp
1—|ul? 1—[wl?
A=) = S, (e (1.8)

Thus, given any A € M?*2(Q), one produces by (1.6) the complex di-
latation p(z) for which in turn, by the Measurable Riemman mapping
theorem, see, e.g. [1], [2, p. 67], the Beltrami equation (1.5) generates a
quasiconfomal homeomorphism w : Q — G. As the domain G one can
take any plane domain which is conformally equivalent to €. It is well
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known that w € VVI})’Cp(Q), 2<p< [371_(1, we L. (), a=1/K, and we
see that if w(z) = u(z)+iv(z), then div (A(z)Vu) = 0, div (A(2)Vv) =0,
a.e. in Q and u,v € VV&)’S(Q) In what follows we will say that the matrix
A generates the corresponding quasiconformal mapping w, or A and w

are agreed.

Remark 1. If we replace the uniform ellipticity condition (1.7) by
the weaker inequality of the ellipticity |u(z)| < 1 a.e. in €, then, under
some additional assumptions with respect to p(z) that guarantee the ex-
istence of a homeomorphic solution w(z) = u(z) +iv(z) € W’licl(ﬂ) to the
degenerate Beltrami equation, one can repeat the above considerations.

The existence problem for the degenerate Beltrami equation, i.e., when

Koy = LHEOL o

1—|p(2)]
is currently an active area of research; see, e.g., the recent books [2,12],
which contain, in particular, the extended bibliography on the topic.

In this paper we study the blow-up problem for a model semilinear
equation div (A(z)Vu) = e" in © and show that the well-known Liouville—
Bieberbach function solves the problem under an appropriate choice of the
matrix A(z). The proof is based on the fact that every regular solution
u can be expressed as u(z) = T(w(z)) where w : Q@ — G stands for
quasiconformal homeomorphism generated by the matrix A(z) and T is
a solution of the semilinear weihted Bieberbach equation AT = m(w)e”
in G. Here the weight m(w) is the Jacobian determinant of the inverse
mapping w ! (w).

2. A reducing lemma

Let 2 be a domain in the complex plane C. In what follows, we will
use for the sake of simplicity in the exposition the symmetric matrices

written in the form
o
A= < p ? ) (2.1)

with smooth entries «, 3,9, |u(z)| < 1, with the exception of a finite
number of points in €2, and such that det A = 1.

Lemma 1. Let w : Q — G be a homeomorphic solution to the
Beltrami equation (1.5) agreed with the matriz A, T be a real valued
function in C*(G) and uw =T ow. Then

div [A(2)Vu(2)] = J,(2) AT (w), w=w(z), (2.2)

where J,(z) stands for the Jacobian determinant of the mapping w(z).
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Proof. Assuming that T € C?(G) and that w(z) = a(z,y) + ib(z,y),
z = x + 1y, is a homeomorphic solution to the Beltrami equation (1.5),
we see that in 2

by = aay; + Bay (2.3)
—by = Pa; + 5ay7 ‘
ad — B2 =1,
and
—ay, = aby + (b, (2.4)

Setting u(z) = T'(w(z)), we get
Vu(z) = D' w)VT(w), w = w(z),

and therefore
. 0
div [A(z,y)Vu(z,y))] = %[O‘(Tﬁa:ﬁ + Thbe)

0
+ B(Teay + Tyby)| + @[B(Tgal« + Tyybs) + 6(Teay + Thyby)]
= Tediv [A(z, y)Va(z, y))] + Tydiv [A(z, y) Vb(z, y))] + Q(z, y),
where
Qz,y) = ng(aai + 2Baga, + 5a§)+
Ty (b2 + 2Bbgay + 6b,) + 2Ty (Qazby + Sayby + Baybs + Basby).

Since
div [A(z,y)Va(z,y)] = 2[04(11c + Bay] + 2[Ba373 +da,] =0  (2.5)
oz oy
and

div [A(z,y)Vb(z,y)] = aa

e

0
we have that

div [A(z,y)Vu(z,y))] = Q(x,y).

By (2.3),
(aazby + dayby + Bayb, + Bagby) =0

and

(aa? + 2Bagay + (5@3) = (ab? + 2Bbgay + 5b32/) = agby — ayby = Ju(2).
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Hence,

Q(z,y) = Ju(2)AT(w), w=uw(z), a.ein Q (2.7)

and we arrive at the formula (2.2). O

Remark 1. If A is the unit matrix, then we arrive at the well-known
result for the Laplace equation: if T" is harmonic and w is analytic, then
A(T(w(2))) = |w'(2)PAT(w(2)), and therefore T'(w(z)) is also harmonic
function. Next, if u is an A-harmonic function, then 7" is harmonic.

3. Semilinear elliptic equations

Let  be a bounded domain in C and let 92 denote its boundary. In
this section we deal with the semilinear equation

div [A()Vu(2)] = f(u(2)) (3.1)
and the boundary condition
u(z) — 400 as d(z) := dist (z,00) — 0, (3.2)
as well as with its Laplace’s counterpart

Au(z) = f(u(z)), (3.3)
u(z) = 400 as d(z) := dist (z,002) — 0. (3.4)

Solutions to these problems are called boundary blow-up solutions, or
large solutions.

In the last decades semilinear equations became a central subject of
study in the theory of nonlinear partial differential equations. The study
of such equations is of interest because of its numerous applications to
actual problems of differential geometry, mathematical physics, logistic
problems etc.: see, e.g., [7,8], and the extended bibliography therein.

The existence of a large solution to the equation (3.3) is related to the
existence of a maximal solution u of (3.3) in 2, which in turn depends on
the so called Keller-Osserman condition, see [16,18|. J.B. Keller and R.
Osserman provided a sharp condition on the growth of f at the infinity
which guarantees that the set of solutions (3.3) is uniformly bounded from
above in compact subsets of (2. Qualitatively the condition means that the
superlinearity of f at the infinity is sufficiently strong. They derived an a
priory estimate for solutions of (3.3) in terms of p(z) = dist (z, 92). This
estimate implies that the equation (3.3), in bounded domain, possesses a
maximal solution. Under some additional conditions on €2 the maximal
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solution blows up everywhere on the boundary, i.e one arrives at a large
solution.

Recall that a function f € C'(R;) satisfies the Keler-Osserman con-
dition if there exists a positive non-decreasing function h such that

00 t —-1/2
f(t) > h(t),vt € Ry and / {/ h(s)ds} dt < oo for all ¢y > 0.
¢ 0
’ (3.5)

It is known that if f is non-decreasing and satisfies the Keller-Osserman
condition, then a large solution exists in every bounded smooth domain.
Uniqueness in smooth domains was established under some additional
conditions on f, see e.g. [17], Section 5.3. It is easy to check that the
functions f(t) = e’ and f(t) = tP, p > 1, satisfy (3.5). The semilinear
equation

Ay = e, (3.6)

as far as we know, was first investigated by Bieberbach in his pioneering
work [4] related to the study of Riemannian geometry and automorphic
functions in the plane. More precisely, if a Riemannian metric of the
form |ds|? = e*(*)|dz|? has constant Gaussian curvature —g2, then Au =
g?e®". It is this work that has stimulated numerous studies in the field
of semilinear differential equations in R™, n > 1, and the equation (3.6)
continues to play the role of one of the fundamental model equations of the
theory. It is important to note that in simply connected planar domains
Q the large solutions for the equation (3.6) are expressed explicitly by
means of the Liouville-Bieberbach formula

81f'(2)1?
u(z) =log —— 55 (3.7)
(1 =1f(2)?)?
where f stands for a conformal map f: Q — D = {z:]|z| < 1}.
For the model case of the equation
Au = e, a>0, (3.8)

the following result holds, see [17]|, Theorem 5.3.7.

Theorem A. Let Q be a bounded domain in C such that 9 = 9.
Then there exists one and only one blow-up solution to (3.8).

4. Some Applications of Lemma 1

Below we confine ourselves to a few examples of the application of
Lemma 1 to the study of some properties of boundary blow-up solutions

of a classical model semilinear elliptic equation div [A(z)Vu]| = p(z)e".
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Theorem 1. Let k(t), 0 < t < 1, be an arbitrary complex valued
smooth function, such that |k(t)| < g <1 and the matriz A is generated
by the Beltrami coefficient pu(z) = k(|z|)z/z in accordance with formula
(1.8). Then the boundary blow-up solution to the equation

div [A(2)Vu(2)] = p(|2])e"?) (4.1)
in the unit disk D where
11— |k(t)|? ox t o 4k(T) ﬁ
0= et [ Rt )

has the explicit representation

8
(1 —Jw?)?*

B 14 k() dt
]w\—exp{/l Rel—k(t)t}'

Proof. By the Measurable Riemann mapping theorem, there exists unique
normalized quasiconformal self-homeomorphism w(z) of the unit disk D
with the Beltrami coefficient p(z) = k(|z])z/z and this homeomorphism
is written explicitly, see [2, p. 82],

oz =1+ k() at
w(z) = 2 exp {/1 k) } . (4.2)

u(z) =log

Here

We see that
W3 k1
w 1-kz
wy 1 1
w 1—kz

and therefore, for the Jacobian J,,(z) = |w,|? — |wz|?, we have that

1— |k|? |w|?
1) = = 2 = D,

We look for a solution to the equation (4.1) in the form v = T o w,
assuming that T € C?(D). Making use of Lemma 1, we see that T satisfies
the Bieberbach equation

AT =¢T in D. (4.3)
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By the mentioned above Bieberbach’s result [4] and referring also to
Theorem A, we see that the unique C?(D) boundary blow-up solution to
the equation (4.3) in the unit disk D is given by the explicit formula

T(w) = log (4.4)

(1= Jw[*)*
Therefore, the required solution to the equation (4.1) has the explicit
representation

8
(1= |w(2)[?)?’

where w(z) is given by formula (4.2). O

u(z) = log (4.5)

Among the quasiconformal automorphisms (4.2) of the unit disc D
there is a variety of volume-preserving maps, for which J,(z) =1, z € D.
The following statement may have of independent interest.

Corollary 1.1. Let D be the unit disk in the complex plane C cen-
tered at the origin and let the matriz A(z) be generated by the Beltrami
coefficient

(=) = k(lz)= (4.6)
in accordance with formula (1.8) where
k(t) = v2(t) £ iv(t)\/1 — v2(t) (4.7)

and v(t), 0 < t < 1, stands for an arbitrary real-valued smooth function,
such that |v(t)| < q < 1. Then there exists one and only one boundary
blow-up solution to the classical semilinear equation

div[A(2)Vu| =¢€", z€ D, (4.8)

which is written explicitly by the Liouville—Bieberbach formula

u(z) = log (4.9)

(1= 21>

Proof. Let A(z) be a matrix generated by the complex Beltrami coeffi-
cient (4.6), satisfying (4.7). In order to apply Theorem 1, we have to
verify that J,(z) = 1 and |w(z)| = |z| for z € D. Indeed, in our case
Rek = |k|? and therefore |w(z)| = |z|, z € D. The later implies that
Ju(z) = 1. O
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For example, the well-known spiral mapping
S(Z) — 2l log ||

is just the volume preserving. Indeed, in this case the Beltrami coefficient

W3z 1 Z
= — = — ]_ —
p) = £ = S+
and we see, that it corresponds to (4.7) with v(t) = 1/v/2. If z = pe'¥.
The matrix A generated by such u(z) will depend on ¢ only and has the
form

A 3 —2(cos2¢p —sin2¢p)  —2(cos2p + sin 2¢p) (4.10)
N —2(cos2¢p +sin2p) 34 2(cos2p —sin2¢) /- '

The spiral mappings play an important role in applications. F. Gehring
employed s(z) in [9] to solve the well-known Bers’s problem on the struc-
ture of the universal Teichmiiller space. F. John [14| used the map-
ping s(z) to study the uniqueness of non-linear elastic equilibrium for
prescribed boundary displacements. The spiral mappings also play an
important role in the theory of smooth planar mappings with constant
principal stretches, see [6,10]. The problem of conformal differentiation
as well as many regularity, distortion and rotation problems for quasi-
conformal mappings in the plane were also investigated by means of the
spiral mapping. We recall a typical such problem that went back to F.
John which closely related to the non-linear elasticity theory. In [13| he
showed that if f: C — C is an (1 4+ &) — bilipschitz mapping and if for
some 0 < a < bwe have f(z) = z for |z| > b, f(2) = ze" for || < a, then

6] < C'(1+ log(b/a))e. (4.11)

The angle estimate (4.11) follows from the basic stability theorems in [13]
for (1 + &)-bilipschitz mappings in the plane. The BMO technique [15]
also plays an important role for (4.11). Quasiconformal methods lead
to the sharp solution of John’s problem, see [11], [2, Chapter 13|. It is
shown that the logorithmic spiral gives the extremum to F. John’s angle
distortion problem for plane bilipschitz mappings.

Theorem 2. Let Q be the annulus r < |z| < 1 in the complex plane
C and let the matriz A(z) be generated by the Beltrami coefficient

(=) = k(l21) (4.12)
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in accordance with formula (1.8) where
k(t) = v2(t) £ iv(t)\/1 — v2(t) (4.13)

and v(t), 0 <t < 1 stands for an arbitrary real-valued smooth function.
If lv(t)| < q < 1, then there exists one and only one boundary blow-up
solution to the classical model semilinear equation

div [A(2)Vu] = €e*, in the annulus r < |z| < 1, (4.14)
which is written explicitly by the formula
21?2

2 : s
12(log” r) - Slnz(logr log|z]).

(4.15)

u(z) = log »

Proof. Arguing in the same way as in the proof of Theorem 1, we see that
u(z) = T'(w(z)), r < |z| < 1, where quasiconformal self-homeomorphism
w(z) of the annulus is given by (4.2) and T is the boundary blow-up
solution to the semilinear equation

AT = el (4.16)

in the annulus r < |w| < 1. By Bieberbach’s result [4] and Theorem A
the unique boundary blow-up solution to the equation (4.16) is given by
the formula

8|F" (w)?
(1= [F(w)?)?
where F'(w) stands for a conformal mapping of the annulus r < |w| <

1 onto the unit disk. It remains to find the corresponding conformal
mapping F(w). We see that: 1) w = logw maps the annulus onto the

T(w) = log (4.17)

strip logr < Rew < 0; 2) ¢ = —jeToart® maps the strip onto the right
half-plane; 3) t = (( —1)/(¢ + 1) maps the right half-plane onto the unit
disk. Composing the above mappings we get the required formula

——jlogw

jeTosr 1089 4 1
relogr -1

T

Next, setting 7(w) = jeTogr 108

, we see that

_ 16Re* 7(w)

(1-[F@)P)?*= 1 (4.19)

where
T

Re7(w) = —|7]|sin <logr log |w|> :
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On the other hand,

4

4 2 w1

Fl(w))? = ——|" W)= : 4.20
P = 2l @f = Sl e @)
Thus 9
2m
T(w) = log - (4.21)
jw|?(log? ) - sin? (5 log |w])
and since |w(z)| = |z|, we complete the proof of Theorem 2. O

Making use of the limit in (4.15) as  — 0 we get the following result
which may have of independent interest.

Corollary 2.1 The semilinear equation
div [A(z)Vu| = e* (4.22)
for each matriz A from Theorem 2, as well as the Bieberbach equation
Au = e (4.23)

admit the following boundary blow-up solution in the punctured unit disk
0<|z| <1

u(z) = log (4.24)

[2[21og? |2|

Remark 1. The approach given above to the construction of a
boundary blow-up solution to the Bieberbach equation in the unit disk
D with a singularity at the origin can be extended to the case of finite
number of singular points z, |zx] < 1, k = 1,2,...,n. Indeed, let r > 0
be such that all the circles d = {z : |z — zx| < r} belong to D and do not
intersect each other. Denote by F.(z) a conformal mapping of the circu-
lar multi-connected domain I \ U}_,dj, onto the unit disc . Then the
required solution with prescribed singularities at the points z; is given
by

Y 81 F(2)[?
T T R G

(4.25)

Remark 2. We have considered the uniformly elliptic case only, i.e.
when |v(|z])] < ¢ < 1. It can be shown that the above formulae remain
hold also in the case when |v(|z|)] < 1 a.e., assuming the convergence of
the corresponding integrals.
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Now we show how to produce a boundary blow-up solution to the
equation div [A(z)Vu(z)] = €" in the punctured disk 0 < |z| < 1, making
use of the cavitation effect and the degeneration of the matrix A.

Theorem 3. Let the matriz A(z) be generated by the Beltrami coef-

ficient
1 z

—_— . 4.2
1+2|2| 2z (426)

u(z) =

Then there exists a boundary blow-up solution to the degenerate elliptic

semilinear equation
div [A(z)Vu(z)] = e* (4.27)

in the punctured disk D \ {0}, such that u(z) — +oo as |z| — 1 and

z — 0. Moreover,
w(z) =T <z (1 + é|>> (4.28)

where T stands for a boundary blow-up solution to the equation

AT (w) = (1 ! )eT (4.29)

|wl
in the annulus 1 < |w| < 2.
Proof. In spite of the fact that |u(z)| — 1 as z — 0, the Beltrami coeffi-

cient (4.26) generates unique normalized homeomorphisms to the degen-
erate Beltrami equation

w(z)=(14+1/|z])z, w(l)=2, (4.30)

that maps D \ {0} onto the annulus 1 < |w| < 2. Since wz = —z/2z|z|,
w; = 14 1/2|z|, we see that the Jacobian of the mapping w is written as

1
Jw(Z) =1 -+ m

Because the inverse mapping
z=w Hw) = (R—-1)e", w= Re,

we see that

If u(z) is a solution of the degenerate elliptic equation (4.27) in the
punctured unit disk D and u(z) = T'(w(z)), then

T(w) = uow Y(w)
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solves the equation

AT(w) = <1 ! >eT (4.31)

|wl

in the annulus 1 < |w| < 2. Since the weight

(=) >0

in the annulus 1 < |w| < 2, we conclude that there exists a boundary
blow-up solution to (4.31) in the annulus 1 < |w| < 2, i.e. T(w) — oo
as |lw| — 1 and |w| — 2. Thus, u(z) = T(w(z)) with w(z) of the form
(4.30) is just the required solution. Here we have used of the following
remark from [3]: It is not difficult to see that the Keller-Osserman con-
dition for the equation Au(x) = m(z)f(u(z)) still holds even in the case
where m(x) vanishes at the boundary 0f2, provided it is positive in a
neighborhood of 9f). O

We complete the set of examples given above by an explicit solution
with singularity for a degenerate semilinear elliptic equation in the punc-
tured unit disk D\ {0}.

Theorem 4. Let the matriz A(z) is generated by the Beltrami coef-

ficient
1 =z

= 4.32
HE) = T ap 2 (4.52)
Then a boundary blow-up solution to the problem
1
div [A(2)Vu(z)] = (1 + \zl) ) 2 e D\ {0}, (4.33)
with singularity at the origin is written explicitly
872
u(z) =lo . 4.34
(2) & (14 |2))2(log? 2) -sin2(lo7gr2log(1+ 12])) ( )

Proof. In spite of the fact that |u(z)] — 1 as z — 0, the degenerate
Beltrami equation (1.5) admits unique normalized homeomorphism in
the punctured unit disk D \ {0}, which is given by the formula (4.13):

14 g
2|

w(z) (4.35)
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This function w(z) maps D \ {0} onto the annulus 1 < |w| < 2 and its
Jacobian J,(z) = (1 4+ 1/|z|). Looking the solution as u(z) = T(w(z)),
we see, by Lemma 1, that T satisfies the Bieberbach equation

AT = et
in the annulus 1 < |w| < 2, the boundary blow-up solution of which is
872

g 3 )
[w]?(10g?2) - sin?(1 2 log |

T(w) =lo

see formula (4.21) with » = 2. Thus, the desired solution

and since |w(z)| = 1+ |z|, we complete the proof. O

Remark 3. Perhaps a reader has pointed out that Lemma 1 is proved
for matrices A with smooth coefficient. It is done only for the sake of sim-
plicity in the exposition. We plan to publish the relevant results for the
matrices with measurable coefficients, satisfying the uniform ellipticity
condition, as well as to study the case of degeneration.
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