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Rayleigh light scattering on the director
static inhomogeneities in filled flexoelectric
nematic crystal
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Director equilibrium configurations are obtained in the neighborhood of spherical and
cylindrical impure particles in flexoelectric nematic liquid crystal under external electric
field. Weak homeotropic and circular director anchoring with particle surface has been
considered. Expressions obtained for the director are used for numerical calculations of
the angle distribution of the light scattering cross-section on the director structure
inhomogeneities in the Rayleigh-Gan’s approximation. All possible kinds of the light
scattering are considered and dependence of cross-section on value of flexopolarization,
external field and kind of the director anchoring is studied. In particular, it is shown that
scattering cross-section essentially changes in the presence of flexopolarization.

ITonyuensl paBHOBeCHBIE KOH(MUIYypaAIUMU AUPEKTOPA B OKPECTHOCTU C(EPUUECKOU W IIU-
JIAHAPUYECKOI IIPUMMECHBIX YACTHUI] BO (DIEKCOIJIEKTPUUECKOM HEMATUYECKOM JKHUAKOM KPHUC-
TajJie B IIPUCYTCTBUU BHEIIHErO 9JIEKTPUUYECKOro Iossi. PaccMoTpeHbl ciiabble TOMEOTPOIIHOE
U IUPKYJIAPHOE CIEIJIeHUs IUPEKTOPa ¢ IIOBEPXHOCTHIO dacTull. IloJydueHHBbIe BBIPAMKEHUS
IJIsl IUPEKTOpa MCIIOJb30BAHBI JJIsl YMCJIEHHOI'O pacuera B npubiam:kenuu Penesi-I'anca yrio-
BOI'0 paCIIPeIeJieHus CEUeHUs PACCeSHUs CBETA HA HEOJHOPOAHOCTAX CTPYKTYPHI AUPEKTOpPA.
PaccmorpeHbl Bce BO3SMOKHBIE THUIIBI PACCessHUS M KCCIELOBAHA SaBUCHUMOCTb CEYEHUS OT
BEJIUYUHBI (DIEKCOIIOJAPUBAINI, BHEIIIHETO II0JId, XapaKTepa CIeIJIeHus JupeKTopa. B gacr-
HOCTH, IIOKa3aHO, 4YTO Hajgumuue (JIEKCOMOJAPUBANUU B JKUAKOM KPHCTAJIe IIPUBOIUT K
CYIIIECTBEHHOMY M3MEHEHHIO CEUeHUS PACCeAHUS.

Heterogeneous systems act the important part in electro-optical applications. At present time only
the polymer-dispersed liquid crystals(LC) which contain the LC droplets in polymer matrix have been
sufficiently investigated [1, 2]. Another interesting type of the heterogeneous LC, the so-called filled
nematics, consist of the mixture of the nematic liquid crystal (NLC) and aerosil (small impurity silicium
particles of diameter ~ 100 — 1000 A) [3-7]. Impurity particles create the inhomogeneous director
distribution around them. The character of the director field disturbance is substantially determined
by the director anchoring with the impurity particles surface. In the case of weak director anchoring the
nematic director field distribution was studied near the particles of spherical [8, 9] and cylindrical [10]
forms. At the strong director anchoring such defects of the director structure as disclinations can appear
near the particles [9, 11, 12]. Static inhomogeneities of the director field induced by impurities cause
the light scattering additional to the scattering by the thermal director fluctuations. Such scattering was
studied in the Rayleigh-Gans approximation [13, 14] and anomalous diffraction approximation [15, 16],
but in the absence of flexoelectricity in LC.

In present paper we study the equilibrium configurations of the director field in flexoelectric LC
which contains the impurity particles of spherical and cylindrical form under external electric field in
approximation of weak director anchoring with the particles surface. Light scattering on the director field
structure inhomogeneities which appear in this case is studied in the Rayleigh-Gans approximation.
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NLC free energy and equations for the director. Let we have the homeotropic cell of the flexoelectric
NLC with infinitely rigid director anchoring at the cell surfaces under external stationary homogeneous
electric field E, directed along the undisturbed nematic director ng. The cell contains the spherical (or
cylindrical) particle of radius R. Free energy of NLC which contains the impurity particle under electric
field can be written in the form

F=F,+Fg+F;+ Fg,

K K
Fa=% / [(divi)? + (rot n)?] dV - ~A /div(n divn + [0 x rot ] ) dV,
14 14
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Here n is the director, F, is the Frank’s elastic energy written in the one constant approximation (but
K # Ks,4), Fg, Fy are anisotropic and flexoelectric parts of interaction energy of NLC with electric
field, correspondingly, Fs is contribution to the free energy from the nematic director interaction with
the particle surface taken in the form of Rapini potential [17], K, K.4 are the elastic constants,
el = sﬁ — €Y > 0 is the static permittivity anisotropy, e, ez are the flexoelectric coefficients, W is the
energy of director anchoring with the particle surface, e is the unit vector along the director easy axis
at the particle surface.

Minimizing the free energy (1) by n, and taking into account the condition n? = 1, we can get the
Euler-Lagrange stationary equation for the director

K(An — (nAn)n) + i((nE)E - (nE)2n)+

4n (2)
+(e1 — e3) ((E — nE)n)divn — V(nE) + n(nV)(nE)) =0
and boundary conditions at the particle surface
(K — Ka4) [(1 — (ner)2)divn + (neT)(n [e; x rot n])] 4 Koy [eT(eTV)n - (neT)n(eTV)n] - 5
3

—W(ne)(ee;) + W(ne)?(ne,) — el(nE)(l - (neT)Q) - eg(neT)(n[eT X [n x E]]) =0,

where e; is a unit vector along the external normal to the particle surface.
We shall consider the only case of weak nematic anchoring with the particle surface so that the
parameter £ = WR/K « 1.

Director field around the spherical particle. Let we have the spherical particle. We put the Cartesian
frame of reference in the particle center and direct the axis Oz along the undisturbed director. The
azimuth symmetry of the system allow us to take the director in the form

n=np+n; =e;+n,(r0)|e;cosp+eysing], |n.(rd)| <1, (4)

where n is the component of the vector n perpendicular to the vector ng; r, 8, ¢ are the spherical
coordinates of the LC point with respect to the particle center.
Then leaving in (2) only terms linear in n; we get equation

0 2

a
4K

An| — n; =0, (5)
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which in spherical coordinates takes the next form

2 2
28n¢+2x8nl+8nj_+ctg98nj_ ny

—_— = 2 = (.
922 oz | 002 26 smtg =0 (6)

Putting n, and £ to be small values of the same order the boundary condition (3) can be written in
the form

on 2 £ . zsin @
—_— 1-k 6+ = 20 — — =0. 7
T + ( 24)N1 + <\/_ \/_) TNy COS 5 sin ol (7)

Here and further the upper sign corresponds to director homeotropic anchoring with the particle surface
(e = e,) and the lower one corresponds to the circular anchoring (e = eg); here the next dimensionless

. Koy r R QK .
values are introduced: koy = N T=-—,Tp=—,VU; = 4‘1—2, where e,, ey are the unit vectors of
lE lE 71'61-
dr K

spherical system of reference, [p = is the electric coherence length, ¢ = 1,3.

eV B2
Finite at  — oo solution to equation (6) takes a form

nJ_(:c,G) = S A le 1 2([6)P71n(0089), (8)
m2=:1 \/; +1/

where K, /2(x) is the modified spherical Bessel function [18], Py, (z) is the associated Legendre
polynomial [18], A,, are the coeflicients of general solution.

Substituting expression (8) into boundary condition (7) and putting parameters v; 3» 1 (i = 1,3), w
obtain that at m > 3 the coefficients A,, = 0. Then solution in the cases of the director homeotropic and
circular anchoring with the spherical particle surface takes a form

ny (r,0) = x1(r) sin @ + x2(r) sin 26, 9)

where
) = g |R Ks5(r/lR)
! NZR R xEI{§/2(JUE) + (0.5 — kag)K3/o(zp)’

_ :Fg\/E K o(r/lE)
2V r xEKé/z(xE) + (05 — k24)1(5/2(x5)‘

Here a prime at modified spherical Bessel function indicates the derivative with respect to argument.

Formula (9) together with formula (4) give us the director field distribution in the NLC bulk with
impurity particle. Note, that in the case of the director homeotropic anchoring with the particle surface
in the absence of flexopolarization (v; = 0o) obtained above the director field distribution coincides with
the result of paper [8].

Director field around the cylindrical particle Let the impurity particle is cylindrical and its axis 1 is
perpendicular to the undisturbed nematic director ng. We put the particle length L to be much more than
its radius R, so that we can neglect boundary effects at the cylindrical bases. Let the Ox axis is directed
along the undisturbed director and the Oz axis coincides with the particle axis. Due to the homogeneity
of the system along the Oz axis the disturbance of the director field around the particle will be plane
for both the homeotropic (e = e,) and circular (e = e,,) director anchoring with the cylindrical particle
side surface:

n=mng+n; =e;- cos®(p, ) +e, sin®(p,p), (10)

where ® is the director deviation angle from its undisturbed direction, p, @ are the polar coordinates of
point in the plane zOy, e,, e, are the unit vectors of the polar system of reference.
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Linearized in n,; equation (2) for the director coincides with equation (5). Introducing the
dimensionless length ¥ = p/lg and using the polar system of reference we can write equation in the
form 92 5 a2

P ® ®
2 2
-— — +=— —z*®=0. 11
x8x2+x6$+8¢2 “ (11)
To the values of the first order in n; and £, boundary condition (3) takes a form

0® | ¢ . 1 < 1 1 ) ]
Tm— =+ 2sin2¢ - —zxsing+ | —=+ — | 2P cos =0, 12
aJC 2 14 /U1 4 A/ V1 \/V3 4 o ( )

where the upper sign corresponds to the director homeotropic anchoring with the particle side surface
and the lower one corresponds to the circular anchoring.
Solution to equation (11), taking into account its periodicity ®(x,p + 27) = ®(z, ), symmetry

&(x, —p) = —P(z, p) and finiteness at * — oo, takes the following form
o0
®(z,p) = Z B Ko (z) sinmep, (13)
m=1

where K, (z) are the modified Bessel function [18], By, are the coefficients of general solution.
Substituting obtained solution into boundary condition (12) at the flexoelectric parameters values
v; > 1 (i=1,3) we get that

§ Kalp/lp) 1 Ki(p/le) .

O(p,p) = :FEW sin 2¢ + \/_V_lm sin .
Here a prime at modified Bessel function indicates the derivative with respect to argument.
Formulas (10) and (14) describe the director field distribution around the cylindrical particle. In the
absence of flexopolarization the obtained director field distribution coincides with the result of paper [12].
Let now the cylindrical particle axis 1 is parallel to the undisturbed director ng. If the director
anchoring with the particle side surface is circular then putting the Oz axis along the particle axis one
can write the director in the form

(14)

n=—e; sinpsinQ(p) + e, - cospsin Q(p) + e - cos Qp), (15)

where Q(p) is the angle between the director n and the positive direction of the Oz axis.

It is easy to check that in this case the flexoelectric contribution Fj to the NLC free energy (1)is
absent so that the director field distribution around the cylindrical particle can be described by expression
obtained before in paper [12].

In the case of the director homeotropic anchoring with the particle side surface one can present the
director in the form

n = e; - cos psin Ap) + e, - sinpsin Ap) + e, - cos Q(p). (16)

In this case it follows from (2), (3) that dimensionless equation for the director and boundary condition
take the form

d*Q el 1 ;
2 _ = 2y g =
T + T 2(1 + %) sin 202 = 0, (17)
a1 . 1 1 . 9 x _
x%+§(l—k24+§)sm29+ <—V_1+\/—V_3>1'SIH Q_\/_V_1:|x:IE =0. (18)

Solution to equations (17), (18) takes a form
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Formulas (16) and (19) describe the director field distribution in the NLC bulk with cylindrical
particle if its axis is parallel to the undisturbed director. In the absence of flexopolarization the director
distribution coincides with that obtained in paper [12].

Light scattering cross-section. Let us consider the nematic LC-matrix containing impurity particles of
spherical or cylindrical form in the field of plane monochromatic light wave of frequency w incident on LC
along the undisturbed director ng. In the Rayleigh-Gans approximation the differential light scattering
cross-section on the director field inhomogeneities caused by impurities can be written in the following
form [19]

wt 5
dQ W'l SCIR I (20)

where

/ exp( —iqr) dV.
4

Here i, f are the unit polarization vectors of incident and scattered light waves with wave vectors k, k'
correspondingly, q = k' — k is the scattering vector, £° is the permittivity tensor of the homogeneous
nematic, £(r) is the permittivity tensor of the impurity nematic. Integration in (20) is carrying out over
all the volume excluding the the own volume of impurities which we consider to be small and neglect its
contribution.

Putting the concentration of impurity particles small so that the areas of the director deformation
created by different particles do not overlap, we can write

N
=04 ) 68 — 10, Upn)O(d — [r — 1)), (21)

where r,, is the radius-vector of the m impurity particle and summation is carrying out over all N
particles, dé(r — ry,, ¥, ) is a change of the permittivity tensor of the homogeneous nematic caused by
the director field deformation due to the m particle (it was calculated in previous sections), ¥, describes
the axis orientation of the m cylindrical particle, ©(z) is the Heaviside function, d is an average distance
between particles.

Let we have the filled nematic with spherical impurity particles. Substituting (21) into (20) and using
representation of the pair correlation function ¢(r) for positions of the particles centers of mass [20]

1 ‘ N , N

¥ 2 expliattn ] = 3 [ o) expl-iar) AV = Tola), (22)
e, m! Vv
mEm!

expression for the differential light scattering cross-section takes the form

ds _ Nk
dQ 1672

lidé(q) £I° S(a), (23)

N
where k = %, 3¢(q) is a Fourier transform of the tensor 6¢(r), S(q) =1+ Vg(q) is a structure factor

calculated in the Percus-Yevick approximation [21].

Substituting in (23) expression for 6¢(q) calculated with the help of formula (9)one can show that
only the scattering cross-sections of the ¢ — ¢ and 0 — o types do not equal zero. Obtained numerically
dependence of the dimensionless differential light scattering cross-section of the ¢ — e type with change
1
R
Fig.1 for different values of parameter xg. At calculation we put parameter kR = 1 and flexoelectric
parameter v1 = 100 that corresponds to the values of flexoelectric coefficients €; and ez from the range
(0.1 — 2.5) - 10~* qumn'/? [22]. Dependence of the light scattering cross-section on the scattering angle is

described by nonmonotonic function and at that the scattering on the large angles (¢ ~ 1)dominates.

o
of polarization under external electric field o/ = — versus the scattering angle ¢ is shown on
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Fig.1. Light scattering cross-section ¢’ e — e versus the scattering angle 9 in the case of the spherical
impurity particles at fixed value of flexoelectric parameter v; = 100 and different values of external
electric field: zp =0-1,0.1-2,0.2 - 3, 0.3 — 4, 5 (in the absence of flexopolarization).

Despite of flexopolarization the light scattering cross-section does not depend on the kind (homeotropic
or circular) of the director anchoring with the particle surface. At the absence of flexopolarization the
increase of external electric field (parameter ) leads to the decrease of the light scattering cross-section
(curve 5) [14]. In presence of flexopolarization the scattering cross-section increases with decrease of
flexoelectric parameter r; and increase of external electric field for all values of parameter kR. In last
case the maximums of scattering are shifted to the side of the smaller angles.

If the light scattering of the o—o type without change of the polarization direction takes place the light
scattering cross-section does not depend on the type of the director anchoring with the particle surface
similar to that in the previous case. At all values of kR this type of scattering depends on flexoelectric
parameter v; and external electric field in the same way as considered above scattering of the e — e type.
But as our calculations show the differential cross-section of the o — o scattering is of the four orders
smaller than the cross-section of the ¢ — e scattering.

We consider the case of cylindrical particles which axes are perpendicular to the undisturbed director
(1 L ngp). Substituting (21) into (20) and carrying out some simple calculations one can get

j—g = % (<|i(sé(q,w) £I°) + [(i6¢(a, v) £)[° (S(q) - 1)) , (24)

where © is an angle describing the particle axis orientation in the plane which is perpendicular to ng,
the angle brackets (...) denote an averaging over orientations of the cylindrical particles.

In the case of the ¢ — e light scattering the calculated dependence of the ¢’ on the scattering angle
? is presented in the Fig.2a for values of parameters kR = 1 and xg = 0.1. At calculations we put
L/R = 10. Scattering on the great angles dominate at all values of the parameter kR. In the absence of
flexoelectricity, as in the case of spherical particles, the scattering cross-section does not depend on the
type of the director anchoring with the cylindrical particle side surface and monotonically decreases with
increase of external electric field. But in the presence of flexoelectricity the type of the director anchoring
with the cylindrical particle side surface significantly influences the character of the angular dependence
of the light scattering cross-section which at that is qualitatively similar for all types of scattering. As it is
known, the light scattering cross-section value is determined by the director inhomogeneous distribution
area. As one can see from formula (14) the presence of flexopolarization leads to the increase of the director
field disturbance area created by cylindrical particle at the director circular anchoring with the particle
surface and, on the contrary, to the decrease of that area at the homeotropic anchoring. Therefore, in the
case of the director circular anchoring with the cylindrical particle side surface the scattering cross-section
value is greater in the presence of flexopolarization and at that it monotonically increases with increase
of electric field for all values of the parameter £R. In the case of the homeotropic director anchoring with

530 Functional materials, 15, 4, 2008



M.F.Ledney / Rayleigh light scattering on ...

70 > 0,15
@ 2 (b)
60
50
o 0,10
'-Oo 40 -
: 30 x
J ©
© L
20 0,05
3
10 \
1
0 0,00 v
0,0 0,00 0,25 0,50 0,75 1,00

0

Fig.2. Cross-section ¢’ of scattering of the ¢ — e (a) and 0 — o (b) types versus the scattering angle ¥
in the case of the cylindrical impurity particles(the particle axis perpendicular to ng) at fixed values
of external electric field (xg = 0.1) and flexoparameter (4 = 100): 1 — the director homeotropic
anchoring, 2 — the circular anchoring, 3 — The homeotropic and circular anchoring in the absence of
flexopolarization.

the particle surface the scattering cross-section is smaller in the presence of flexoelectricity but increases
with increase of external electric field.

Results of numerical calculation of the ¢’ versus ¢ are shown in Fig.2b in the case of the scattering
of the 0 — o type. As one can see, for all values of the parameter kR the small angle scattering (¢ < 0.25,
which is determined by the director disturbance at great distances to the particle center, dominates.
According to expressions (9) and (14)the director disturbance around cylindrical particle decreases with
distance to particle more slow than in the case of spherical particle of the same volume which determines
infinitesimality of the cross-section value of the o — o scattering for spherical particles. Differential light
scattering cross-section of the o — o type is of the 2-3 orders smaller than the cross-section of the ¢ — ¢
scattering.

The light scattering cross-section of the e — o type with change of polarization has dependence on the
angle scattering similar to the small angle scattering of the o — o type and is equal to him by the order
of value. As calculations show the o — ¢ scattering repeats the character of the angle dependence of the
¢ — ¢ scattering but is smaller by the one order of value.

As one can see, in the case of the cylindrical particles the scattering cross-section does not equal zero
for all four types of scattering at that the ¢ — ¢ scattering appears to be the most strong. Note, that the
light scattering cross-section on the unit volume of the scattering particle is approximately of the same
value for both the spherical and cylindrical impurity particles despite of the presence of flexoelectricity.

In the case of the cylindrical impurity particles with axes parallel to the undisturbed director the
differential light scattering cross-section is determined by expression (23). As was shown above, at the
director circular anchoring with the particle side surface the presence of flexoelectricity does not influence
the scattering properties of the filled nematics. The last were studied before in papers [13, 14]. Numerical
dependence of the scattering cross-section o’ of the o — o type versus the scattering angle 9 is presented
in Fig.3 in the case of the homeotropic anchoring for different values of external electric field obtained
at following values of parameters kR = 1, 11 = 50, v3 = 100. In contrast to the case of the particle
axis perpendicular to the undisturbed director the small angle scattering cross-section monotonically
decreases with increase of external electric field for all values of parameter kR despite of the presence of
flexopolarization.

Under (23), as calculations show, the cross-section of the e¢ — ¢ scattering also does not equal zero.
This type of scattering depends on the scattering angle similar to that of the small angle scattering of
the o — o type and is equal to the last by the order of value.
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Fig.3. Cross-section ¢’ of scattering of the o — o type versus the scattering angle 9 in the case of the
cylindrical impurity particles(the particle axis parallel to ny) at different values of external electric
field: g =0-1;0.01 — 2, 3; 0.05 -4, 5; 0.1 — 6, 7; 2, 4, 6 — in the absence of flexopolarization; 3,

5, 7 — in the presence of flexopolarization(ry = 50, v3 = 100).

Using experimental data on light scattering and obtained here dependence of the differential scattering

cross-section ¢ on the scattering angle ¥ one can estimate the flexoelectric coefficients e1, e3 H2KK, the
director anchoring energy with the particle surface W, and also the nematic elastic constants K u K.
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PeneeBchbKke po3cigHHA CBiT/Ia HA CTATHYHUX HEOAHOPIAHOCTAX AMPEKTOPA
B HATOBHEHOMY (PJIEKCOEIEKTPUIHOMY HEMATHIHOMY KPHUCTAJI1

M. ®@.Jledned

3Halineni piBHOBaKHI KOHMIrypallii AUpeKTopa B OKOJi CPepmtHOl i mumiaapuIHol JOMIIMKOBIAX
YaCTUHOK B (PJIEKCOSIEKTPUIHOMY HEMATHIHOMY PIAKOMY KPHCTAJI B MPHCYTHOCT] 30BHINTHLOTO €JIEK-
TpuuHOro nosd. Po3rmsiHyTi cirabl romeorponHe i MUPKY/IApHE 3YEIUIEHHA OUPEKTOPA 3 IIOBEPXHEIO
gacTuaok. OTpuMaH] BHpa3u Ojid AUPEKTOPA BUKOPHUCTAHI IJIA MHCEJBHOTO PO3PAXYHKY B HADIMKEH-
Hi Penea-l'arnca KyToBOro posmnoainy mepepidy po3CigHHA CBiT/Ia HAa HEOOHOPLOHOCTAX CTPYKTYDH Iu-
pexropa. PosrisayTi BCi MoK/MBI THIM PO3CIAHHA 1 HOCIAKeHA 3AJIEKHICTD Iepepi3y BiZ BeqmnauHH
dpnexconongapu3ariil, 30BHIIIHBOTO MO/ TA XaPAKTEPY 3YEIUICHHT AUPEKTOpa. J0KPEMa, HOKA3aHO, 110
HaABHICTH (pyreKconmoapm3anii B piIKOMY KPHUCTaJIi TPUBOAUTE A0 CYTTEBOI 3MIiHI Mepepisy po3CigHHA.
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