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,QVWLWXWH�IRU�6LQJOH�&U\VWDOV��67&��,QVWLWXWH�IRU�6LQJOH�&U\VWDOV���
1DWLRQDO�$FDGHP\�RI�6FLHQFHV�RI�8NUDLQH��
���/HQLQ�$YH���������.KDUNLY��8NUDLQH

5HFHLYHG�0DUFK���������
$Q�DSSURDFK�WR�WKH�SUREOHP�RI�PDVV�WUDQVIHU�LQ�D�VROLGLI\LQJ�ELQDU\�PHOW�LV�FRQVLGHUHG

EDVHG�RQ�WKH�SULQFLSOH�RI�WKH�OHDVW�HQHUJ\�GLVVLSDWLRQ��$�VLPSOH�H[DPSOH�KDV�EHHQ�SUHVHQWHG
GHPRQVWUDWLQJ�WKH�JRRG�SURVSHFWV�RI�WKDW�DSSURDFK�WR�WKH�VROLGLILFDWLRQ�SUREOHPV�
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,W�LV�REYLRXV�WKDW�WKH�GHYHORSPHQW�RI�DQ\
WHFKQRORJ\�RI�FU\VWDO�JURZLQJ�IURP�PHOW�GH�
SHQGV� WR� D� JUHDW� H[WHQW� RQ� WKH� VXFFHVVIXO
VROXWLRQ�RI�WKH�PDVV�WUDQVIHU�SUREOHPV�DVVR�
FLDWHG�ZLWK�WKDW�WHFKQRORJ\��7KH�SUREOHP�RI
VXEVWDQFH�WUDQVIHU�LQ�D�VROLGLI\LQJ�PHOW��UH�
IHUUHG�WR�DOVR�DV�WKH�6WHSKDQ�SUREOHP�RU�WKH
VROLGLILFDWLRQ� SUREOHP�� SRVVHVV� D� VSHFLILF
SODFH�DPRQJ�WKRVH�SUREOHPV��,W�LV�VXIILFLHQW
WR�PHQWLRQ� WKDW� LWV�SDUWLDO� VROXWLRQ�DV� ORQJ
DV� ILYH� GHFDGHV� EHIRUH� >�@� PDGH� LW� SRVVLEOH
WR� VXEVWDQWLDWH� WKH� K\SRWKHVLV� RQ� WKH� FRQ�
FHQWUDWLRQ� RYHUFRROLQJ� RI� PHOW� DQG� WKXV� WR
PDNH�D�EUHDN�WKURXJK�LQ�WKH�GHYHORSPHQW�RI
WKH�PHOW� FU\VWDOOL]DWLRQ�PHWKRGV�� ,W� LV� MXVW
LQYHVWLJDWLRQ� UHVXOWV� LQ� WKH� ILHOG� RI� WKH� VR�
OLGLILFDWLRQ�SUREOHP�WKDW�ZRXOG�DOORZ�DQWLFL�
SDWH� VLPLODU� EUHDN�WKURXJKV� LQ� WKH� WHFKQRO�
RJ\�RI�FU\VWDO�JURZLQJ�IURP�PHOW�� � � � � �7KH
UDWKHU� FRPSOLFDWHG� FDOFXODWLRQ� RI� WKHUPDO
DQG�FRQFHQWUDWLRQ�ILHOGV�LQ�SUREOHPV�LQYROY�
LQJ� PRELOH� ERXQGDU\� �EHLQJ� WKH� FU\VWDO�
OL]DWLRQ� IURQW�� UHTXLUHV� QRQ�WUDGLWLRQDO� DS�
SURDFKHV�DQG�VWLPXODWHV�WKH�LPSURYHPHQW�RI
NQRZQ�PHWKRGV�DQG�VHDUFK�IRU�QHZ�RQHV�>�@�
6R�WKH�GLIIHUHQWLDO�SUREOHP�RQ�WKH�LPSXULW\
GLIIXVLRQ� LQ� D� VROLGLI\LQJ� PHOW� FDQ� EH� UH�
GXFHG� WR� D� YDULDWLRQDO� RQH� E\� VHOHFWLQJ� DQ
DSSURSULDWH� LQWHJUDO� IXQFWLRQDO�ZLWK� DQ�XQ�

NQRZQ�LQWHJUDWLRQ�UDQJH�>�@��7KDW�DSSURDFK
WR� WKH� VROLGLILFDWLRQ�SUREOHP�FDQ�EH�FRQVLG�
HUHG�DV�DQ�DSSOLFDWLRQ�RI�WKH�FODVVLFDO�FDOFX�
OXV� RI� YDULDWLRQV� >�@�� $W� WKH� VDPH� WLPH�
DQDO\VLV�RI�VR�REWDLQHG�IXQFWLRQDO�KDV�VKRZQ
>�@�WKDW�LWV�YDOXH�LV�LQ�SURSRUWLRQ�WR�HQHUJ\
EHLQJ� GLVVLSDWHG� DW� WKH� LPSXULW\� GLIIXVLRQ
LQ� WKH�PHOW� WKDW� VKRXOG� WDNH� WKH�PLQLPXP
YDOXH�DFFRUGLQJ�WR�WKHUPRG\QDPLFV�ODZV��,Q
WKLV�FRQQHFWLRQ��LW�LV�RI�LQWHUHVW�WR�VWDWH�WKH
SUREOHP� EDVLQJ� DE� LQLWLR� QRW� RQ� WKH� GLIIX�
VLRQ�HTXDWLRQ�EXW�RQ�WKH�LQWHJUDO�WKHUPRG\�
QDPLF�SULQFLSOH�WKDW�LV�WKH�PLQLPXP�HQHUJ\
GLVVLSDWLRQ�RQH��7KLV�ZRUN� LV�DLPHG�DW� FRQ�
VLGHUDWLRQ� RI� WKDW� DSSURDFK� WR� WKH� PDVV
WUDQVIHU� SUREOHP� LQ� D� GLOXWHG� ELQDU\� PHOW
XQGHU�VROLGLILFDWLRQ�

7KH� SULQFLSOH� RI� PLQLPXP� HQHUJ\� GLVVL�
SDWLRQ� IRUPXODWHG� ILUVW� E\� 2QVDJHU� IRU� D
VSHFLDO� FDVH� RI� KHDW� FRQGXFWLRQ� >�@� DQG� UH�
IHUUHG� WR� DV� WKH� 2QVDJHU� SULQFLSOH� ZDV� GH�
YHORSHG� IXUWKHU� DQG� JHQHUDOL]HG� IRU� WKH
ZKROH� QRQHTXLOLEULXP� WKHUPRG\QDPLFV� E\
*\DUPDWL� DQG� FR�ZRUNHUV�� 7KRVH� ZRUNV� UH�
VXOWHG� LQ� D� ERRN� >�@� FRQWDLQLQJ� WKH� VWDWH�
PHQWV� IRUPLQJ� WKH� EDVH� IRU� RXU� DSSURDFK�
7R� SURYLGH� DQ� HQWLUHW\� WR� RXU� FRQVLGHUD�
WLRQV�� OHW� XV� VWDUW� IURP�RQH� RI� JHQHUDO� 2Q�

)XQFWLRQDO�0DWHULDOV�����1R��������� �������Û�,QVWLWXWH�IRU�6LQJOH�&U\VWDOV
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VDJHU�SULQFLSOH�IRUPXODWLRQV�DQG�ILQLVK�E\�D
VSHFLILF�H[DPSOH�RI�LWV�XVH�

)RU� WKH� WUDQVIHU� RI� D� VXEVWDQFH� ZLWKLQ
WKH� YROXPH� 9� RI� D� PHGLXP� �LVRWURSLF� DQG
KRPRJHQHRXV��� WKDW� SULQFLSOH� FDQ� EH� SUH�
VHQWHG�DV ³>
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ZKHUH� ;� LV� WKHUPRG\QDPLF� IRUFH�� -�� WKH
VXEVWDQFH�IORZ�DFURVV�D�XQLW�DUHD�FDXVHG�E\
WKDW�IRUFH��<��VR�FDOOHG�QRQHTXLOLEULXP�VFDW�
WHULQJ� SRWHQWLDO�� �$OWKRXJK� -� LV� E\� GHILQL�
WLRQ�WKH�IORZ�GHQVLW\��ZH�ZLOO�UHIHU�LW�WR�DV
IORZ�� IRU� VKRUW��� 7KH� YDULDWLRQ� FRQGLWLRQV
���� PHDQ� WKDW� WKH� IXQFWLRQDO� ���� LV� YDULHG
ZLWK� UHVSHFW� WR� IRUFHV�� WKH� IORZV� EHLQJ
IL[HG�� ,W� LV� MXVW� WKDW� SUHVHQWDWLRQ� RI� WKH
SULQFLSOH��LQ�WHUPV�RI�IRUFHV��WKDW�LV�XVHG�WR
FRQVLGHU�WKH�WUDQVIHU�SUREOHPV�

/HW� XV� DVVXPH� IXUWKHU� WKDW� WKH�PHGLXP
LV� D� PHOW� DQG� WKH� VXEVWDQFH� EHLQJ� WUDQV�
IHUUHG�FRQVLVWV�RI� LPSXULW\�SDUWLFOHV�RI�RQH
DQG�WKH�VDPH�NLQG�KDYLQJ�WKH�GLIIXVLRQ�FR�
HIILFLHQW� '� DQG� FRQFHQWUDWLRQ� &� H[SUHVVHG
DV�WKH�PROH�IUDFWLRQ�DQG�GHSHQGLQJ�RQ�FRRU�
GLQDWHV�DQG�RQ�WLPH�W��7KH�LPSXULW\�FRQFHQ�
WUDWLRQ� LQ� WKH� PHOW� LV� DVVXPHG� WR� EH� ORZ�
WKH� UHVXOWLQJ� VROXWLRQ�� WR� EH� GLOXWHG�� DQG
WKH�PHOW�GHQVLW\�U�� WR�EH�FRQVWDQW�RYHU� WKH
ZKROH�YROXPH��,I�WKH�GLIIXVLRQ�LV�FRQVLGHUHG
ZLWKLQ�D�UHODWLYHO\�VPDOO�UHJLRQ�RI�WKH�PHOW
�WKH� GLIIXVLRQ� ]RQH��� WKH� WHPSHUDWXUH� 7
WKHUHLQ� FDQ� EH� DVVXPHG� WR� EH� FRQVWDQW� DQG
WKH�GLIIXVLRQ�SURFHVV�LWVHOI��WR�EH�LVRWKHUPDO�
,Q�WKLV�FDVH��DORQJ�ZLWK�WKH�SULQFLSOH�SUHVHQ�
WDWLRQ� LQ� WHUPV� RI� IRUFHV�� LW� LV� H[SHGLHQW� WR
XVH�LWV�HQHUJHWLF�H[SUHVVLRQ��7KHQ�WKH�IORZ�-
ZLOO�EH�FRQMXJDWHG�WR�D�FRUUHVSRQGLQJ�IRUFH
;� �Ü�P� ZKHUH� P� LV� FKHPLFDO� SRWHQWLDO� RI
WKH�GLOXWHG�VROXWLRQ��7KH�TXDQWLW\�-;�HTXDO
WR� 7V� �ZKHUH� V� LV� HQWURS\� IRUPDWLRQ�� ZLOO
SUHVHQW� WKH� HQHUJ\� EHLQJ� GLVVLSDWHG� DV� WKH
LPSXULW\�GLIIXVHV�LQ�WKH�PHOW����

7KH�VSHFLILF�IRUP�RI�WKH�SRWHQWLDO�<���WKDW
LV�RI�D�VSHFLILF�LPSRUWDQFH�LQ�2QVDJHU�WKHRU\�
GHSHQGV�RQ�WKH�IXQFWLRQDO�UHODWLRQ�EHWZHHQ�-
DQG� ;�� ,Q� OLQHDU� WKHUPRG\QDPLFV� RI� LUUH�
YHUVLEOH� SURFHVVHV� EHLQJ� WKH� IUDPH� RI� RXU
VWXGLHV��WKH�IROORZLQJ�UHODWLRQV�KLSV�DUH�YDOLG�

-� �/;� ��/�P���� ���

DQG�<� �/;���� �/��P������ ZKHUH� /� LV� WKH
2QVDJHU�FRHIILFLHQW����

6XEVWLWXWLQJ�WKH�DERYH�H[SUHVVLRQV�IRU�;
DQG�<� LQWR� ���� DQG� FKDQJLQJ� WKH� VLJQ�� ZH
REWDLQ ³�
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8VLQJ� WKH� LGHQWLW\� NQRZQ� IURP� WKH� YHFWRU
DQDO\VLV� DQG� WKH� *DXVV�2VWURJUDGVN\� WKHR�
UHP� RQ� GLYHUJHQFH�� ZH� WUDQVIRUP� WKH� H[�
WUHPH�FRQGLWLRQ�����LQWR³�
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ZKHUH�:� LV� WKH�VXUIDFH�FRQILQLQJ�WKH�GLIIX�
VLRQ� ]RQH�� 1RZ� OHW� WKH� LPSXULW\� EDODQFH
HTXDWLRQ�EH�XVHG�

U&� ����-� �� ���
DQG�SUHVHQW�WKH�H[SUHVVLRQ�����LQ�WKH�IRUP�³�
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ZKHUH�� DORQJ�ZLWK�-�� WKH� TXDQWLW\�&� � LV�QRW
YDULHG�� DFFRUGLQJ� WR� ����� 7KH� GLOXWHG� VROX�
WLRQ�FDQ�EH�DVVXPHG�WR�EH� LGHDO��DQG�WKHUH�
IRU��WKH�IROORZLQJ�IRUPXOD�>�@�LV�YDOLG�

P�&�� �P�&D����57OQ&�e�&D�� ���
ZKHUH� 5� LV� JDV� FRQVWDQW� DQG� &D�� D� FHUWDLQFKDUDFWHULVWLF�LPSXULW\�FRQFHQWUDWLRQ�LQ�WKH
PHOW�� )RU� WKH� FRQFHQWUDWLRQ� UDQJH� QHDU�&D�WKH�H[SUHVVLRQ�����FDQ�EH�OLQHDUL]HG�

P�&�� �P�&D����57&D �&���&D��
���

,Q�WKLV�FDVH��WKH�FRHIILFLHQWV�/�DQG�'�ZLOO
EH�LQ�WKH�IROORZLQJ�FRUUHODWLRQ�

/� �U&D57'�
����������

)LQDOO\�� PDNLQJ� XVH� RI� ����� ����� ����� DQG
������ZH�REWDLQ�D�IXQFWLRQDO
,­®̄&½¾¿� �³�
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2XU�H[WUHPH�SUREOHP�LV�UHGXFHG�WR�LWV�PLQL�
PL]DWLRQ�

1RWH�WKDW�LQ�WKH�ILUVW�LQWHJUDO�RI�(T������
WKH�TXDQWLW\��&� LV�YDULHG�ZKLOH�LW� LV�QRW�LQ
WKH� VHFRQG� RQH�� ,Q� WKLV� VLWXDWLRQ�� LW� LV� LP�

9�1�.DQLVFKHY���2Q�WKHUPRG\QDPLF�DSSURDFK����

�� )XQFWLRQDO�PDWHULDOV�������������



SRVVLEOH� WR� UHVWULFW� RXUVHOYHV� E\� WKH� GHILQL�
WLRQV�RI�WKH�YDULDWLRQ�FRQGLWLRQV�DGRSWHG�LQ
>�@�DV�LQ�WKH�FDVH��H�J���RI�WKH�IXQFWLRQDO����
ZKHUH� WKRVH� FRQGLWLRQV� KDYH� WKH� IRUP� G&� �
G-� ����GP�z����)URP�KHUH�RQ��WKH�TXDQWLWLHV
UHPDLQLQJ�IL[HG�XQGHU�YDULDWLRQV�ZLOO�EH�LQ�
GLFDWHG�E\�DQ�XSSHU�EUDFNHW����

,Q� FRQQHFWLRQ� ZLWK� WKH� DERYH� VLWXDWLRQ�
WKH� ORFDO� SRWHQWLDO�PHWKRG� >�@� GHYHORSHG�E\
*OHQVGRUI� DQG� 3ULJRJLQH� VKRXOG� EH� PHQ�
WLRQHG��7KH�PHWKRG�LV�EDVHG�MXVW�RQ�WKH�GH�
SHQGHQFH� RI� D� IXQFWLRQDO� RQ� WZR� YDULDEOHV
WKDW�DUH�GLIIHUHQW�RQO\� LQ�WKDW�RQH�RI�WKRVH
LV� YDULHG� DQG� WKH� RWKHU� LQ� QRW�� 6LQFH� WKH
GLYLVLRQ� RI� TXDQWLWLHV� LQWR� YDULDEOH� DQG� LQ�
YDULDEOH� LV� SRVWXODWHG� LQ� WKH� PLQLPXP� HQ�
HUJ\� GLVVLSDWLRQ� SULQFLSOH� LWVHOI�� LW� LV� QRW
VXUSULVLQJ�WKDW�WKH�2QVDJHU�WKHRU\�VKRZV�FHU�
WDLQ�FRPPRQ�IHDWXUHV�ZLWK�WKH�*OHQVGRUI�DQG
3ULJRJLQH�RQH��7KH�UHODWLRQVKLS�EHWZHHQ�WKRVH
WZR� WKHRULHV� UHTXLUHV� D� VSHFLDO� FRQVLGHUDWLRQ
DQG�LV�EH\RQG�WKH�IUDPH�RI�WKLV�ZRUN�

6R� IDU�� QRWKLQJ� ZDV� VDLG� RQ� WKH� PHOW
FU\VWDOOL]DWLRQ� LWVHOI�� 7R� DSSO\� WKH� IXQF�
WLRQDO������WR�WKH�VROLGLILFDWLRQ�SUREOHP��WKH
ERXQGDU\�:� LV� WR� EH�PRELOH��8QGHU�DFFRXQW
IRU�WKH�IDFW�WKDW�WKH�DSSURDFK�WR�WKDW�SURE�
OHP�EDVHG� RQ� WKH�2QVDJHU� WKHRU\� LV� FRQVLG�
HUHG� KHUH� IRU� WKH� ILUVW� WLPH�� WKH� XVH� RI� D
VSHFLILF� H[DPSOH� ZLOO� EH� WKH� EHVW� ZD\�� 7KH
H[DPSOH� VKRXOG� EH� ZHOO� VWXGLHG� WR� SURYLGH
FRPSDULVRQ�RI�WKH�UHVXOW�WKDW�ZLOO�EH�GUDZQ
ZLWK�WKRVH�REWDLQHG�XVLQJ�RWKHU�PHWKRGV����

/HW�XV�UHVWULFW�RXUVHOYHV�E\�D�VLPSOH�SOD�
QDU�FDVH�ZKHUH�WKH�PHOW�LV�FU\VWDOOL]HG�DW�D
FRQVWDQW�VSHHG�Z�DORQJ�WKH�]�D[LV��WKH�GLIIX�
VLRQ�]RQH�LV�WKH�PHOW� OD\HU�FRQILQHG�E\�WZR
SODQHV� ]� �ZW� DQG� ]� �K���ZW�� WKH� FU\VWDO�
OL]DWLRQ� IURQW� �&)�� FRLQVLGHV� ZLWK� WKH� ILUVW
RQH�DQG� LWV�SRVLWLRQ�RQ�WKH�]�D[LV� LV� VHW�E\
IXQFWLRQ�M�W�� �ZW��'� �FRQVW�� WKH� LPSXULW\
FRQFHQWUDWLRQ� LQ� WKH� ]� �K���ZW� LV� PDLQ�
WDLQHG� FRQVWDQW�� &�K���ZW�� �&��� $QRWKHUERXQGDU\� FRQGLWLRQ� IROORZV� IURP� WKH� LPSX�
ULW\�EDODQFH�FRQGLWLRQ�DW�WKH�&)�

'&]�M�� �������N�Z&�M��� ����
,Q� WKRVH� FRQGLWLRQV�� WKH� IXQFWLRQDO� RI� RXU
H[WUHPH�SUREOHP�WDNHV�WKH�IRUP
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+HUH�ZH� XVH� WKH� LQGLFHV� IRU� SDUWLDO� GHULYD�
WLYHV�ZLWK�UHVSHFW�WR�]�DQG�W��XSSHU�EUDFNHW
WR�GHQRWH�WKH�LQYDULDEOH�TXDQWLWLHV�DQG�WDNH
LQWR� DFFRXQW� WKDW� >G&@] K�ZW� ���� ,W� LV

NQRZQ� >�@� WKDW� WKH� FDVH� LV� UHGXFHG� WR� VWD�
WLRQDU\� SUREOHP� E\� FKDQJLQJ� ]�o�]�Ü�ZW�
$IWHU� WKDW� FKDQJH� DQG� WDNLQJ� LQWR� DFFRXQW
(T�������ZH�REWDLQ�
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/HW� XV� SDVV� WR� GLPHQVLRQOHVV� YDULDEOHV
XVLQJ�WKH�FKDQJHV�

]�o�'Z]����&�o�&�&����,�o�Z&��,�
����

7KHQ� WKH� IXQFWLRQDO� ����� DQG� ERXQGDU\
FRQGLWLRQV�IRU�&�]��WDNH�WKH�IRUP�
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&�K�� ��� �����
7KXV�� WKH� SUREOHP� RI� LPSXULW\� GLVWULEXWLRQ
ZLWKLQ� WKH� GLIIXVLRQ� ]RQH� DGMDFHQW� WR� WKH
FU\VWDOOL]DWLRQ�IURQW�LV�UHGXFHG�WR�PLQLPL]D�
WLRQ� RI� IXQFWLRQDO� ����� IURP� WKH� IXQFWLRQ
&�]�� PHHWLQJ� WKH� ERXQGDU\� FRQGLWLRQV� ����
DQG� ����� DW� WZR� DGGLWLRQDO� FRQGLWLRQV�� �L�
TXDQWLWLHV� &A W]� DQG� &A � UHPDLQ� IL[HG� GXULQJWKH� PLQLPL]DWLRQ� SURFHGXUH�� DQG� �LL�� DIWHU
WKDW�SURFHGXUH� LV�ILQLVKHG��WKH�HTXDOLWLHV
&A]� �&]�DQG�&A � �&�FRPH�LQWR�HIIHFW�7KH� SUREOHP� IRUPXODWHG� ZDV� VROYHG� LQ
WZR� ZD\V�� ,Q� WKH� ILUVW� RQH�� WKH� YDULDWLRQ
SUREOHP�ZDV� UHGXFHG� WR� WKH�(XOHU�GLIIHUHQ�
WLDO�HTXDWLRQ�DQG�WKH�H[DFW�SUREOHP�VROXWLRQ
ZDV�REWDLQHG�E\�VROYLQJ�WKH�HTXDWLRQ��7KHQ�
XVLQJ� WKH� FDOFXOXV� RI� YDULDWLRQV� GLUHFW
PHWKRG��DSSUR[LPDWHG�VROXWLRQ�ZDV�REWDLQHG
DQG�FRPSDUHG�WR�WKH�H[DFW�RQH�

%\� YDU\LQJ� WKH� IXQFWLRQDO� ����� WDNLQJ
LQWR� DFFRXQW� WKH� ILUVW� DGGLWLRQDO� FRQGLWLRQ�
ZH�REWDLQ
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%\� YLUWXH� RI� WKH� QHFHVVDU\� H[WUHPH� FRQGL�
WLRQ�DV�ZHOO�DV�GXH�WR�DUELWUDULW\�RI�G&�YDUL�
DWLRQ�� ERWK� LWHPV� LQ� ����� VKRXOG� EH� ]HUR�
7KXV�� WDNLQJ� LQWR� DFFRXQW� WKH� VHFRQG� DGGL�
WLRQDO�FRQGLWLRQ��ZH�REWDLQ

9�1�.DQLVFKHY���2Q�WKHUPRG\QDPLF�DSSURDFK����
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,W�FDQ�EH�QRWHG�WKDW��DOWKRXJK�WKH�IDFWRU�DW
>G&@] �� LQ� ����� GRHV� QRW� SURYLGH� DQ\� DGGL�WLRQDO�LQIRUPDWLRQ��LWV�]HURLQJ�UHVXOWV�LQ�WKH
FRQGLWLRQ� ������� WKH� RXW�RI�LQWHJUDO� LWHP� LQ
����� WKDW� IRUPV� WKH� IDFWRU� LV� D� QHFHVVDU\
DGGLWLYH� WR� WKH� LQWHJUDO�� ZLWKRXW� LW�� WKH
YDULDWLRQ� DQG� GLIIHUHQWLDO� SUREOHPV� ZRXOG
EH� QRQ�HTXLYDOHQW� WR� RQH� DQRWKHU�� 6ROYLQJ
WKH�(T������XQGHU�DFFRXQW�IRU������DQG������
ZH�REWDLQ�WKH�H[DFW�VROXWLRQ�RI�RXU�SUREOHP
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,W� LV� WR� QRWH� WKDW� WKH� ERRN� >�@� GRHV� QRW
FRQWDLQ� DQ\� SUDFWLFDO� LQVWUXFWLRQV� RQ� WKH
XVH� RI� QXPHULFDO� PHWKRGV� LQ� WKH� SUREOHPV
IRUPXODWHG�EDVLQJ�RQ�WKH�SULQFLSOH�RI�PLQL�
PXP� HQHUJ\� GLVVLSDWLRQ�� DOWKRXJK� LW� PHQ�
WLRQV� WKDW� VXFK�PHWKRGV� FRXOG� EH� XVHG� DQG
WKLV�SRVVLELOLW\� LV� DPRQJ� WKH� DGYDQWDJHV� RI
WKH� FDOFXOXV� RI� YDULDWLRQV�� 3HUKDSV� WKH
DXWKRU� >�@� WRRN�IRU�XQQHFHVVDU\� WR�GHVFULEH
WKH� XVH� RI� WKH�5LW]�PHWKRG� LQ� SUREOHPV� RI
WKDW� NLQG� GXH� WR� LWV� VLPSOLFLW\�� 7KDW� VLP�
SOLFLW\� LV� VHHQ� FOHDUO\� IURP� WKH� FDOFXODWLRQ
GHVFULEHG�ORZHU�

7KH� FDOFXODWLRQV� ZHUH� GRQH� IRU� WKH� FDVH
ZKHQ�K� ���DQG�N� ������7KH�VROXWLRQ�LQ�WKH
1�WK� DSSUR[LPDWLRQ� ZDV� SUHVHQWHG� DV� D� VH�
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ZKHUH� D� DUH� FRHIILFLHQWV� GHWHUPLQHG� IURP
WKH� ERXQGDU\� FRQGLWLRQV� DQG� WKH� IXQFWLRQDO
VWDWLRQDULW\� FRQGLWLRQ� ����� WDNLQJ� LQWR� DF�
FRXQW�WKH�DERYH�PHQWLRQHG�DGGLWLRQDO�FRQGL�
WLRQV��$FFRUGLQJ�WR�WKH�ILUVW�RI�WKH�ODWWHU��D
VHULHV
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ZDV� VXEVWLWXWHG� LQWR� ����� DORQJ� ZLWK� �����
$FFRUGLQJ� WR� WKH� VHFRQG� FRQGLWLRQ�� LQ� H[�
SUHVVLRQV� REWDLQHG� DIWHU� FDOFXODWLRQ� RI� SDU�
WLDO�GHULYDWLYHV�RI������ZLWK�UHVSHFW�WR�LQGH�
SHQGHQW� SDUDPHWHUV� D�� WKH� FRHIILFLHQWV� DA
ZHUH�FKDQJHG�E\�D� DFFRUGLQJ� WR� WKH�HTXDOL�
WLHV�DAQ� �DQ��7KHQ�WKH�FRHIILFLHQWV�D�ZHUH�GH�WHUPLQHG�XVLQJ�WKH�XVXDO�VFKHPH��7KH�FDOFX�
ODWLRQ� UHVXOWV� DUH� JLYHQ� LQ� WKH� 7DEOH�� 7KH
VHTXHQFH�RI�DSSUR[LPDWH�VROXWLRQV�LV�VHHQ�WR
WHQG� WR� WKH� H[DFW� RQH�� $V� LW� VKRXOG� EH� H[�
SHFWHG� LQ� WKH� FDVH� RI� PLQLPXP�� WKH� IXQF�
WLRQDO� YDOXHV� LQ� WKH� DSSUR[LPDWH� VROXWLRQV
H[FHHG� LWV� YDOXH� IRU� H[WUHPH�� 7KXV�� WKLV
ZRUN�IRUPXODWHV�IRU�WKH�ILUVW�WLPH�WKH�SURE�
OHP� RI� LPSXULW\� GLVWULEXWLRQ� LQ� VROLGLI\LQJ
PHOW�XVLQJ�WKH�SULQFLSOH�RI�PLQLPXP�HQHUJ\
GLVVLSDWLRQ�� 7KH� SUREOHP� KDV� EHHQ� VROYHG
XVLQJ� YDULDWLRQ� PHWKRGV�� LQFOXGLQJ� D� QX�
PHULFDO�RQH��7KH�VROXWLRQ�REWDLQHG�FRLQFLGHV
ZLWK�WKDW�RI�WKH�VROXWLRQ�IRUPXODWHG�LQ�GLI�
IHUHQWLDO� IRUP�� ,Q� WKLV� FRQQHFWLRQ�� WR�DSSO\
WKH�PLQLPXP�HQHUJ\�GLVVLSDWLRQ�SULQFLSOH�WR
WKH�VROLGLILFDWLRQ�SUREOHPV�VHHPV�WR�EH�YHU\
SURPLVLQJ�
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