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5HFHLYHG�-XQH��������
7KH� LQIOXHQFH� RI� WKH� HOHFWULF� ILHOG� RQ� WKH� VWDELOLW\� RI� SKDVHV� LQ� DQWLIHUURHOHFWULF� VXE�

VWDQFH�ZLWK� D� VPDOO� GLIIHUHQFH� LQ� HQHUJLHV� RI� WKH� IHUURHOHFWULF� �)(�� DQG� DQWLIHUURHOHFWULF
�$)(�� VWDWHV� LV� VWXGLHG�� ,W� LV� WKHRUHWLFDOO\� SUHGLFWHG� WKDW� WKH� LQWHUDFWLRQ� EHWZHHQ� WKH
FRH[LVWLQJ�GRPDLQV�RI��)(��DQG��$)(��SKDVHV�SURYLGHV�WKH�VWDELOLW\�RI�WKH�LQKRPRJHQHRXV
LQWHUPHGLDWH�VWDWH�RI�WKH�VXEVWDQFH�LQ�H[WHUQDO�HOHFWULF�ILHOG��7KH�FRPSRVLWLRQ�HOHFWULF�ILHOG
SKDVH� GLDJUDPV� ZLWK� LQWHUPHGLDWH� VWDWH� DUH� REWDLQHG� IRU� WKH� ODQWKDQXP� PRGLILHG� OHDG
]LUFRQDWH�WLWDQDWH�EDVHG�VROLG�VROXWLRQV��9DULDWLRQ�RI�SLH]RHOHFWULF�SURSHUWLHV�RI�WKHVH�VROLG
VROXWLRQV� GXULQJ� WKH� SKDVH� WUDQVLWLRQ� YLD� LQWHUPHGLDWH� VWDWH� LV� VWXGLHG�� 7KH� HIIHFWLYH
FRQWURO� RI� SLH]RHOHFWULF� SDUDPHWHUV� LV� VKRZQ� WR� EH� SRVVLEOH� LQ�PDWHULDOV�ZLWK� VXFK� SKDVH
WUDQVLWLRQ��
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7KH� PRVW� FRPPRQ� FRQWURO� PHWKRG� RI� WKH
SLH]RHOHFWULF� UHVRQDWRU� IUHTXHQF\� LV� EDVHG�RQ
WKH� XVH� RI� WKH� HODVWRHOHFWULF� HIIHFW�� L�H�� RI
WKH� QRQ�OLQHDU� SURSHUWLHV� RI� SLH]RHOHFWULF
PDWHULDOV�
$Q�HOHFWULF�ILHOG�p��'&�DQG�$&�ILHOGV��DS�

SOLHG� WR�D�SLH]RHOHFWULF� �IHUURHOHFWULF�)(��HOH�
PHQW�FKDQJHV�WKH�GLHOHFWULF��SLH]RHOHFWULF��DQG
HODVWLF� FRQVWDQWV� RI� WKH� VXEVWDQFH�� 7KH� VWDWH
HTXDWLRQV� IRU� WKH� VXEVWDQFH� KDYH� WKH� IROORZ�
LQJ�IRUP�
K�� �V��( W����V���( W�����G��(����G���(�W����5��(���
'�� �G��W����G���W�����H��W (����5��(�W����H���W (���
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+HUH� WKH� VHFRQG�RUGHU� HIIHFWV� DUH� WDNHQ
LQWR�DFFRXQW��,Q�ILUVW�DSSUR[LPDWLRQ��

K�� �V��HI W����G��HI(����
'� G��HI W����H��HI(������

���

,Q� WKHVH� IRUPXODV��G����� H���� DQG�5��� DUHWKH� QRQ�OLQHDU� SLH]RHOHFWULF�� GLHOHFWULF�� DQG
HOHFWURVWULFWLRQ� FRHIILFLHQWV�� UHVSHFWLYHO\�� ,Q
WKLV�DSSUR[LPDWLRQ��WKH�HIIHFWLYH�FRQVWDQWV�RI
WKH� PHGLXP� GHSHQG� OLQHDUO\� RQ� WKH� DSSOLHG
'&�ILHOG�VWUHQJWK��7KH�DQDO\VLV�RI�WKH�PRWLRQ
HTXDWLRQV� IRU� WKH� HOHFWULF� ELDV� YHFWRU� DOORZV
XV�WR�REWDLQ�WKH�GHSHQGHQFH�RI�WKH�UHVRQDQFH
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IUHTXHQF\� RQ� WKH� DSSOLHG� ILHOG� VWUHQJWK� >�@�
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7KH�VORSH� RI� WKH� ILHOG�GHSHQGHQFH�RI� WKH
UHVRQDQFH�IUHTXHQF\�LV�
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7KH� 7DEOH� FRQWDLQV� WKH� VORSH� YDOXHV� IRU
WKH� ILHOG� GHSHQGHQFH� RI� WKH� UHVRQDQFH� IUH�
TXHQF\�LQ�VRPH�PRVW�LQYHVWLJDWHG�SLH]R��DQG
)(�FU\VWDOV�>�@��6XFK�FU\VWDOV�PDNH�LW�SRVVL�
EOH�WR�FRQWURO�WKH�SDUDPHWHUV�ZLWKLQ�D�YHU\
QDUURZ� IUHTXHQF\� UDQJH�� 7KHUHIRUH�� QRZ
QHZ�SK\VLFDO�HIIHFWV�DUH�VHDUFKHG�IRU�ZKLFK
ZLOO� SURYLGH� D� KLJKHU� GHJUHH� RI� WKH� SLH]R�
HOHFWULF�SDUDPHWHUV�FRQWUROOLQJ�
'XULQJ� 37� YLD� LQWHUPHGLDWH� VWDWH�� WKH

IUDFWLRQ�RI�WKH�)(�SKDVH�LQFUHDVHV�JUDGXDOO\
LQ� WKH� EXON� RI� WKH� VXEVWDQFH�� ZKHUHDV� WKH
RWKHU� SKDVH� IUDFWLRQ� GHFUHDVHV�� 6LQFH� DQWL�
IHUURHOHFWULF� $)(� VWDWH� LV� SLH]RHOHFWULFDOO\
LQDFWLYH�DQG�)(�VWDWH�LV�SLH]RHOHFWULFDOO\�DF�
WLYH��DW�37�IURP�$)(�LQWR�)(�VWDWH�LQGXFHG
E\�HOHFWULF�ILHOG��ZKLFK�LV�UHDOL]HG�YLD�LQWHU�
PHGLDWH�VWDWH��D�JUDGXDO�YDULDWLRQ�LQ�SLH]R�
HOHFWULF�SURSHUWLHV�RI�WKH�VXEVWDQFH�FRXOG�EH
H[SHFWHG��
7KH�JRDO�RI�WKH�SUHVHQW�ZRUN�LV�WR�LQYHV�

WLJDWH�WKH�37�YLD�LQWHUPHGLDWH�VWDWH�LQ�OHDG
]LUFRQDWH�WLWDQDWH� �3=7�� EDVHG� VROLG� VROX�
WLRQV� DV� ZHOO� DV� WKH� EHKDYLRU� RI� WKH� SLH]R�
HOHFWULF�SURSHUWLHV�RI�WKHVH�VROLG�VROXWLRQV�LQ
WKH�FRXUVH�RI�VXFK�WUDQVLWLRQ��
)RU� DQ� LQILQLWH� VDPSOH�� WKH� WKHUPRG\�

QDPLF� SRWHQWLDO� GHQVLW\� RI� WZR�SKDVH� �$)(
DQG�)(��V\VWHP�FDQ�EH�SUHVHQWHG�DV�

M� �M����[����M����[����:LQW� ���
ZKHUH� [�� DQG� [�� DUH� WKH� IUDFWLRQV� RI� WKHVDPSOH�YROXPH�RFFXSLHG�E\�HDFK�SKDVH��:LQWGHVFULEHV� WKH� LQWHUDFWLRQ� EHWZHHQ� WKH� GR�
PDLQV�RI�WKHVH�SKDVHV��

7KH� SKDVH� LQWHUDFWLRQ� HQHUJ\� FRPSULVHV
WZR�VXPPDQGV�
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+HUH�K��L� DQG�K��M� DUH� WKH� RUGHU� SDUDPH�WHUV� RI� WKH� ILUVW�DQG�VHFRQG�SKDVHV�� UHVSHF�

WLYHO\� �L� DQG� M� EHLQJ� WKH� QXPEHUV� RI� WKH
RUGHU� SDUDPHWHUV� IRU� WKHVH� SKDVHV��
(K��L�[��\��]��� DUH� WKH� ILHOGV� LQGXFHG� LQ� WKHVHFRQG� SKDVH� GRPDLQ� E\� QRQ]HUR� YDOXHV� RI
WKH�RUGHU�SDUDPHWHUV�RI� WKH� ILUVW�SKDVH�GR�
PDLQ�� (K��M�[��\��]��� DUH� WKH� ILHOGV� LQ� WKHILUVW� SKDVH� GRPDLQ� LQGXFHG� E\� WKH� QRQ]HUR
YDOXHV� RI� WKH� RUGHU� SDUDPHWHUV� RI� WKH� VHF�
RQG� SKDVH� GRPDLQ�� %DVHG� RQ� WKH� SK\VLFDO
QDWXUH�RI�WKH�RUGHU�SDUDPHWHUV��RU�WKH�FRH[�
LVWLQJ�SKDVHV���LW�LV�HYLGHQW�WKDW�QRW�DOO�WKH
SURGXFWV� LQFOXGHG� LQ� WKH� H[SUHVVLRQV� ��D�
DQG���E��DUH�QRQ]HUR��7KLV�LV�GXH�WR�V\PPH�
WU\� RI� WKH�RUGHU�SDUDPHWHUV�DQG�ILHOGV��2QO\
WHUPV�ZKLFK�DUH�WUDQVIRUPHG�DFFRUGLQJ�WR�WKH
UHSUHVHQWDWLRQV� FRQWDLQLQJ� WKH� LGHQWLW\� RQH�
DUH�QRQ]HUR�LQ�WKH�H[SUHVVLRQV���D��DQG���E��
:H� VKDOO� UHVWULFW� RXUVHOYHV� E\� WKH� DS�

SUR[LPDWLRQ�ZKHUH�(T�����LV�H[SDQGHG�LQWR�D
VHULHV�RI�WKH�SRZHUV�RI�KD�L�
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1RWH� WKDW� WKH� FRQVLGHUHG� ILHOGV� DUH
UDWKHU�ORQJ�UDQJH�ILHOGV�
,Q�WKH�FDVH�ZKHQ�H[WHUQDO�ILHOGV�DUH�SUH�

VHQW��WKH\�PD\�EH�WDNHQ�LQWR�DFFRXQW�LQ����
LQ�WKH�XVXDO�ZD\��

7DEOH��7KH�VORSH�RI�WKH�ILHOG�GHSHQGHQFH�RI
WKH� UHVRQDQFH� IUHTXHQF\� IRU� QRQOLQHDU
FU\VWDOV

&U\VWDO &U\VWDO�FXW
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:H[W� ��(D�L�H[W���KD�L��
ZKHUH�(D�L�H[W�LV�WKH�H[WHUQDO�ILHOG�FRQMXJDWH
WR�WKH�RUGHU�SDUDPHWHU�KD�L�7KXV�� WKH� EHKDYLRU� VWXG\� RI� WKH� V\VWHP
RI� LQWHUDFWLQJ� FRH[LVWLQJ� SKDVH� GRPDLQV� LV
UHGXFHG� WR� WKH� LQYHVWLJDWLRQ� RI� WKHUPRG\�
QDPLF� SRWHQWLDO� ���� ZLWK�:LQW� LQ� WKH� IRUP����� WDNLQJ� LQWR�DFFRXQW� WKH�H[SUHVVLRQV� ���
XQGHU�WKH�FRQGLWLRQ�¦[D

D
� ����D� �������2XU

QH[W� VWHS� LV� WKH� FRQYHQWLRQDO� PLQLPL]DWLRQ
SURFHGXUH�IRU�WKH�QRQHTXLOLEULXP�WKHUPRG\�
QDPLF�SRWHQWLDO

MO� �M���(D�L�H[W���KD�L���O����¦[D
D
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ZKHUH� O� LV� WKH� LQGHWHUPLQDWH� /DJUDQJLDQ
PXOWLSOLHU��7KLV�SURFHGXUH� UHVXOWV� LQ� D� V\V�
WHP� RI� HTXDWLRQV� IRU� GHWHUPLQDWLRQ� RI� WKH
HTXLOLEULXP�YDOXHV�RI�WKH�RUGHU�SDUDPHWHUV�
[D����wMD�e�wKD�L���(KDc�L���(D�L�H[W�� ����[D�z������

MD���KD�L���(D�L�LQW� �O� �FRQVW�� ����

(D�L�LQW� �(D�L�H[W���(KDc�L� ����
$V� LV� VHHQ� IURP� (T������� WKH� FRQGLWLRQ

IRU� WKH� FRH[LVWHQFH� RI� WKHUPRG\QDPLFDOO\
HTXLOLEULXP� PXOWLSKDVH� VWUXFWXUH� LV� WKH
HTXDOLW\�RI�WKHUPRG\QDPLF�SRWHQWLDOV�RI�WKH
SKDVHV��WDNLQJ�LQWR�DFFRXQW�WKH�H[WHUQDO�DQG
LQWHUQDO�HIIHFWLYH�ILHOGV��7KH�ILHOGV�(KD�L�DUH
VSDWLDOO\� YDULHG�� 7KHUHIRUH�� DW� WKH� VDPH

YDOXH�RI�WKH�H[WHUQDO�ILHOG�(D�L�H[W��$)(�o�)(
WUDQVLWLRQ�PD\�WDNH�SODFH�RQO\�LQ�FHUWDLQ�ORFDO�UHJLRQV
RI� WKH� VDPSOH� �EXW� QRW� LQ� WKH� ZKROH� VDPSOH��� 7KLV
PHDQV� WKDW�� ZLWKLQ� D� FHUWDLQ� LQWHUYDO� RI� WKH� H[WHUQDO
HOHFWULF� ILHOG� VWUHQJWK�� WKH� GRPDLQV� RI� WKH� SKDVHV� SDU�
WLFLSDWLQJ� LQ�WKH�WUDQVLWLRQ�FRH[LVW� LQ�WKH�VDPSOH�EXON�
%\� DQDORJ\� ZLWK� PDJQHWV� RU� VXSHUFRQGXFWRUV�� VXFK� D
VWDWH�LV�FDOOHG�WKH�LQWHUPHGLDWH�VWDWH��,6��LQ�$)(��$V�ZDV�VKRZQ�LQ�>����@��WKH�IUDFWLRQ�RI�)(
SKDVH�ULVHV�OLQHDUO\�LQ�WKH�,6�UDQJH�ZKHQ�H[�
WHUQDO�HOHFWULF�ILHOG�LV�DSSOLHG�WR�WKH�VDPSOH��

[��K�
(H[W���(SW
&���3���( � ����

7KH� ERXQGDULHV� RI� ,6� �WKH� HOHFWULF� ILHOG
LQWHQVLWLHV�IRU�WKH�RQVHW�DQG�WKH�HQG�RI�WKH
WUDQVLWLRQ�� DUH� GHILQHG� E\� WKH� HTXDWLRQV
�IURP�WKH�FRQGLWLRQV�RI�]�� ���DQG�]�� ����

(��K�(SW����(��K�(SW���&���3����(SW�� ����
,Q� WZR� ODVW� HTXDWLRQV��(SW� LV� WKH�HOHFWULFILHOG�VWUHQJWK�DW�ZKLFK�WKH�$)(�o�)(�VWDWH

37�WDNHV�SODFH�ZKHQ�WKH�SKDVH�LQWHUDFWLRQ�LV
DEVHQW��3����(SW��� WKH�)(�SKDVH�SRODUL]DWLRQZKHQ� WKH� DSSOLHG� '&� ILHOG� VWUHQJWK� HTXDOV
WR�(SW�DQG�&�!���&HUDPLF�VDPSOHV�RI�WKH�ODQWKDQXP�PRGL�
ILHG� 3E=U�±\7L\2�� VROLG� VROXWLRQV� ZHUH� RE�WDLQHG� E\� MRLQW� FR�SUHFLSLWDWLRQ� IURP� WKH
PL[HG�DTXHRXV�VROXWLRQV�RI�OHDG�DQG�ODQWKD�
QXP�QLWUDWHV�DQG�FKORULGHV�RI�WLWDQLXP�DQG
]LUFRQLXP� ZLWK� VXEVHTXHQW� WZR�VWDJH� V\Q�
WKHVLV�DW�����&�DQG�����&��7KH�SRO\FU\VWDO�
OLQH� VDPSOHV� ZHUH� REWDLQHG� E\� VLQWHULQJ� DW
����Ü�����&� LQ� D� FRQWUROOHG� 3E2� DWPRV�
SKHUH��7KH�UHVXOWLQJ�JUDLQ�VL]H�ZDV�IRXQG�WR
EH���WR���PP�

)LJ�����(YROXWLRQ�RI�WKH�FRPSRVLWLRQ�WHPSHUDWXUH�SKDVH�GLDJUDP�RI�3=7�VROLG�VROXWLRQV�IRU�VXFFHV�
VLYH�VXEVWLWXWLRQ�RI�ODQWKDQXP�IRU�OHDG�
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7KH�FU\VWDO�VWUXFWXUH�RI�WKH�VDPSOHV�ZDV
VWXGLHG� XVLQJ� D� 6,(0(16� '����� SRZGHU
GLIIUDFWRPHWHU� ZLWK� D� *H� PRQRFKURPDWRU
�&X.D�� UDGLDWLRQ�� O� ���������c�� DQG� D
%5$81�JDV�SRVLWLRQ�VHQVLWLYH�GHWHFWRU��7KH
DFFXUDF\� RI� �T� DQJOH� PHDVXUHPHQWV� ZDV
�������;�UD\� GLIIUDFWLRQ� DQDO\VLV� FRQILUPHG
WKDW� WKH� VDPSOHV� ZHUH� VLQJOH�SKDVH� ZLWK
SHURYVNLWH� FU\VWDO� VWUXFWXUH�� 7KH� VSRQWDQH�
RXV�SRODUL]DWLRQ�ZDV�PHDVXUHG�ZLWK�D�PRGL�
ILHG�6DZ\HU�7RZHU�FLUFXLW�DW�����Ü��+]�IUH�
TXHQF\�� 3LH]RHOHFWULF� PHDVXUHPHQWV� ZHUH

PDGH�LQ�DFFRUGDQFH�ZLWK�,(((�6WDQGDUG�>�@�
EXW�VRPH�PRGLILFDWLRQ�RI�WKHVH�PHWKRGV�ZDV
PDGH� �DV� LW�ZDV�GHVFULEHG� LQ� >�@�� IRU�PHDV�
XUHPHQWV� LQ� VWURQJ� H[WHUQDO� '&� HOHFWULF
ILHOG��7KH�VDPSOHV� IRU�SLH]RHOHFWULF�DQG�SR�
ODUL]DWLRQ� PHDVXUHPHQWV� ZHUH� VKDSHG� DV
��PP�WKLFN�GLVNV�RI����PP�LQ�GLDPHWHU�
7KH� HYROXWLRQ� RI� WKH� �FRPSRVLWLRQ�WHP�

SHUDWXUH�� SKDVH� GLDJUDP� IRU� ODQWKDQXP
PRGLILHG� OHDG� ]LUFRQDWH� WLWDQDWH� VROLG� VROX�
WLRQV� �3/=7�� QHDU� WKH� ERXQGDU\� VHSDUDWLQJ
WKH� UHJLRQV�ZLWK� WKH�)(� DQG�$)(� RUGHULQJ
DW� D� VXFFHVVLYH� LQFUHDVH� RI� WKH� /D� FRQWHQW
>����@� LV� JLYHQ� LQ� )LJ����� $FFRUGLQJ� WR� WKH
;�UD\� DQDO\VLV� DQG� WUDQVPLVVLRQ� HOHFWURQ
PLFURVFRS\� GDWD� >����Ü�@�� WKHVH� SKDVH� GLD�
JUDPV� LQFOXGH� D� UHJLRQ� �VKDGHG� LQ� )LJ����
ZKHUH�WKH�FRH[LVWLQJ�GRPDLQV�RI�WKH�)(�DQG
$)(� SKDVHV� DUH� SUHVHQW� LQ� WKH� VROLG� VROX�
WLRQV��7KHVH�UHJLRQV�LQ�)LJ����IRUP�WKH�K\V�
WHUHVLV� UDQJH� IRU� WKH�$)(�)(�SKDVH� WUDQVL�
WLRQ�LQ�DQ�H[WHUQDO�HOHFWULF�ILHOG�
:H� KDYH� LQYHVWLJDWHG� WKH� FRQGLWLRQV� IRU

WKH� LQWHUPHGLDWH� VWDWH� LQGXFWLRQ�E\� WKH� H[�
WHUQDO�HOHFWULF�ILHOG�DQG�WKH�EHKDYLRU�RI�WKH
SLH]RHOHFWULF� FKDUDFWHULVWLFV� RI� PDWHULDOV
GXULQJ�WKDW�LQGXFWLRQ��7KH�3/=7�VROLG�VROX�
WLRQV� ZLWK� WKH� IROORZLQJ� FRPSRVLWLRQV�
��������<�<�����������<�<��DQG����������
<�<��ZKHUH������������DQG������FKDUDFWHUL]H
WKH� SHUFHQWDJHV� RI� /D� VXEVWLWXWLRQ� IRU� 3E�
����<� DQG� <� DUH� WKH� SHUFHQWDJH� RI� =U� DQG
7L�� UHVSHFWLYHO\�� ZHUH� XVHG� LQ� RXU� H[SHUL�
PHQWV�� 'HWDLOHG� SKDVH� GLDJUDPV� IRU� WKH
VROLG� VROXWLRQV� XQGHU� LQYHVWLJDWLRQ� DUH
VKRZQ�LQ�)LJ�����7KH�YHUWLFDO�OLQHV�<L��L� ���������DUH�WKH�ERXQGDULHV�RI�WKH�VSRQWDQHRXV
)(� VWDWH� UHJLRQV� �IRU� HDFK� VHULHV� RI� VROLG
VROXWLRQV�� UHVSHFWLYHO\��� )RU� WKH� VROLG� VROX�

)LJ�����3KDVH�GLDJUDPV�IRU�;�����<�<�3/=7
VROLG�VROXWLRQV�ZLWK�WKH�FRQWHQW�RI�ODQWKDQXP
;��SHU�FHQW��������������������������������

)LJ����� (OHFWULF� ILHOG� GHSHQGHQFHV� RI� SRODUL]DWLRQ� �D�� DQG� IUHTXHQF\� FRQVWDQW� �E�� IRU� 3/=7� ZLWK
�������RI�ODQWKDQXP��&RQWHQW�RI�=U�7L���������������������������������������������

9�0�,VKFKXN��1�$�6SLULGRQRY���7XQLQJ�RI�SLH]RHOHFWULF����

�� )XQFWLRQDO�PDWHULDOV�������������



WLRQV� ZLWK� 7L� FRQFHQWUDWLRQV� ORFDWHG� WR� WKH
ULJKW� RI� WKH� YHUWLFDO� OLQHV�<L�� WKH� ORZ�WHP�SHUDWXUH� �7��7F�� SKDVH� LV� IHUURHOHFWULF�� ,QWKH�VROLG� VROXWLRQV�XQGHU�FRQVLGHUDWLRQ��WKH
$)(�VWDWH�LV�PRUH�VWDEOH�DW�ORZHU�7L�FRQFHQ�
WUDWLRQV��7KH�)(�VWDWH�FDQ�EH�LQGXFHG�E\�DQ
H[WHUQDO�HOHFWULF�ILHOG�LQ�VROLG�VROXWLRQV�ZLWK
FRPSRVLWLRQV� ORFDWHG� QHDU� WKH� UHJLRQ� RI
VSRQWDQHRXV�)(� VWDWH� LQ� WKH�SKDVH�GLDJUDP
�VHH�)LJ�����DW�ORZ�WHPSHUDWXUHV�7���7��L�<��7KLV� LQGXFHG� )(� VWDWH� ZLOO� EH� SUHVHUYHG
XQGHU�KHDWLQJ�XQWLO�WKH�WHPSHUDWXUH�UHDFKHV
D� FKDUDFWHULVWLF� YDOXH� 7��L�<��� 6LQFH� WKH�FRPSRVLWLRQ�WHPSHUDWXUH�� SKDVH� GLDJUDPV
IRU� DOO� DERYH�PHQWLRQHG� VHULHV� RI� VROLG� VROX�
WLRQV�DUH�SK\VLFDOO\�VLPLODU�� LQ�ZKDW�IROORZV�
ZH�SUHVHQW�WKH�PDLQ�UHVXOWV�IRU�WKH�VROLG�VR�
OXWLRQV�ZLWK����������<�<�FRPSRVLWLRQ��
7KH�HOHFWULF�ILHOG�GHSHQGHQFH�RI�SRODUL]D�

WLRQ� DW� URRP� WHPSHUDWXUH� ����&�� LV� SUH�
VHQWHG�LQ�WKH�)LJ���D��WKH�VDPSOHV�ZHUH�SUH�
YLRXVO\� DQQHDOHG� DW� ����&��� 7KH� ILUVW� KDU�
PRQLF� IUHTXHQF\� RI� UDGLDO� RVFLOODWLRQV� ZDV
PHDVXUHG� DV� D� IXQFWLRQ� RI� WKH� '&� HOHFWULF
ILHOG��7KH�GHSHQGHQFHV�RI�WKH�IUHTXHQF\�FRQ�
VWDQW�&I� �U�IU��KHUH�IU�LV�WKH�IUHTXHQF\��DQGU� LV� WKH� VDPSOH�UDGLXV��RQ�HOHFWULF�ILHOG�DUH
VKRZQ�LQ�)LJ���E��,Q�FRQWUDVW�WR�3�(���WKH�GH�
SHQGHQFHV�&I�(��DUH�QRQ�PRQRWRQLF��WKHUH�IRUH�WKH\� SURYLGH� D�PRUH� SUHFLVH� GHWHUPLQDWLRQ� RI
WKH�FULWLFDO�ILHOGV�RI�WKH�SKDVH�WUDQVLWLRQ�
$V� LV� VHHQ� IURP� WKH� FXUYHV� �� LQ� )LJ���D

DQG��E��WKHUH�DUH�WKUHH�LQWHUYDOV�RI�H[WHUQDO
HOHFWULF� ILHOG� ZKHUH� WKH� VDPSOH� SURSHUWLHV
GLIIHU�QRWLFHDEO\�ZKHQ�WKH�ILHOG�VWUHQJWK�LQ�
FUHDVHV��,Q�WKH�DEVHQFH�RI�HOHFWULF�ILHOG��WKLV
VROLG� VROXWLRQ� LV� LQ� WKH�$)(� VWDWH� DQG� LW� LV
SUHVHUYHG�ZLWKLQ� WKH� ILHOG� LQWHUYDO� ����(��

(FU��� �����N9�FP��$W�KLJK�ILHOGV��(�!�(FU�� ������ N9�FP�� WKH� VDPSOH� LV� LQ� )(� VWDWH�
:KHQ� WKH� ILHOG� LQWHQVLW\� LV� LQ� WKH� LQWHUYDO
IURP� ���� WR� ����� N9�FP�� WKH� SRODUL]DWLRQ
OLQHDUO\�LQFUHDVHV��7KLV�LQWHUYDO�LV�WKH�LQWHU�
PHGLDWH� VWDWH� UHJLRQ� LQ� WKH� VWXGLHG� VROLG
VROXWLRQV��,QFUHDVH�RI�WKH�=U�FRQWHQW�LQ�VROLG
VROXWLRQ� UHVXOWV� LQ� D�ZLGHQLQJ�RI� WKH� LQWHU�
PHGLDWH�VWDWH�UHJLRQ�
7KH� UHVXOWV� RI� PHDVXUHPHQWV� GLVFXVVHG

DERYH�DOORZHG�XV�WR�EXLOG�WKH��FRPSRVLWLRQ��
HOHFWULF� ILHOG�� SKDVH� GLDJUDPV� WKDW� UHSUH�
VHQW� WKH� GHSHQGHQFHV�(FU���<�� DQG� (FU���<��7KHVH�GLDJUDPV�FRQWDLQLQJ�WKH�LQWHUPHGLDWH
VWDWH� UHJLRQ� DUH� SUHVHQWHG� LQ� )LJ���� IRU
���������<�<�DQG����������<�<�VROLG�VROX�
WLRQV��,Q�WKLV�)LJXUH��WKH�QRWDWLRQV�,6��)(L�DQG�)(V�DUH�XVHG�IRU�WKH�LQWHUPHGLDWH�VWDWH�LQGXFHG� )(� SKDVH�� DQG� VSRQWDQHRXV� )(
SKDVH�� UHVSHFWLYHO\�� $V� LV� VHHQ� IURP� WKH
�FRPSRVLWLRQ�WHPSHUDWXUH�� SKDVH� GLDJUDP
LQ�)LJ����� WKH�UHJLRQ�RI�WKH�$)(�SKDVH� VWD�
ELOLW\� LV� VKLIWHG� WRZDUGV� WKH� VROLG� VROXWLRQV
ZLWK�KLJKHU�7L�FRQWHQW�ZKHQ�WKH�/D�FRQFHQ�
WUDWLRQ�LQFUHDVHV��7KH�LQWHUPHGLDWH�VWDWH�UH�
JLRQ� LV� DOVR� VKLIWHG� LQ� WKH� VDPH� GLUHFWLRQ
ZKHQ�WKH�/D�FRQWHQW�LQFUHDVHV��VHH�)LJ�����
7KH� IUDFWLRQ� RI� )(� SKDVH� LQFUHDVHV� OLQH�

DUO\� ZLWK� WKH� LQFUHDVH� RI� WKH� H[WHUQDO� '&
ILHOG�LQ�WKH�UHJLRQ�RI�LQWHUPHGLDWH�VWDWH��LQ
FRPSOLDQFH� ZLWK� ������ 7KH� LQFUHDVH� RI� WKH
SRODU� SKDVH� IUDFWLRQ� VKRXOG� UHVXOW� LQ
FKDQJHV� RI� WKH� VDPSOH� SLH]RHOHFWULF� FKDUDF�
WHULVWLFV�� 7KH� H[SHULPHQWDO� UHVXOWV� FRQILUP
WKLV� FRQFOXVLRQ�� 'HSHQGHQFHV� RI� SLH]RUHVR�
QDQFH� SDUDPHWHUV� RQ� HOHFWULF� ILHOG� DUH� SUH�
VHQWHG� LQ� )LJ���� DQG� )LJ���� IRU� VRPH� VROLG
VROXWLRQV� IURP� WKH� VHULHV� ���������<�<�
7KH� UHVRQDQFH� FXUYHV� IRU������������3/=7

)LJ�����&RPSRVLWLRQ�HOHFWULF�ILHOG�SKDVH�GLDJUDPV�IRU����������<�<��DW�WKH�OHIW��DQG����������<�<
�DW�WKH�ULJKW��3/=7�VROLG�VROXWLRQV�
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VROLG� VROXWLRQ� DW� GLIIHUHQW� VWUHQJWKV� RI� WKH
H[WHUQDO� '&� HOHFWULF� ILHOG� DUH� VKRZQ� LQ
)LJ����DV�DQ�H[DPSOH��
$V� LW� IROORZV� IRUP�WKH�SKHQRPHQRORJLFDO

FRQVLGHUDWLRQ� >�Ü��@�� WKH� $)(�o�)(� SKDVH
WUDQVLWLRQ� KDV� WR� RFFXU� LQ� D� VKDUS� DEUXSW
PDQQHU�� +RZHYHU�� D� GLIIHUHQW� EHKDYLRU� LV
REVHUYHG�LQ�RXU�H[SHULPHQWV��7KH�WUDQVLWLRQ
WDNHV�SODFH�ZLWKLQ� D� ILQLWH� LQWHUYDO� RI� HOHF�
WULF� ILHOGV�� 7KH� ZLGWK� RI� WKH� WUDQVLWLRQ� LQ�
FUHDVHV�ZKHQ�WKH�VROLG�VROXWLRQ�FRPSRVLWLRQ
PRYHV�DZD\�IURP�WKH�UHJLRQ�RI�)(�VWDWHV�LQ
WKH� �FRPSRVLWLRQ�WHPSHUDWXUH�� SKDVH� GLD�
JUDP��)LJ����DQG����
7KH� SKDVH� WUDQVLWLRQ� $)(�o�)(� YLD� LQ�

WHUPHGLDWH�VWDWH��ZKHQ�(FU�����(���(FU����RF�FXUV� E\�PHDQV� RI� WKH�PRWLRQ� RI� LQWHUSKDVH
ERXQGDULHV�� 7KH� LQWHUQDO� VWDWH� RI� WKH� $)(
DQG� )(� GRPDLQV� UHPDLQV� XQFKDQJHG�� 7KH
SRODUL]DWLRQ�LQFUHDVH�DW�(��!�������N9�FP�LV

DVVRFLDWHG� ZLWK� WKH� FKDQJH� RI� WKH� LQWHUQDO
VWDWH� �IURP� $)(� WR� )(�� RI� WKH� SUHVHUYHG
$)(� SKDVH� GRPDLQV�� 7KLV� SURFHVV� VHHPV� WR
EH�LQFRPSOHWH��VLQFH�WKHUH�LV�VWLOO�QR�VDWXUD�
WLRQ� LQ� WKH� FXUYHV� �D� DQG� �D� LQ� )LJ����
ZKLFK�SUHVHQW�WKH�VDPSOH�SRODUL]DWLRQ�DIWHU
WKH�VXEWUDFWLRQ�RI�3L� �H���(��7KH�$)(�SKDVHSUHVHQFH�LQ�WKH�VDPSOHV�SODFHG�LQ�KLJK�ILHOGV
ZDV�REVHUYHG� LQ� OLJKW� VFDWWHULQJ�H[SHULPHQWV
>������@�� LQ�VROLG�VROXWLRQV�ZLWK�FRPSRVLWLRQV
EHORQJLQJ�WR�WKH�VDPH�LQWHUYDO�RI�WKH��FRPSR�
VLWLRQ�WHPSHUDWXUH�� GLDJUDP� DQG� FORVH� WR
WKRVH� VWXGLHG� KHUH�� 7KH� H[LVWHQFH� FRQGLWLRQV
RI� WKHVH� $)(� GRPDLQV� LQ� KLJK� HOHFWULF� ILHOG
FDQ�EH�REWDLQHG�IURP�WKH�WKHRUHWLFDO�DQDO\VLV
ZKHQ�WKH�LQWHUDFWLRQ�EHWZHHQ�WKH�$)(�DQG�)(
SKDVHV�LV�WDNHQ�LQWR�DFFRXQW�
/HW�XV�QRZ�GLVFXVV�WKH�GHSHQGHQFH�RI�WKH

LQWHUPHGLDWH� VWDWH� UHJLRQ� ZLGWK� �WKH� ZLGWK
RI� WKH� LQWHUYDO� RI� HOHFWULF� ILHOG� ZKHUH� WKLV

)LJ�����,QIOXHQFH�RI�H[WHUQDO�HOHFWULF�ILHOG�RQ�SDUDPHWHUV�RI�WKH������������3/=7�DQG�����������
3/=7��UDGLDO�UHVRQDQFH��
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VWDWH�LV�REVHUYHG��RQ�WKH�VROLG�VROXWLRQ�FRP�
SRVLWLRQ�� 7KLV� GHSHQGHQFH� LV� FDXVHG� E\� WKH
PXWXDO� LQIOXHQFH� RI� WKH�$)(�DQG�)(�SKDVH
GRPDLQV��,W�IROORZV�IURP������WKDW�WKH�ZLGWK
RI�WKH�LQWHUPHGLDWH�VWDWH�UHJLRQ

(HQG���(RQF� �&���3����(SW�
LV� GHWHUPLQHG� E\� WKH� YDOXH� RI� LQGXFHG� SR�
ODUL]DWLRQ�LQVLGH�WKH�)(�SKDVH�GRPDLQ��6LQFH
WKH�VWDELOLW\�RI�WKH�$)(�VWDWH�LQ�VROLG�VROX�
WLRQV� LQ� TXHVWLRQ� LQFUHDVHV� ZLWK� LQFUHDVLQJ
=U� FRQWHQW�� WKH� WUDQVLWLRQ� ILHOG� (SW� YDOXHZLOO� DOVR� LQFUHDVH�� $V� IROORZV� IURP� >�Ü��@�
WKH� 3����(SW�� YDOXH� LQFUHDVHV� QRWLFHDEO\ZKHQ� WKH� LQGXFWLRQ� RI� WKH� )(� VWDWH� ILHOG
WDNHV� SODFH� DW� KLJKHU� YDOXHV� RI� WKH� HOHFWULF
ILHOG�VWUHQJWK��7KLV�PHDQV�WKDW�WKH�3����(SW�YDOXH�ULVHV�ZLWK�WKH�LQFUHDVLQJ�=U�FRQWHQW�LQ
VROLG�VROXWLRQV�XQGHU�LQYHVWLJDWLRQ��$V�D�FRQ�
VHTXHQFH��WKH�LQWHUYDO�RI�HOHFWULF�ILHOG�YDOXHV
ZKHUH�WKH�LQWHUPHGLDWH�VWDWH�WDNHV�SODFH�DOVR
ZLGHQV�ZLWK�LQFUHDVLQJ�=U�FRQWHQW�
7KH� FKDUDFWHULVWLF� IHDWXUH� RI� WKH

$)(�o�)(�SKDVH�WUDQVLWLRQ�YLD�LQWHUPHGLDWH
VWDWH� LV� WKDW� WKH� )(� SKDVH� IUDFWLRQ� LQ� WKH
VDPSOH�LQFUHDVHV�LQ�WKH�FRXUVH�RI�WKH�WUDQVL�
WLRQ�DQG�DV�D�UHVXOW��WKH�SLH]RDFWLYLW\�RI�WKH
PDWHULDO� ULVHV�� 7KLV� FLUFXPVWDQFH� PDNHV� LW
SRVVLEOH� WR�XVH�WKLV�SKDVH� WUDQVLWLRQ�IRU�HI�
IHFWLYH� FRQWURO� RI� SLH]RHOHFWULF� SDUDPHWHUV
RI� PDWHULDO� E\� H[WHUQDO� HOHFWULF� ILHOG� �VHH
)LJV���� DQG� ����$� VLJQLILFDQW� FKDQJH�RI� WKH
UHVRQDQFH�IUHTXHQF\�H[FHHGLQJ�VLPLODU�FKDU�
DFWHULVWLFV�RI�NQRZQ�PDWHULDOV�E\�VHYHUDO�RU�
GHUV� RI� PDJQLWXGH� KDV� HQJDJHG� RXW� DWWHQ�
WLRQ�� ,W� VKRXOG� EH� SDUWLFXODUO\� HPSKDVL]HG
KHUH�WKDW�WKLV�UHVRQDQFH�IUHTXHQF\�FKDQJH�LV
QRW�DVVRFLDWHG�ZLWK�FKDQJLQJ�OLQHDU�VL]HV�RI
UHVRQDWRUV� LQ� DQ� HOHFWULF� ILHOG��7KH�GHSHQG�
HQFHV� RI� WKH� VDPSOH� VWUDLQV� RQ� WKH� DSSOLHG

HOHFWULF� ILHOG� VWUHQJWK�JLYHQ� LQ� >��@� IRU� WKH
VROLG� VROXWLRQ� FRPSRVLWLRQV� FORVH� WR� WKRVH
VWXGLHG� LQ� WKLV� ZRUN�� 7KH� UHODWLYH� VWUDLQV
OHVV�WKDQ���Ü��REVHUYHG�LQ�>��@�LQ�WKH�ILHOGV
ZLWK� VWUHQJWKV� RI� WKH� RUGHU� RI� ��� N9�FP
FDQQRW� EH� FRPSDUHG� ZLWK� WKH� UHODWLYH
FKDQJHV�RI�UHVRQDQFH�IUHTXHQF\�REVHUYHG�LQ
RXU� H[SHULPHQWV�� � 0RUHRYHU�� WKH� UHODWLYH
VWUDLQV� LQ� WKH� GLUHFWLRQ� DORQJ� WKH� DSSOLHG
HOHFWULF�ILHOG�DQG�LQ�WKH�SHUSHQGLFXODU�GLUHF�
WLRQ�KDYH�GLIIHUHQW�VLJQV�
7KH�GHSHQGHQFH�RI�WKH� ORQJLWXGLQDO�UHVR�

QDQFH� IUHTXHQF\� �WKH� WKLFNQHVV� UHVRQDQFH
IRU� WKH� JHRPHWU\� RI� RXU� VDPSOHV�� RQ� WKH
DSSOLHG� ILHOG� VWUHQJWK� DW� WKH� SKDVH� WUDQVL�
WLRQ� YLD� LQWHUPHGLDWH� VWDWH� LV� JLYHQ� LQ� WKH
)LJ���� IRU� FRPSDULVRQ�� 7KH� VLJQ� RI� WKH� HI�
IHFW� IRU� ERWK� ORQJLWXGLQDO� DQG� WUDQVYHUVH
�UDGLDO�� UHVRQDQFHV� LV� VHHQ� WR� EH� WKH� VDPH�
7KHVH� GDWD� DOORZ�XV� WR� QHJOHFW� WKH� FKDQJHV
RI� UHVRQDWRU� OLQHDU� VL]HV� LQ� DSSOLHG� HOHFWULF
ILHOG� GXULQJ� WKH� DQDO\VLV� RI� WKH� UHVRQDWRU
EHKDYLRU�LQ�H[WHUQDO�HOHFWULF�ILHOG�
$V� LQGLFDWHG� DERYH�� WKH� SKDVH� WUDQVLWLRQ

YLD� DQ� LQWHUPHGLDWH� VWDWH� DFFRPSDQLHG� E\
WKH� GLVSODFHPHQW� RI� WKH� LQWHUSKDVH� ERXQGD�
ULHV� ZLWKRXW� FKDQJLQJ� LQWHUQDO� VWDWH� RI� GR�
PDLQV� RI� ERWK� FRH[LVWLQJ� SKDVHV� HQGV�ZKHQ
WKH�IUDFWLRQ�RI�WKH�LQGXFHG�)(�SKDVH�LV�FORVH
WR� XQLW\�� +RZHYHU�� WKH� FRPSOHWH� WUDQVLWLRQ
WR� WKH�KRPRJHQHRXV�)(� VWDWH�GRHV�QRW� WDNH
SODFH�DW�WKH�HOHFWULF�ILHOG�VWUHQJWKV�DFKLHYHG
LQ� RXU� PHDVXUHPHQWV�� 7KH� $)(� SKDVH� GR�
PDLQV�DUH�VWLOO�SUHVHQW�LQ�WKH�VDPSOH�YROXPH
�LQ� WKH�)(�PDWUL[���:KHQ� WKH� HOHFWULF� ILHOG
VWUHQJWK� LV� KLJKHU� WKDQ� WKH� VHFRQG� FULWLFDO
YDOXH�� WKH� IXUWKHU� LQFUHDVH� RI� WKH� ILHOG
VWUHQJWK� UHVXOWV� LQ� D� FKDQJH� RI� WKH� $)(
LQWHUQDO� VWDWH� DQG� WKH� GLVSODFHPHQW� RI� WKH
LQWHUSKDVH�ERXQGDULHV� LV�QRW�D�PDMRU�IDFWRU
PRUH�� 6XFK� SURFHVV� FDXVHV� DQRWKHU� PHFKD�
QLVP�RI�UHVRQDQFH�IUHTXHQF\�FKDQJHV��$V�LV

)LJ�����5HVRQDQFH�FXUYHV�RI������������3/=7
DW� GLIIHUHQW� YDOXHV� RI� H[WHUQDO� HOHFWULF� ILHOG�
(��N9�FP����������������������������������������

)LJ����� 'HSHQGHQFH� RI� WKH� UHVRQDQFH� IUH�
TXHQF\� �WKH� WKLFNQHVV� UHVRQDQFH�� RQ� WKH� H[�
WHUQDO�HOHFWULF�ILHOG�LQ������������3/=7�
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VHHQ� LQ� )LJ���E�� WKH� VLJQ� RI� WKH� UHVRQDQFH
IUHTXHQF\� FKDQJH� EHFRPHV� RSSRVLWH� WR� WKDW
REVHUYHG�ZKHQ�WKH�DSSOLHG�ILHOG�VWUHQJWK�YDO�
XHV� ZHUH� ZLWKLQ� WKH� UDQJH�(FU�����(���(FU���7KH�UHDVRQ�IRU�WKDW�FKDQJH�LV�WKDW�WKH�V\VWHP
HIIHFWLYH�ULJLGLW\�LQFUHDVHV��GXH�WR�GHFUHDVH�RI
FRQWULEXWLRQ�FDXVHG�E\�WKH�PRELOH� LQWHUSKDVH
ERXQGDULHV��ZKHQ� WKH� SKDVH� VWDWH� KRPRJHQH�
LW\� LQ� WKH� V\VWHP� LQFUHDVHV�� 7KH� FRQWURO�
ODELOLW\� RI� WKH� UHVRQDQFH� IUHTXHQF\� EHFRPHV
KLJKHU�LQ�WKH�ILHOGV�(�!�(FU����7KH�K\VWHUHVLVLV�FRPSOHWHO\�DEVHQW�DQG�WKH�FKDQJHV�LQ�WKH
SLH]RHOHFWULF�SDUDPHWHUV�DUH�ZHDN�
7KLV�ZRUN�ZDV�VXSSRUWHG�LQ�SDUW�WKURXJK

WKH� 215� *UDQW� 1R�1���������������� DQG
67&8�*UDQW�1R������

5HIHUHQFHV
� ���.�6�$OHNVDQGURY�� 0�3�=DLWVHYD�� $�0�6\VRHY�
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���������������
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