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The crystal-geometric model of rigid atomic structure of small-angle and large-angle
grain boundaries is considered, which takes into account not only complete but also partial
atomic coincidences. The concepts developed allow to determine the grain boundary effec-
tive energy depending on misorientation angle, to reveal the primitive cell (containing
only one coincidence atom) in the structure of special boundaries, and to show that the
maximal misorientation angle ¢, for small-angle boundaries depends on the boundary
length [. So, for the boundary laying plane (111), ¢.. values vary from 20° (for short
boundaries of I = 1077 ¢m) up to = 2° (for boundaries with I 107% cm). The results of
special grain boundary modeling show that the low energy of the latter is not determined
unequivocally by the density of coincidence sites but, to a greater extent, depends on
density of the short-period pattern of partial atoms coincidences within the primitive cell.

PaccmaTpuBaeTca KpHUCTAJJI0-TeOMETPUUYECKAsA MOIEJb KEeCTKOM aTOMHOUN CTPYKTYPBI
MaJio- 1 6GOJIBIIEeyrJIOBLIX IPAHUIL 3€PEeH, YUUTHIBAIOIAA He TOJbKO HOJIHbIE, HO ¥ YaCTUYHBIE
coBIaeHnd aToMOB. PasBuBaeMble MPEACTABIEHUA MO3BOJISIOT ONPENeJIUTh 9P (HEeKTUBHYIO
SHEPTHI0 TPAHUI[ 3€PeH B 3aBUCHMOCTH OT yIjla Pa30PHUEHTAINH, BHIABUTH B CTPYKType
CHeIMaJbHLIX IPAHNI, IPUMUTUBHYIO SYEeHKYy, COTEPIKAIINYI0 TOJbKO ONWH COBIIANAOIIUI
aToM, IOKA3aTh, YTO MAKCHMAJbHEIH yTroJ PasopHeHTAUWM IS MAaJOYIJIOBBIX IPaHHI ¢,
3aBHCHUT OT IPOTAMKeHHOocTH TrpaHunbl . Tak, maa miaockoctu saneranusa rpaHunsl (111
3HAUYEHUS ¢K mMeHATCA oT 20° (ms rpaHUI] MaJION MPOTAMKEHHOCTH [ = 1077 cm) go = 2°
(nns rpamum ¢ I 1079 cm). PesyabraThl MOLEINPOBAHNS CIEUAIbHBIX TPAHNAI] 3ePeH IOKa-
3BIBAIOT, UTO HU3KAasA SHEPTUA IMOCHeTHUX He OIlpelAesdeTcsd OJHO3HAUHO ILJIOTHOCTHIO COBIIA-
IAIOIIUX y3JI0B, a B OOJBIIEH CTeIleH! 3aBUCHUT OT IIJIOTHOCTH KOPOTKOIIEPHOANUYECKOTr'0 y30pa
W3 YaCTUYHBIX COBIIAQJEHUII aTOMOB B IIpefejiaX IPUMUTUBHON SUEHKHU.
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It is well known that properties of poly-
crystalline materials are determined by
presence of large amount of interfaces
(grain boundaries) therein, which, first of
all, differ in crystal-geometric charac-
teristics (the laying plane, the misorienta-
tion). Numerous various grain boundary
structure models are known. The most per-
fect one is the model of coincidence site
lattice (CSL) [1], the main characteristic
thereof being the reciprocal coincidence site
density 2. Depending on the misorientation
angle, grain boundaries may be small-angu-
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lar or large-angular ones. Unfortunately,
the critical value of the misorientation
angle ¢.,. being the lower limit at which
boundaries are considered to be large-angle
ones, cannot be determined uniquely for
various reasons. First, precise criteria ac-
cording to which small-angle and large-
angle boundaries should be distinguished
are not known till now; second, there is no
uniform point of view about the maximum
2 value, beyond of which the boundaries are
not already special. In other words, there is
a question: at what X values the conception
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of boundary as a special one losses the
physical sense. It is to note that ¢, values
as estimated by various authors differs es-
sentially. For example, in Read and Shock-
ley works [2] value of ¢, makes 6 to 9°. In
the theory by Li [3] based on coalescence of
dislocation cores in boundaries, ¢.. value
can reach =40°. According to [4], ¢, ~ 11°,
on data by Friedel [5] ¢..~ 15° - 20°. In
Van Bueren works [6], ¢.,. does not exceed
25°. Unfortunately, as far as we know, the
re are neither direct experimental nor reli-
able theoretical determinations of the
misorientation angle critical value ¢,,.

In this work, a crystal-geometric rigid
grain boundary structure modeling is pro-
posed taking into account not only the com-
plete atomic coincidences in the boundary
but also partial ones, allowing to simulate
the grain boundary structure and to obtain
the boundary effective energy value (the co-
incidence degree of lattices in the boundary)
at any misorientation angle. The essence of
the modeling method is reduced to construc-
tion of two identical schemes of lattice
atomic arrangement in a certain crystal-
lographic plane [7, 8]. Then, one of the
schemes is turned about an axis passing
through the common site perpendicularly of
this plane with respect to another one. To
take into account the partial coincidences,
the atomic arrangement scheme (intera-
tomic distances) and the atomic sizes are
submitted in the same scale. As will be
shown below, such modeling technique al-
lows, firstly, to derive the dependence of
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Fig. 1. Determination scheme of ¢ angles cor-
responding to CSL for boundary laying plane
(111).

boundary effective energy (both full and
partial coincidence degree of atoms in the
boundary) from the misorientation angle,
secondly, to determine the ¢, value and to
show that it depends on the boundary
length and its laying plane, and, thirdly, to
reveal the structural element representing a
primitive structural cell with a short-period
pattern consisting of partially coincident
atoms and one completely coincident center
atom.

The modeling results obtained for two
boundary laying planes (100) and (111) of
f.c.c. structure are presented below. Fig. 1
shows the determination scheme of angles
¢ corresponding to coincidence site lattices
for boundary laying plane (111). Since the
atomic arrangement scheme in this plane is

Table. Misorientation angles ¢, ,, cor'responding to CSL for boundary laying plane (111) (= is
surface density of coincidence sites; =", volume density of coincidence sites).

6,5 (deg.)
k

n 1 3 4
3 21.79 (Z7; £°21)
4 32.20 (Z13; =*39)
5 38.21 (27; =*7) | 18.17 (Z19; =757)
6 42.10 (Z31; =93) | 21.79 (=7; ¥"21)L
7 44.82 (343; £"129) | 27.80 (213; Z*13) | 9.43 (Z37; =*111)
8 46.83 (Z19; =19) | 32.20 (£19; =°39)! | 16.43 (Z49; *147)
9 48.37 (273; £219) | 35.57 (267; =°201) | 21.79 (=7; =*21)! | 7.34 (261; £°183)
10 49.58 (291; =*273) | 38.21 (Z7; =*7)! |26.01 (X79; =°237) | 13.17 (£19; =*57)!

In the Table, it is
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possible to find the same angles corresponding to CSL for different pairs (n, k).
From the scheme of angle determination, Fig. 1, it is seen that this recurrence can be avoided
considering only n and £ having no common multipliers.
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Fig. 2. Grain-boundary structures arising at turning of one atomic arrangement scheme with

respect to another one by various angles ¢ corresponding to special misorientations: a) boundary
laying plane (111), ¢ = 38.21°, 27; b) boundary laying plane (111), ¢ = 27.79°, X13; c¢) boundary
laying plane (100), ¢ = 36.87°, ¥5; d) boundary laying plane (100), ¢ = 22.62°, 13.

characterized by a 6-th order symmetry axis
perpendicular to this plane, to determine all
turn angles ¢ resulting in coincidence of the
lattice sites, it is possible to restrict our-
selves to only part of this scheme, namely,
to a 60-degrees sector as it is shown in Fig.
1. Let the point O be the center through
which passes the misorientation axis, and n
be a number of layers in the structure being
considered. The sequential consideration of
coincidence opportunity of lattice sites in
each layer and determination of the angles
resulting in such coincidence, allows to de-
termine all necessary values of ¢. The de-
termination scheme is simple enough. For
example, in the first layer, sites A and A,
can coincide only, the necessary value of ¢
angle makes 60°. From Fig. 1, it is seen
that in the second layer, coincidence of sites
occurs at turning through 60° as well as in
the first layer. Only in the third layer, the
coincidence of sites B and B; is possible at
turning throughn angle ¢, different from
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60°, which can be determined easily from
geometrical consideration:

0l (1)

1
¢y = 2arctg 73%

Consecutive consideration of atomic coin-
cidence opportunity in subsequent layers al-
lows to derive an expression for determina-
tion of all angles resulting in occurrence
CSL:

bor _ n-2k 2
tg 2 nvs’

where n =3, 4, 5..., k=1, 2, 3..., k<n/2.
The f.c.c.lattice misorientation angles (9,, 1),
creating CSL for the boundary laying plane
(111) calculated using formula (2) are sum-
marized in Table.

Fig. 2 (a, b) presents as an example the
grain-boundary structures arising as a turn-
ing result of one atomic arrangement
scheme with respect to another one by an-
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Fig. 3. Dependence of E,;/Eq on misorienta-
tion angle ¢, boundary laying plane (111),
array of 1027 atoms.

gles ¢ (38.21°; 27.79°), corresponding to the
special misorientations (Z7, 13) for bound-
ary laying plane (111). From Fig. 2, it is
seen that the grain-boundary structure in-
cludes completely coincident lattice sites as
well as partially coincident ones. A distinc-
tive and important feature of all these
structures is that everyone thereof can be
described with the help of the identical cells
representing primitive structures contain-
ing in the center only one completely coinci-
dent site (atom). The shape of such a cell
reflects atomic arrangement symmetry in
the plane being considered. So, for plane
(111), the cell has the shape of a regular

hexagon.
The modeling scheme proposed permits

to determine easily parameter of the primi-
tive cell mentioned above (a.,;):

=" (3)
cosgbﬂD
020

where r is the atomic radius.
For laying plane (100), the primitive cell

making it possible to describe the whole
structure also contains only one coincident
atom (Fig. 2 c, d). The cell is square-
shaped. The formulas to determine the ¢
angles and the primitive cell parameter
acell are as follows:

b _n-k (4)
2 n’

tg
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anh = Aﬂ (5)
cosE—lb%—’kD
020

where r is the atomic radius, n = 2, 3, 4...,
k=1, 2, 38...(n — 1).

It is easy to show that the ratio between
the value of coincident sites reciprocal den-
sity £ and the primitive cell parameter is
given by:

2 (6)
s = b geels.
or o

The coefficient k& is different and de-
pends on the boundary laying plane. So, the
k value makes 3/4 for laying plane (111),
and 1/4 for plane (100).

A distinctive feature of grain boundary
structure crystal-geometric model proposed
is the determination possibility of effective
energy E,; not only for the special bounda-
ries, but also for the general type ones at
any misorientation angles:

Sy - S M
Eeff = SO DEQ,

where S, is the overlapped area of atom
projections on the boundary laying plane at
¢ =0, S, the overlapped area at an arbi-
trary ¢ (both complete and partial coinci-
dences being taken into account), E,, the
coefficient depending on the boundary lay-
ing plane only (the energy of general type
boundary with the minimal S/S, value).
This purpose is reached by constructing the
dependence of the atomic coincidence rela-
tive degree (Sy—S)/Sog= E.,4/Ey, on the
misorientation angle ¢. A computer pro-
gram developed specially permit to deter-
mine the overlapped area of atomic projec-
tions on this plane for various boundary
length (atomic array) at any turning angle
of the above-mentioned atomic arrangement
schemes in a certain crystallographic plane
(the boundary laying plane). Calculation re-
sults for array of about 1000 atoms are
presented below. The increase of atomic
array up to 10000 and more does not
change essentially the results obtained. As
an example, Fig. 3 shows such dependence
in E,/Eg— ¢ coordinates for the laying
plane (111) in ¢ angle range from 0 up to
30°. The dependence E,;t/Ej = f(¢) is pre-
sented in the specified angular range as the
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Fig. 4. Dependence of Eeff/EO on misorientation angle ¢ for various arrays. Boundary laying plane
(111): a) 3 layers (37 atoms); b) 5 layers (91 atoms).

curve appears symmetric to that corre-
sponding to the ¢ = 30° one in the 30 to 60°
range for laying plane (111). It is seen from
the Figure that the complete coincidence of
sites (S =8S,) takes place at ¢ = 0. This
means that there is no boundary Eopr = 0).
As the misorientation angle increases, the
E,s rises sharply, reaching the maximal
value at misorientation angle ¢ = 2.6°. The
further ¢ increasing results in minima ap-
pearing in curve E ;= Eeff(q)). Determina-
tion of ¢ angles corresponding to these min-
ima shows that all of them answer to special
boundaries, except only for the first mini-
mum corresponding to ¢ = 3.3°. To clarify
the nature of this minimum, additional de-
terminations of atoms (sites) coincidence de-
gree in short boundaries have been carried
out depending on atoms array.

A consecutive consideration of various
atomic arrays, admitting appearance, ac-
cording to the scheme presented in Fig. 1
and Table, one, two, three, etc. minima on
the E ;s = E, () curve corresponding to co-
incidence site lattices, has allowed to show
unequivocally that the first minimum found
out in then curve (Fig. 3) does not corre-
spond to any special boundary. This is con-
firmed by E,;; = E, /() dependences given
for various arrays in Fig. 4 (a, b). In Fig. 4a,
results for array that makes three layers
are shown. According to Table and the
scheme shown in Fig. 1, in the three-layer
array only one minimum at angle ¢ = 21.79°
corresponding to X7 appears. In experiment,
one more minimum in the curve is found
which cannot be explained of course by the
CSL presence. As the array increases up to
5 layers (Fig. 4b), besides the minima corre-
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Fig. 5. Dependence ¢.. on boundary length
(array of N atoms) for boundary laying plane
(111).

sponding to X 7, 13, 19, as it is shown in
Table, too, an additional minimum is found,
but at ¢ = 7.5°. Thus, independently of the
atomic array considered and, hence, of the
boundary length, the additional minimum is
always found out which does not answer to
CSL. As the boundary length increases, the
minimum position is shifted towards small
¢ angles.

The ¢, dependence on the boundary
length (atomic array) is shown in Fig. 5.
From the Figure it is seen that at small
length (I) of boundary with laying plane
(111), less than 50 atomic sizes ( 1076 cm),
the ¢, value depends heavily on the number
of atoms N and can attain 18°. In other
words, for small-angle boundaries of insig-
nificant length, the misorientation angle
value can amount to about 20°. For longer
boundaries (I <107° cm), the ¢, does not
depend practically on the boundary length
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Fig. 7. Profiles of minima in the dependence of E,;;/E( on misorientation angle for 213 (a) and 219
(b) and corresponding primitive cells with short-period patterns. The plane is (111).

and makes =2°. Thus, depending on the
boundary extension, ¢.. may vary by one
decimal order even for and the same bound-
ary laying plane, and this allows to explain
the ambiguous estimations of ¢, given by
various authors. In our opinion, a signifi-
cant result provided by the considered
model consists in the explanation of the
special boundary low energy. Traditionally,
the special boundary energy is connected
only with the X value (the density of com-
plete coincidence sites). For example, in [9],
the relation E = Egp(1 — 1) is given where
Er is the energy of general type boundary;
this expression, however, does not corre-
spond always to experimental > estimations.
Fig. 6 presents the E ;/E dependence on
> for laying plane (111) obtained in this
work. The dependence presented is not mo-
notonous. It is not necessarily that smaller
> values correspond to low Eeff value. So,
for example, value of E 4 for 219 appears
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lower than for >13; for 273, Eeff is lower
than for 249, etc. Explanation of this effect
can be seen in Fig. 7 where minima profiles
in the curve E, ;s = E; for 213 and 219 and
the primitive cells with short-period pattern
forming structure of such grain boundaries
are shown. Since on the ordinate axis, coin-
cidence density values are laid, i.e. the den-
sity of primitive cells pattern, the latter
determine the energy of special grain
boundaries. In other words, low energy of
the special grain boundaries is determined
by high density of short-period patterns of
the primitive cell structure. The increase of
the pattern density results in the boundary
energy decrease.
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Kpucramro-reomerpuyaa Moaesib CTPYKTYPHM MeK 3e€peH

€.10.Badian, A.I''Tonkonpsad, H.O.Caxapoeéa,
O.B.lllexoéyo6, P.B.Illypinoe

PosrasmaeTsess KpuUCTaNO-TeOMETPUUHA MOJENb KOPCTKOI aTOMHOI CTPYKTYPH Majo - Ta
BEJIMKOKYTOBMX MEJK B3€peH, AKAa ypaxoBye He TiJIbKM IIOBHi, aje i dYacTKOBI 30iskHOCTL
aToMiB. YABJIEHHS, SKi PO3BUBAIOTHCA, MO3BOJAITL BUBHAUUTH e(EKTUBHY €HEepTiio MexK
3epeH y 3aJIe’KHOCTi BiJ KyTa mesopieHTallil, BUABUTH y CTPYKTYPi CIEIiaJlbHUX MeEXK IIPU-
MiTHBHY KOMipKYy, KA BMIIye TiJIbKM OAWH 30i:KHUII aToOM, IIOKAa3aTH, [0 MaKCHUMAaJbHUNA
KYT Oes3opieHTaIlil aaa MaJOKYTOBUX MeXK ¢xp 3aJIeKUTh Big mporsa:kHOocTi Mmexi [. Tak, maa
IIOMMHY 3anAranada mexi (111) smaueHHA ¢Ep sMmiH0OTECA Bix 20° (masa Mex HeBeJHKOi

oporskHOoeTi [ = 1077 cM) o = 2° (mas Mex 3 [

1075 c¢m). PesyiabTaTH MOZEIIOBAHHS

cueliaJbHUX M€K 3epeH II0Ka3yIoThb, IO HU3bKa €Heprid OCTaHHiX He BM3HAYAETHCA OMHO-
3HAYHO T'YCTHMHOIO 30i’KHUX BY3JIiB, a OiJbIlle 3aJIeKUTh BiJf TYCTUHU KOPOTKOIIEPiOAUYHOIO
y30py i3 wacTkoBuUX 30isKHOCTEH aTOMiB y Me)Kax MPUMITHBHOI KOMipKu.
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