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7KH� RSWLFDO� SURSHUWLHV� �H�J�� UHIUDFWLYHLQGH[�� DEVRUSWLRQ� FRHIILFLHQW�� OLJKW� UHIOHF �WLRQ� FRHIILFLHQW�� RI� D� PDWHULDO� EHFRPH� VSD �WLDOO\�PRGXODWHG� LQ� WKH� LQWHUIHUHQFH� UHJLRQRI�VRPH�LQWHQVH� OLJKW�ZDYHV� >�@��3HUPDQHQWJUDWLQJV�KDYH�EHHQ�SURGXFHG�LQ�WKLV�ZD\�E\SKRWRJUDSKLF�SURFHVVHV�IRU�PDQ\�\HDUV��7KHH[SHULPHQWV� RI� :LHQHU� >�@� SURYLGLQJ� WKHILUVW�GHPRQVWUDWLRQ�RI�VWDQGLQJ�OLJKW�ZDYHV�WKH� XVH� RI� WKLV� HIIHFW� E\�/LSSPDQQ� >�@� RQH\HDU� ODWHU� LQ�WKH�HDUOLHVW�FRORU�SKRWRJUDSK\SURFHVV�� DQG� YDULRXV� KRORJUDSKLF� H[SHUL �PHQWV� >�@� FDQ� EH� PHQWLRQHG� DV� H[DPSOHV�5HFHQWO\��WKH�FRQFHUQ�WR�RWKHU�NLQG�RI�ODVHU�LQGXFHG� VWUXFWXUHV�Û�G\QDPLF�RU� WUDQVLHQWJUDWLQJV�ZDV�ERRVWHG��7KHVH�JUDWLQJV�GLVDS �SHDU�DIWHU�WKH�LQGXFLQJ�OLJKW�VRXUFH��XVXDOO\D� ODVHU� �FRKHUHQW� ODVHU� EHDP� �&/%���� LVVZLWFKHG� RII�� 6XFK� JUDWLQJV� KDYH� EHHQ� RE �WDLQHG� LQ� D� ODUJH� QXPEHU� RI� VROLGV�� OLTXLGVDQG� JDVHV�� DQG� DUH� GHWHFWHG� E\� GLIIUDFWLRQRI� SURELQJ� EHDP� RU� E\� VHOI�GLIIUDFWLRQ� RIWKH� OLJKW�ZDYH� LQGXFLQJ� WKH�JUDWLQJ��$V� WRWHFKQLFDO� DSSOLFDWLRQV�� WKH� ODVHU�LQGXFHGWUDQVLHQW� JUDWLQJV� FDQ� EH� XVHG� LQ� KRORJUD �

SK\� IRU� UHDO�WLPH� SURFHVVLQJ� RI� RSWLFDOILHOGV�� ,Q� UHFHQW� \HDUV�� WKLV� VXEMHFW�KDV� UH �JDLQHG� LQWHUHVW� EHFDXVH� RI� WKH� GHPRQVWUD �WLRQ�RI�SKDVH�FRQMXJDWLRQ�RU�WLPH�GHSHQGHQWUHYHUVDO� RI� RSWLFDO� ZDYH� IURQWV� >�@�� 8VLQJWKLV� SURFHVV�� LW� LV� SRVVLEOH� WR� GHVLJQ� VHOI�DGDSWLYH� RSWLFDO� V\VWHPV� ZKLFK� FRPSHQVDWHWLPH�YDU\LQJ�SKDVH�GLVWRUWLRQV� LQ�KLJK�JDLQODVHU� RVFLOODWRUV� DQG� DPSOLILHUV�� RU� LQ� RSWL �FDO� WUDQVPLVVLRQ� OLQHV� WKURXJK� DWPRVSKHUH�ZDWHU��RU�RSWLFDO�ILEHUV�$PRQJ� ODVHU�LQGXFHG� WUDQVLHQW� JUDWLQJV�RI�D�SDUWLFXODU� LQWHUHVW�DUH� WKH�JUDWLQJV�RQIUHH� FDUULHUV� LQ� )06&�� )RU� WKH� ILUVW� WLPH�VXFK� JUDWLQJV� LQ� )06&�ZHUH� FRQVLGHUHG� E\RQH�RI�WKH�DXWKRUV�>����@��7KHVH�JUDWLQJV�DUHQHDUO\�SHUIHFW�DQG�DOPRVW�LQHUWLD�IUHH��WKHLULQHUWLD�LV�GHILQHG�E\�WKH�UHOD[DWLRQ�WLPHV�RIHOHFWURQV� DQG� PDJQRQV��� 6LQFH� JUDWLQJV� LQ)06&� KDYH� WKRVH� VSHFLILF� SURSHUWLHV� DQGDOVR� VLQFH� WKH� SDUDPHWHUV� RI� VXFK� JUDWLQJVFDQ�EH� FRQWUROOHG�E\� DSSOLHG� HOHFWULF� ILHOGV�WKH� )06&� ZLWK� ODVHU�LQGXFHG� JUDWLQJV� DUHRI�JUHDW� LQWHUHVW� LQ� WKH�SK\VLFV�RI�G\QDPLFKRORJUDPV� DQG� DOVR� DV� WRROV� VXLWDEOH� WR
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VWXG\� WKH� SURSHUWLHV� RI� QRQ�HTXLOLEULXPHOHFWURQV� DQG� PDJQRQV� E\� KLJKO\� VHQVLWLYHRSWLFDO�PHWKRGV�,Q� WKLV� SDSHU�� WKH� LQIOXHQFH� RI� LQWHQVHODVHU�UDGLDWLRQ��FRKHUHQW�OLJKW�EHDPV��&/%��RQ�UHIUDFWLYH�LQGH[�RI�D�IHUURPDJQHWLF�VHPL �FRQGXFWRU��)06&��KDV�EHHQ�FRQVLGHUHG��,W�LVVKRZQ�WKDW�XQGHU�&/%��LQ�)06&�WKH�JUDWLQJRI� D� UHIUDFWLYH� LQGH[� WDNHV� SODFH�� $�PRGHOH[SODLQLQJ�WKLV�HIIHFW�LV�SURSRVHG��7KH�UHOH �YDQW� WKHRUHWLFDO�FDOFXODWLRQV�KDYH�EHHQ�FDU �ULHG� RXW� FRQILUPLQJ� WKH� QHZ� SKHQRPHQRQ�DSSHDUDQFH� RI� UHIUDFWLYH� LQGH[� JUDWLQJ� LQ)06&�LQ�D�ILHOG�RI�&/%�/HW�D�ZLGH�EDQG�GRQRU�)06&�RI�(X2 W\SHEH� FRQVLGHUHG� KDYLQJ� DQ� DYHUDJH� FDUULHUGHQVLW\� Q� LQ� WKH� VSLQ� ZDYH� WHPSHUDWXUHUDQJH�� :H� VKDOO� FRQVLGHU� DQ� DSSOLHG� VWDWLFKHDWLQJ�HOHFWULF�ILHOG�)�__2=�DQG�DVVXPH�VHYHUDO&/%� LQFLGHQW�RQWR� WKH�RXWHU� VXUIDFH� [  �� RIWKH� )06&� WR� KDYH� WKH� IROORZLQJ� YHFWRU� SR �WHQWLDOV�ZLWKLQ�WKH�)06&�
$(U�W) = ∑M $MFRV(ωW − NMU)� ���

:H�VKDOO�DOVR�DVVXPH�WKDW�WKH�IUHTXHQF\
ω VDWLVILHV�WKH�LQHTXDOLW\�� ε

_
<<K−ω <<εJ �ε_ LVWKH� FDUULHU� DYHUDJH� HQHUJ\�� εJ�� WKH� EDQGJDS��� ,Q� WKLV� FDVH�� DV� LV� NQRZQ� >�@�� WKH� LQ �WHUIHUHQFH�RI�&/%�FUHDWHV�RQ�WKH�)06&�VXU �IDFH� DQ� LQWHUIHUHQFH� SDWWHUQ�� WKDW� LV�� SHUL �RGLFDO�DOWHUQDWLRQ�RI�OLJKW��PD[LPXP�RI� WKH&/%� LQWHQVLW\� DQG� ILHOG� VWUHQJWK�� DQG� GDUN�PLQLPXP� RI� WKH� &/%� LQWHQVLW\� DQG� ILHOGVWUHQJWK��DUHDV�DV�LV�LOOXVWUDWHG�LQ�)LJ��/HW�XV�FRQVLGHU�KRZ�WKH�SKHQRPHQRQ�PD\HIIHFW� WKH� )06&� UHIUDFWLYH� LQGH[�� ,Q� OLJKWDUHDV�� WKH� &/%� HOHFWULF� LQWHQVLW\� ZLOO� EHPD[LPXP�ZKLOH�LQ�GDUN�RQHV��PLQLPXP��$VWKH� &/%� TXDQWXP� HQHUJ\� LV� K−ω < εJ�� WKHUHDUH� QR� RVFLOODWLRQV� RI� FKDUJH� FDUULHUV� �HOHF �WURQV��XQGHU�&/%��VR�WKHLU�UHGLVWULEXWLRQ�LVREVHUYHG�RQO\��7KRVH�ZLOO�PRYH�RXW�RI�OLJKWDUHDV�DQG�DFFXPXODWH�LQ�GDUN�DUHDV��VR�FUH �DWLQJ�WKH�SRVLWLYH�FKDUJH�DUHDV�DQG�QHJDWLYHFKDUJH�RQHV��$Q�HOHFWULF�ILHOG�DULVHV�EHWZHHQWKH� DUHDV� RI� SRVLWLYH� DQG� QHJDWLYH� FKDUJH�8QGHU� LWV� LQIOXHQFH�� D� VWUDLQ� RFFXUV� LQ� WKH)06&� FU\VWDO� ODWWLFH�� 'XH� WR� WKDW� VWUDLQ�WKH� OLJKW� ZLOO� EH� SURSDJDWHG� WKURXJK� RQHDUHD� IDVWHU� ZKLOH� WKURXJK� DQRWKHU�� PRUHVORZO\�� $V� D� UHVXOW�� WKH� UHIUDFWLYH� LQGH[DOVR� ZLOO� EH� FKDQJHG� SHULRGLFDOO\�� 7KXV� ZHREWDLQ� D� VSDWLDOO\� SHULRGLF� ODVHU�LQGXFHGVWUXFWXUH��D�JUDWLQJ�RI�WKH�)06&�UHIUDFWLYHLQGH[�� 7KH� ODVHU�LQGXFHG� UHIUDFWLYH� LQGH[JUDWLQJ�ZLOO�EH�VKLIWHG�LQ�VSDFH�E\�D�TXDUWHURI� SHULRG� DV� FRPSDUHG� WR� WKH� LQWHUIHUHQFH

SDWWHUQ� FUHDWHG� E\� &/%� RQ� WKH� )06&� VXU �IDFH�� 1RZ� ZH� VKDOO� FDUU\� RXW� WKH� UHOHYDQWDQDO\WLFDO� FDOFXODWLRQV� FRQILUPLQJ� WKH� QHZOLJKW�UHIUDFWLRQ�HIIHFW� LQ�)06&�L�H���IRUPD �WLRQ� RI� D� ODVHU�LQGXFHG� UHIUDFWLYH� LQGH[JUDWLQJ�,W�LV�NQRZQ�WKDW�DOO�VXEVWDQFHV�DUH�FKDU �DFWHUL]HG� E\� D� FRPSOH[� UHIUDFWLRQ� LQGH[� 1�ZKLFK�GHWHUPLQHV� WKH� OLJKW� VSHHG� UHGXFWLRQLQ� D� VXEVWDQFH� LQ� FRPSDULVRQ� ZLWK� WKDW� LQYDFXXP� 1 = √εµ � ���ZKHUH� ε DQG�µ DUH� WKH�)06&�GLHOHFWULF�SHU�PLWWLYLW\�DQG�PDJQHWLF�SHUPHDELOLW\��UHVSHF �WLYHO\�� 1RWH� WKDW� ε DQG� µ DUH� UHODWHG� �LQOLQHDU�DSSURDFK��WR�SURSHUWLHV�RI�PHGLXP�E\WKH�IROORZLQJ�UHODWLRQVKLSV�
ε = � + �πχH� µ = � + �πχ0� ���

ZKHUH� χH DQG� χ0 DUH� WKH� )06&� GLHOHFWULFDQG� PDJQHWLF� VXVFHSWLELOLWLHV�� UHVSHFWLYHO\�6XEVWLWXWLQJ�����LQ������ZH�REWDLQ�WKH�IROORZ �LQJ� H[SUHVVLRQ� IRU� WKH� FRPSOH[� UHIUDFWLYHLQGH[�� 1� = (� + �πχH)(� + �πχ0)� ���1RZ� RXU� WDVN� LV� WR� FDOFXODWH� WKH� GLHOHF �WULF�SHUPLWWLYLW\� ε DQG�PDJQHWLF�SHUPHDELO�LW\�µ RU�GLHOHFWULF� χH DQG�PDJQHWLF� χ0 VXV�FHSWLELOLWLHV�RI�D�)06&��%HIRUH�WR�VWDUW�WKHFDOFXODWLRQV��LW�LV�QHFHVVDU\�WR�WDNH�LQWR�DF �FRXQW�ZKDW�IROORZV��,Q�)06&��DQ\�YROXPHW �ULF� UHGLVWULEXWLRQ� RI� FXUUHQW� FDUULHUV� RI�HOHFWURQV��DOVR�FDXVHV��GXH�WR�D�VWURQJ�FRX �SOLQJ�EHWZHHQ�HOHFWURQ�DQG�VSLQ�VXEV\VWHPV�LQ� ORFDO� FKDQJHV� RI� WKH� VSLQ� VXEV\VWHP��2QWKH�RWKHU�KDQG��WKH�VWDWH�RI�FRQGXFWLRQ�HOHF �WURQV�LQ�D�)06&�FU\VWDO�XQGHU�&/%�QRW�RQO\LQIOXHQFHV� WKH� VSLQ� VXEV\VWHP� �PDJQRQV��EXW� DOVR� GHSHQGV� WKHUHRQ�� 7KHUHIRUH�� LI� ZH

)LJ��,QWHUIHUHQFH�SDWWHUQ�IURP�WZR�&/%�ZKHQWKH\�LOOXPLQDWHG�WKH�IURQW�VXUIDFH��[  ���RI�D)06&� VDPSOH�� �/  �λ��VLQυ LV� WKH� SHULRG� RILQWHUIHUHQFH�SDWWHUQ��
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FRQVLGHU� LQIOXHQFH� RI� DQ� H[WHUQDO� KLJK�IUH �TXHQF\� HOHFWULF� ILHOG� RI� D� &/%� (M�N�ω�� � RQFRQGXFWLRQ� HOHFWURQV� LQ� )06&�� LW� LV� QHFHV �VDU\� WR� WDNH� LQWR� DFFRXQW� WKDW� LW� QRW� RQO\JLYHV�ULVH�WR�DQ�LQWHUQDO�HOHFWULF�ILHOG� )�N�ω��EXW� DOVR� FKDQJHV� WKH� PDJQHWLF� VXEV\VWHPVWDWH��7KXV�� WKH�HIIHFWLYH� HOHFWULF� ILHOG�DFW �LQJ� RQ� D� FRQGXFWLRQ� HOHFWURQ� LQ� WKH� )06&YROXPH�FRQVLVWV�RI�WZR�ILHOGV��LQWHUQDO�HOHF �WULF�ILHOG�)�N�ω�� � εÜ��N�ω�(M�N�ω���ZKLFK�LVFRQWUROOHG�LQ�D�)06&�FU\VWDO�E\�DQ�H[WHUQDOKLJK�IUHTXHQF\� HOHFWULF� ILHOG� RI�&/%�� DQG�DILHOG� FDXVLQJ� FKDQJHV� LQ� H[FKDQJH� RI� HOHF �WURQV�ZLWK�PDJQHWLF�DWRPV�GXH�WR�FKDQJHV�RIWKHLU�VWDWH�XQGHU�DQ�HOHFWULF�ILHOG��,Q�WKH�HOH �PHQWDU\� FDVH�� WKH� FKDQJH� LQ� PDJQHWL]DWLRQFRPSRQHQWV�XQGHU�DQ�H[WHUQDO�ILHOG�LV�UHODWHGWR�LWV�VWUHQJWK�E\�D�OLQHDU�UHODWLRQVKLS�0(N�ω) = Λ(N�ω)(M(N�ω)�� ���
7KH�HIIHFWLYH� ILHOG�� )aσ�N�ω�� DFWLQJ�RQ�DQHOHFWURQ�ZLWK�WKH�VSLQ�SURMHFWLRQ� σ LV�

)aσ(N�ω) = )(N�ω) − -0H (N�ω)σ ≡

≡ εaσ−�(N�ω)(M(N�ω)��
���

ZKHUH� WKH� IROORZLQJ� QRWDWLRQ� IRU� HOHFWURQVSLQ�GHSHQGHQW�SHUPLWWLYLW\�LV�XVHG�
εaσ−�(N�ω) = ε−�(N�ω) − -σΛ(N�ω)H � ���

,W� LV� REYLRXV� WKDW� WKH� TXDQWLWLHV� ε�N�ω�DQG� � εaσ�N�ω�� GLIIHU� LQ� SK\VLFDO� VHQVH�� 7KHILUVW�� ε�N�ω��� FKDUDFWHUL]HV�DQ� LQWHUQDO� HOHF �WULF� ILHOG� DFWLQJ� RQ� D� VSLQ�IUHH� SDUWLFOHZKLOH� WKH� VHFRQG�� εaσ�N�ω��� D� ILHOG�DFWLQJ�RQD� FRQGXFWLRQ� HOHFWURQ� ZLWK� D� FHUWDLQ� VSLQRULHQWDWLRQ�� ,W� IROORZV� WKHUHIURP�� LQ� SDU �WLFXODU�� WKDW� LRQV� FRPSRVLQJ� )06&� DUH� LQ �IOXHQFHG�E\�RWKHU�ILHOG�WKDQ�WKH�FRQGXFWLRQHOHFWURQV�7KXV��WR�GHVFULEH�WKH�VWDWH�RI�FRQGXFWLRQHOHFWURQV�LQ�)06&��LW�LV�QHFHVVDU\�WR�NQRZ�EHVLGHV� RI� WKH� XVXDO� SHUPLWWLYLW\� ε�N�ω��DOVR� D� SHUPDQHQW�PDJQHW� SHUPLWWLYLW\
Λ�N�ω���QRQGLDJRQDO�UHVSRQVH�IXQFWLRQ���)RUDQ� HIIHFWLYH� )06&� SHUPLWWLYLW\�� � εaσ=�� LW� LVSRVVLEOH�WR�REWDLQ�WKH�IROORZLQJ�H[SUHVVLRQ�>�@�

εaσ=�� = ε�[ (� − Γ�) +
χS�T�] � ���

$V� LW� LV� VHHQ�IURP� WKH� ODVW� HTXDWLRQ� ����WKH� TXDQWLW\� εaσ=�� GLIIHUV� IURP� WKH� FRUUH�VSRQGLQJ� TXDQWLW\� FKDUDFWHUL]LQJ� DQ� LQWHU �

QDO�HOHFWULF�ILHOG�LQ�DQ�DQWLPDJQHWLF�FU\VWDOE\� WKDW� LW� FRQWDLQV� WKH� IHHGEDFN� IXQFWLRQ
Γ���,WV�RFFXUUHQFH�FDQ�EH�H[SODLQHG�E\�H[LVW �HQFH� RI� SRVLWLYH� IHHGEDFN� EHWZHHQ� D� PDJ �QHWLF�PRPHQW� DQG� HOHFWULF� ILHOG� LQ� D� )06&FU\VWDO��5HDOO\��IRU�H[DPSOH��WKH�ILHOG�RI�WKHLRQL]DWLRQ� GRQRU� LQFUHPHQWV� DQ� HOHFWURQFRQFHQWUDWLRQ� LQ� LWV� QHLJKERUKRRG�� DQGWKXV��WKH�IHUURPDJQHWLF�LQWHUDWRPLF�FRQQHF �WLRQ�ZLOO� LQFUHDVH�DV�ZHOO�DV�WKH�PDJQHWL]D �WLRQ�� 7KLV�� LQ� WXUQ�� UHGXFHV� HQHUJ\� RI� DQHOHFWURQ� LQ� D� QHLJKERUKRRG� RI� WKH� GRQRU�IRUFLQJ� LW� WR� DSSURDFK� HYHQ�PRUH� WR� WR� WKHGRQRU�� HWF��7KXV�� LI� WKH�TXDQWLW\� Γ� FDQ�EHQHJOHFWHG��D�)06&��IRU�ZDQW�RI�H[DPLQDWLRQRI� LWV� RSWLFDO� SURSHUWLHV�� FDQ� EH� FRQVLGHUHGDV� WKH� XVXDO� QRQPDJQHWLF� VHPLFRQGXFWRU�7KLV�FDQ�EH�GRQH�IRU�XQUHJHQHUDWH�)06&�LQVSLQ�ZDYH�WHPSHUDWXUHV�ZKHQ�

Γ� = �7�νµS� ���
7DNLQJ� WKLV� FLUFXPVWDQFH� LQWR� DFFRXQW�ZH� QRZ� VKDOO� LQLWLDWH� ZLWK� FDOFXODWLRQ� RI)06&�SHUPLWWLYLW\�LQ�D�KLJK�IUHTXHQF\�ILHOGRI�&/%��DEVWUDFWLQJ�IURP�LWV�PDJQHWLF�SURS �HUWLHV�� )RU� FDOFXODWLRQ�� ZH� VKDOO� XVH� WKHNQRZQ�/RUHQW]�PRGHO�RI�D�KDUPRQLF�RVFLOOD �WRU�� ,Q� WKLV�PRGHO�� D�PHGLXP� LV� FRQVLGHUHGDV�SOXUDOLW\�RI�VRPH�QXPEHU�RI�RQH�HOHFWURQDWRPV�� 7KH� PRYHPHQW� RI� DQ� HOHFWURQ� LQDWRP� LV� FKDUDFWHUL]HG� LQ� DSSUR[LPDWLRQ� RIHODVWLF�LQWHUDFWLRQ�RI�DQ�HOHFWURQ�ZLWK�D�QX �FOHXV�� 7KH� LQWHUDFWLRQ� IRUFH� LV� FRQVLGHUHG� WREH� SURSRUWLRQDO� WR� WKH� HOHFWURQ� GLVSODFHPHQW�ELDV��IURP�LWV�SRVLWLRQ�LQ�WKH�DWRP�LQ�DEVHQFHRI�DQ�H[WHUQDO�ILHOG��I  �ÜTU��+HUH�T �T !��� LVWKH�FRXSOLQJ�FRQVWDQW��DQG�WKH�QHJDWLYH�VLJQPHDQV� WKDW� WKH� HODVWLF� IRUFH�� ZKLFK� DULVHVIRU� ZDQW� RI� WKH� HOHFWURQ� ELDV� RI� DQ�� LV� GL �UHFWHG� RSSRVLWHO\� WR� ELDV�� 7KH� HOHFWURQ� LQ �VWDQWDQHRXV� FRRUGLQDWH� U LQ� WKH� DEVHQFH� RIDFWLRQ�RI�IRUFH� I(  �ÜH(��FDXVHG�E\�&/%�LQ�IOXHQFH�� LV� GHWHUPLQHG� IURP� WKH� VHFRQG1HZWRQ�V�ODZ�

PG�UGW� = I + I(� ����
ZKHUH�P DQG�H DUH�HOHFWURQ�PDVV�DQG�FKDUJH�UHVSHFWLYHO\��7DNLQJ�LQWR�DFFRXQW�LQ������DOVRD� IRUFH� EUDNLQJ� WKH� HOHFWURQ�� IW  ��γU �γ LVVRPH�FRQVWDQW�IDFWRU���ZH�REWDLQ�G�UGW� + (�γ + ω��)U + HP( = �� ����
ZKHUH�ω��  �T�P��

2�<X�6HPFKXN�HW�DO����5HIUDFWLYH�LQGH[�RI����

)XQFWLRQDO�PDWHULDOV������������� ���



7KH� HOHFWULF� LQWHQVLW\�RI�D� OLJKW�ZDYH� (�SURSDJDWLQJ� ZLWKLQ� WKH� )06&� YROXPH�� IRO �ORZV� IURP� 0D[ZHOO� HTXDWLRQV�� %HLQJ� UH �VWULFWHG� IRU� VLPSOLFLW\� E\� RQH�GLPHQVLRQDOFDVH�� ZH� REWDLQ� WKH� IROORZLQJ� HTXDWLRQ� IRUGHWHUPLQDWLRQ� (�� ZKLFK� IROORZV� IURP� FRP�ELQHG�0D[ZHOO�HTXDWLRQ�
¶ �(
¶ W� = εF ¶ �(

¶ W� �� ����
ZKHUH� WKH� SHUPLWWLYLW\� RI� )06&�� ε�� LV� GH�ILQHG�E\� WKH�GLSROH�PRPHQW� LQGXFHG�E\� WKHOLJKW�ZDYH�ILHOG�

ε = +�π3⁄(� ����,Q�WKH�IUDPH�RI�/RUHQW]�PRGHO��WKH�GLSROHPRPHQW� 3 LV� HTXDO� WR� SURGXFW� RI� HOHFWURQFKDUJH� �ÜH�� DQG� LWV�ELDV� U��ZKLFK� LV� FKDUDF�WHUL]HG� E\� WKH� HTXDWLRQ� ������ PXOWLSOLHGZLWK�WKH�HOHFWURQ�FRQFHQWUDWLRQ� Q�3 = −QHU� ����7KXV�� WKH� HTXDWLRQV� ����� DQG� ����� IRUPFRPELQHG� HTXDWLRQV� IRU� GHWHUPLQDWLRQ� RIU�W�� DQG� (�W��� %\� GLUHFW� VXEVWLWXWLRQ�� LW� LVSRVVLEOH� WR� EH� FRQYLQFHG� WKDW� VXFK� VROXWLRQZLOO�EH�WKH�IROORZLQJ�H[SUHVVLRQ�( = ((ω)HLωW + K�F�
U = − H((ω)P(ω�� + �Lγω − ω�) + K�F��� ����

ZKHUH� K�F� PHDQV� D� TXDQWLW\� FRPSOH[� WR� DFRQMXJDWH�ILUVW�DGGHQG�6XEVWLWXWLQJ� �����LQWR� ������ LW� LV�SRVVLEOHWR�REWDLQ�WKH�REYLRXV�H[SUHVVLRQ�IRU�SRODUL �]DWLRQ�YHFWRU�3�
3 = QH�((ω)H(LωW)P(ω�� + �Lγω − ω�) + K�F��� ����

6XEVWLWXWLQJ������LQWR�������ZH�REWDLQ�WKHIROORZLQJ�H[SUHVVLRQ�IRU�)06&�SHUPLWWLYLW\DW�IUHTXHQF\�ω
ε(ω) = � + QH�P (ω�� + �Lγω − ω�)−�� ����

7KH�)06&�UHIUDFWLYH�LQGH[�FKDQJH� ∆1 LQD�ILHOG�LV�HDV\�WR�REWDLQ�IURP�WKH������XQGHUFRQGLWLRQV�RI�ω > ω���ω > �γ�
∆1 ≈ QH��1__Pω��� ����

+HQFH��DQ\�UHGLVWULEXWLRQ��RU�WKH�FKDQJH�LQ� FRQFHQWUDWLRQ� RI� FKDUJH� FDUULHUV� �HOHF �WURQV�� LQ� VHPLFRQGXFWRUV� �LQFOXGLQJ� )06&�

UHVXOWV� LQ� D� UHIUDFWLYH� LQGH[� FKDQJH��7KXV�WKH�RFFXUUHQFH�RI�D�ODVHU�LQGXFHG�JUDWLQJ�RIFDUULHUV� FRQFHQWUDWLRQ� LQ� )06&� VKRXOG� UH �VXOW� D� ODVHU�LQGXFHG� UHIUDFWLYH� LQGH[� JUDW �LQJ��$V� LV�NQRZQ� >�@� ��XQGHU�FHUWDLQ�FRQGL �WLRQV� �ε_ << K− ω << εJ�� LQ� )06&� YROXPH�� DVZHOO� DV� LQ� DQ\� RWKHU� VHPLFRQGXFWRU�� &/%UHGLVWULEXWH� WKH� FKDUJH� FDUULHUV�� FUHDWLQJ� DVWDWLF�ODVHU�LQGXFHG�JUDWLQJ�RI�FKDUJH�FDUUL �HUV�FRQFHQWUDWLRQ��2U�HOVH�� LQ�WKLV�FDVH��WKHFKDUJH�FDUULHU�FRQFHQWUDWLRQ�FDQ�EH�ZULWWHQDV�>�@�Q = Q�(� + ξ�FRV�N�]] + ξ�VLQ�N�]]) �����N�] LV�WKH�&/%�ZDYH�YHFWRU�LQVLGH�RI�)06&��1RZ��XVLQJ� ����� DQG� ������ZH�REWDLQ� WKHIROORZLQJ�H[SUHVVLRQ�IRU�∆1�
∆1 ≈

H�Q�(� + ξ�FRV�N�]] + ξ�VLQ�N�]])�1__Pω� ������
7KXV�� LW� IROORZV� IURP� ����� WKDW� WKHFKDQJH�RI�WKH�)06&�UHIUDFWLRQ�LQGH[�GXH�WRUHGLVWULEXWLRQ� RI� FKDUJH� FDUULHU� FRQFHQWUD �WLRQ� �HOHFWURQV�� LQ� D� ILHOG� RI� &/%� ZLOO� EHPRGXODWHG� LQ� VSDFH�XQGHU� WKH�SHULRGLF� ODZ�WKDW�LV��D�&/%�LQWHUIHUHQFH�SDWWHUQ�IRUPV�LQ)06&� D� ODVHU�LQGXFHG� JUDWLQJ� RI� UHIUDFWLYHLQGH[�1RZ� ZH� VKDOO� FRQVLGHU�� DV� WKH� )06&PDJQHWLF� VXEV\VWHP� VWDWH�ZLOO� LQIOXHQFH� LWVUHIUDFWLYH� LQGH[�� /HW� XV� FRQVLGHU� D� )06&�H[KLELWLQJ� LQ� H[WHUQDO� VWDWLRQDU\� HOHFWULFDOILHOG�)�__2=�ERWK�PDJQHWLF� ILHOGV�+�__)� DQGD�ZHDN�YDULDEOH�KRPRJHQHRXV�PDJQHWLF�ILHOGK  �K�FRVω�W SHUSHQGLFXODU�WR�+���7KH�FRP�SRQHQWV�RI�WKH�HIIHFWLYH�PDJQHWL]DELOLW\�WHQ �VRU�χ LQ�VXFK�)06&�IDU�IURP�UHVRQDQFH�DUHFRQVLGHUHG�LQ�GHWDLO�LQ�>�@��ZKHUH�WKH�IROORZ �LQJ�H[SUHVVLRQ�KDV�EHHQ�REWDLQHG�IRU�+HUPL �WLDQ�FRPSRQHQW�RI�WKLV�WHQVRU�

,Pχ[[ = −
ω�
ω





0�+� 
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× [� + 5
λ�(�π)�
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+HUH� ω�  ��µE+������ β�+��0���� µE LVWKH�%RKU�PDJQHWRQ��β���WKH�DQLVRWURS\�FRQ�VWDQW�� νV�� WKH� VRXQG� VSHHG�� ρ�� WKH� )06&FU\VWDO�GHQVLW\��5 DQG�λ DUH�WKH�QXPEHUV��ΘF�
Θ' WKH� &XULH� DQG� 'HE\H� WHPSHUDWXUHV�� UH �VSHFWLYHO\��ΘP��WKH�PDJQRQ�WHPSHUDWXUH�7KH� FRPSOH[� UHIUDFWLYH� LQGH[� RI� )06&�1��LQ�WKLV�FDVH�EH�GHILQHG�DV�

2�<X�6HPFKXN�HW�DO����5HIUDFWLYH�LQGH[�RI����

��� )XQFWLRQDO�PDWHULDOV�������������



1� = (� + �πχH)(� + �πχ0(ΘP))DQG��DV�LW�IROORZV�IURP�D�UDWLR�������EHFRPHVWKH�IXQFWLRQ�RI�PDJQRQ�WHPSHUDWXUH�1RZ�ZH� VKDOO� ORRN�� DV� WKH� SUHVHQFH� RI� DODVHU�LQGXFHG� JUDWLQJ� RI� PDJQRQ� WHPSHUD �WXUH� ZLOO� LQIOXHQFH� WKH� )06&� UHIUDFWLYHLQGH[�� ,Q� WKH�SUHVHQFH� RI� LQWHUIHUHQFH� ILHOGRI�&/%�PDJQRQ�WHPSHUDWXUH��ΘP��DV�LW�ZDVVKRZQ�LQ�>�@��FDQ�EH�ZULWWHQ�DV
ΘP = 7P(�) + 7� =

= 7P(�)(µ� + µ�FRV�N�]] + µ�VLQ�N�]])�� ����8VLQJ� ����� DQG� ������ LW� LV� HDV\� WR� REWDLQD� UHVXOWDQW� H[SUHVVLRQ� IRU� UHIUDFWLYH� LQGH[RI� )06&� ZLWK� D� ODVHU�LQGXFHG� JUDWLQJ� RIPDJQRQ�WHPSHUDWXUH�1� =

ε�














� + �π
ω�
ω�





0�+�




�
λ�β��
(�π)�








7P(�)

ΘF







�







� + 5
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� + µ� + µ�FRV�N�]] + µ�VLQ�N�]] 
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7KXV�� DV� LW� IROORZV� IURP� ������ LQ� )06&ZLWK� D� ODVHU�LQGXFHG� JUDWLQJ� RI� PDJQRQWHPSHUDWXUH� SUREDEO\� WKH� UHIUDFWLYH� LQGH[QRQOLQHDULW\� FDXVHV� WKH� QRQOLQHDULW\� RI� D)06&�PDJQHWL]DELOLW\� DQG� UHIUDFWLRQ� LQGH[RVFLOODWLRQV� VKRXOG� EH� REVHUYHG�� ZKLFK� ZLOOUHVXOW�LQ�RFFXUUHQFH�RI�FRPSOHPHQWDU\�GDUNGRPDLQV�� � 7R� FRQFOXGH�� DV� D� UHVXOW� RI� WKHH[DPLQDWLRQV��LW�LV�VKRZQ��WKDW�WKHUH�DUH�DWOHDVW� WZR� IRUPDWLRQ� PHFKDQLVPV� RI� UHIUDF �WLYH�LQGH[�QRQOLQHDULW\�LQ�)06&���L��WKH�UH �IUDFWLYH�LQGH[�FKDQJHV�FDXVHG�E\�UHGLVWULEX �WLRQ� RI� IUHH� HOHFWURQV� LQ� DQ� LQWHUIHUHQFH

ILHOG�LQ�)06&��DQG��LL��WKH�UHIUDFWLYH�LQGH[QRQOLQHDULW\� FDXVHG� E\� QRQOLQHDULW\� RI)06&� PDJQHWL]DELOLW\�� 7KH� FRQWULEXWLRQIRUP�HDFK�RI�WKHVH�QRQOLQHDULW\�PHFKDQLVPVGHSHQGV� RQ� YDULRXV� IDFWRUV� �FRQFHQWUDWLRQVRI�HOHFWURQV��WKH�VSRQWDQHRXV�PDJQHWL]DWLRQYDOXH�� KHDWLQJ� GHJUHH� RI� FDUULHUV� DQG�PDJ �QRQV��HWF���2Q�FRPSOHWLRQ�RI�WKLV�ZRUN��ZH�VKDOO�FRQ �GXFW� VRPH� QXPHULFDO� YDOXDWLRQ�� 6R�� IRU� H[ �DPSOH�� LI� WKH� FRQFHQWUDWLRQ� RI� FDUULHUV� LVDVVXPHG� WR� EH� DERXW� ����Ü���� FPÜ��7  ����⋅��Ü�� -�� ω  ��⋅���� VÜ��� DQG� WKH&/%� HOHFWULF� LQWHQVLW\� ����� 9�FP�� LW� KDVEHHQ�REWDLQHG�IRU�W\SLFDO�)06&�VXFK�DV�(X2>�@��WKDW�WKH�PRGXODWLRQ�GHSWK�RI�WKH�ODVHU�LQGXFHG�UHIUDFWLYH�LQGH[�JUDWLQJ�PD\�DWWDLQ�Ü����DQG�LW�FDQ�HDVLO\�EH�REVHUYHG�H[SHUL �PHQWDOO\�IRU�RSWLFDO�PHDVXULQJ�5HIHUHQFHV���+�-�(LFKOHU�� 3�*XQWHU�� '�:�3RKO�� /DVHU�,Q�GXFHG� '\QDPLF� *UDWLQJV�� 6SULQJHU�9HUODJ�%HUOLQ��+HLGHOEHUJ��1HZ�<RUN��7RN\R�����������0�%RUQ�� (�:ROI�� 3ULQFLSOHV� RI� 2SWLFV�� 3HU�JDPRQ��2[IRUG�����������*�/LSSPDQQ�� &RPSW��5HQG��6HDQF��$FDG��6FL�3DULV���������������������'�*DERU��1DWXUH��/RQGRQ���������������������%�<D�=HO�GRYLFK�� 1�)�3KLOLSHWVN\�� 9�9�6KNX�QRY��3ULQFLSOHV� RI�3KDVH�&RQMXJDWLRQ��6SULQ�JHU� 6HU��2SW��6FL��� Y����� 6SULQJHU�� %HUOLQ�+HLGHOEHUJ�����������$�(�/HYVKLQ�� 2�<X�6HPFKXN�� 3�0�7RPFKXN�6RY��3K\V��6ROLG�6WDWH��������������������$�<X�6HPFKXN�� /�*�*UHFKNR�� 9�0�2JHQNR�3K\V��6WDW��6RO��E����������������������(�/�1DJDHY��3K\VLFV�RI�0DJQHWLF�6HPLFRQGXF�WRUV��1DXND��0RVFRZ��������>LQ�5XVVLDQ@����2�<X�6HPFKXN�� 6�6�5R]KNRY�� 6RY��3K\V��6ROLG6WDWH������������������
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