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,Q�6HSWHPEHU�RI�������D�KRUULEOH�DFFLGHQWZDV� RFFXUUHG� ZKHUH� D� '&���� DLUSODQH� RI8QLRQ� GH� 7UDQVSRUWHV� $HULHQV� �87$�� GH �SDUWHG� IURP� 1�'MDPHQD� DQG� KHDGLQJ� WR&KDUOHV� GH� *DXOOH� DLUSRUW� LQ� 3DULV� ZDV� H[ �SORGHG� LQ� WKH�������� IHHW� DLU� E\� WKH�H[SOR �VLYH� ZKLFK� LV� EHOLHYHG� WR� EH� SODFHG� E\� WKH,VODPLF�-LKDG�UHEHOV�WDNLQJ�WKH�GHDWK�WROO�RI���� SHRSOH� ��� FUHZ� PHPEHUV� DQG� ���� SDV �VHQJHUV�� >�@�� *HQHUDOO\�� H[SORVLYHV� KDYH� DKLJKHU�QLWURJHQ�UDWLR�DQG�GHQVLW\��DQG�XVX �DOO\�WKH\�H[LVW�LQ�WKH�IRUP�RI�QLWUDWH���12���7KH\�DOVR�KDYH� FKDUDFWHULVWLFV� RI�KLJK�R[\ �JHQ�� ORZ� K\GURJHQ� DQG� FDUERQ� FRQWHQW� DQGGHQVLW\� RI� DSSUR[LPDWHO\� ����� $� JHQHUDOPHWKRG� WR� GHWHFW� VXFK� FRQWUDEDQG� �DUWLFOHVXQGHU� HPEDUJR�� LV� WR� XVH�;�UD\� WKDW� LQWHU �DFWV� ZLWK� WKH� HOHFWURQV� RI� WKH� PDWHULDO� LQTXHVWLRQ� DQG� WKH� DWWHQXDWLRQ� FRHIILFLHQW� RI;�UD\�KDV�YHU\�FORVH�UHODWLRQ�WR�WKH�HOHFWURQGHQVLW\� RI� WKH� PDWHULDO� DQG� WKH� ;�UD\� HQ �HUJ\�� 0DMRU� IDFWRUV� DWWULEXWH� WR� ;�UD\� DW �WHQXDWLRQ�DUH�FRPSWRQ�VFDWWHULQJ�DQG�SKRWR �HOHFWULF� HIIHFW�� $OWKRXJK� SKRWRHOHFWULF� HI �IHFW� LV� HIIHFWLYH� LQ� PDWHULDOV� ZLWK� KLJKDWRPLF�QXPEHU�VXFK�DV�PHWDOV�DQG�LQRUJDQLFPDWWHUV�� LWV�HIILFDF\�GHFUHDVHV�DV�;�UD\�HQ �HUJ\� LQFUHDVHV�� ,Q� FDVH� RI� PDWHULDOV� ZLWKORZ�DWRPLF�QXPEHU�VXFK�DV�RUJDQLF�PDWWHUV�FRPSWRQ� VFDWWHULQJ�SOD\V�DQ� LPSRUWDQW�UROHLQ�;�UD\� DWWHQXDWLRQ� DQG� LW� FDXVHV� IDU� OHVVHQHUJ\�FKDQJH� >�@��:LWK�DQ�RUGLQDU\�;�UD\GHWHFWLRQ� PHWKRG�� LW� LV� YHU\� GLIILFXOW� WRFOHDUO\� LGHQWLI\� OLJKW� HOHPHQWV� VXFK� DV� K\ �GURJHQ�� FDUERQ�� QLWURJHQ�� DQG� R[\JHQ�7KXV�� WHFKQRORJLHV� WR� GHWHFW� FRQWUDEDQGXVLQJ�D�IDVW�QHXWURQ�ZLWK�PRUH�WKDQ���0H9RI�HQHUJ\�DUH�JHWWLQJ�DWWHQWLRQ��7KH�DLP�RIWKLV�VWXG\�LV�WR�GLVWLQJXLVK�K\GURJHQ��FDUE �RQ��QLWURJHQ��DQG�R[\JHQ��ZKLFK�DUH�WKH�HOH �PHQWV� RI� LQWHUHVW� FRQWDLQHG� LQ� FRQWUDEDQGJRRGV�� DQG� VXEVHTXHQWO\� LGHQWLI\� VXFK� FRQ �WUDEDQG� JRRGV�E\�JHQHUDWLQJ�QHXWURQV�ZLWK�a�� 0H9� RI� HQHUJ\� DQG� DQDO\]LQJ� HOHPHQWVSHFLILF� UHVRQDQFH� ZKLFK� GHSHQGV� RQ� WKHWRWDO� GHFUHPHQW� FRHIILFLHQW� RI� WKH� VXEMHFWPDWHULDO���2ULJLQDOO\�� D� IDVW� QHXWURQ� UHVRQDQFHWHFKQRORJ\��)157��ZDV�GHYHORSHG�LQ�D�ODER �UDWRU\� RI� :LWZDWHUVUDQG�'H%HHUV� 8QLYHU �VLW\� �5HSXEOLF� RI� 6RXWK�$IULFD�� WR� GHWHFW� DSLHFH�RI�GLDPRQG��DSSUR[LPDWHG�GLDPHWHU�RI��PP��LQVLGH�NLPEHUOLWH�URFN��7KLV�PXVW�EHWHVWHG� XVLQJ� PRYLQJ� FRQYH\HU� EHOW�� ,W� GH �WHFWV�WKH�H[LVWHQFH�RI�WDUJHW�PDWHULDO�XVLQJFDUERQ� VSHFLILF� UHVRQDQFH� UHDFWLRQ� SHDNZLWKLQ� WKH� QHXWURQ� HQHUJ\� UDQJH� RI�a��0H9�� ,Q� RWKHU�ZRUGV�� LW� GHWHFWV� WDUJHWPDWHULDO� E\� GLVWLQJXLVKLQJ� FDUERQ� VSHFLILF

RQ�UHVRQDQFH�SHDN�IURP�RWKHU�RII�UHVRQDQFHSHDNV� XVLQJ� VLQJOH� SHDN� >�@�� 6LQFH� WKLVPHWKRG�KDV� FKDUDFWHULVWLFV� WKDW� LW�SURGXFHVVSHFLILF� UHVRQDQFH� IRU� D� VLQJOH� HOHPHQWZKLOH�GRHV�QRW�IRU�WKH�RWKHU�HOHPHQWV�� LW� LVGLIILFXOW� WR� GLVWLQJXLVK� WKH� SHDNV� ZKHQPRUH� WKDQ� WZR� HOHPHQWV� DUH� FRQWDLQHG� LQWKH�VDPSOH�DQG�LW�KDV�ORZ�QHXWURQ�WUDQVPLW �WDQFH�UDWH��7R�FRPSHQVDWH�VXFK�GLVDGYDQWDJHVRI�WKH�PHWKRG�XVLQJ�D�VLQJOH�SHDN��ZH�FKRRVHWKH�HQHUJ\�UDQJH�ZKHUH�WKH�HOHPHQW�RI�LQWHU �HVW�IRUPV�EURDG�UHVRQDQFH�FKDUDFWHULVWLFV�'±' DQG� S±7 QXFOHDU� UHDFWLRQ� DUH� WKHPRVW� FRPPRQ� PHWKRG� WR� REWDLQ� PRQRHQHU �JHWLF� QHXWURQ� VRXUFH�� DQG� IRU� WKLV� VWXG\�� ZHXVHG�'526*������FRGH�DQG�FDOFXODWHG�QHXWURQHQHUJ\�GLVWULEXWLRQ��QHXWURQ�UHDFWLRQ�FURVV�VHF �WLRQ��QHXWURQ�\LHOG�DV�D�IXQFWLRQ�RI�DQJOH�7R�HYDOXDWH�WKH�IHDVLELOLW\�RI�)157�DV�DPHWKRG� WR� GHWHFW� H[SORVLYHV� ZH� HPSOR\HG717�� D� UHSUHVHQWDWLYH� H[SORVLYH� WKDW� KDVEHHQ� XVHG� LQ� WKH� PLOLWDU\� IRU� PRUH� WKDQ����\HDUV��DV�WKH�VXEMHFW�RI�WKLV�VLPXODWLRQDQG� WKH� VLPXODWLRQ� ZDV� SHUIRUPHG� XVLQJ0&13�FRGH��$OVR�WKH�UHODWLYH�HUURUV��ZKLFKDUH� GHSHQGHQW� RQ� WKH� QXPEHU� RI� HOHPHQW�ZHUH� DQDO\]HG� ZKHQ� LQWHUIHULQJ� HOHPHQWVVXFK� DV� $O DQG� 686���� ZHUH� SUHVHQWHG� LQWKH�VDPSOH��,Q�DGGLWLRQ��ZLWK�KH[DPLQH�WKDWKDV� KLJK� QLWURJHQ� FRQWHQW� DQGSRO\SURS\OHQH�� D� FRPPRQ� UDZ� PDWHULDO� IRUSODVWLF�� DV� LQWHUIHULQJ� PDWHULDOV�� WKH� UHOD �WLYH� HUURUV�RI�ZKHQ�717�ZDV� WKH�RQO\� VXE �MHFW� DQG� ZKHQ� LQWHUIHULQJ� PDWHULDOV� ZHUHDOVR�SUHVHQWHG�DUH�FRPSDUHG�DQG�DQDO\]HG��'526*������ FRGH� ZDV� XVHG� WR� REWDLQPRQRHQHUJHWLF�IDVW�QHXWURQ�WKDW�ILWV�IRU�WKHDLP�RI�WKLV�VWXG\��7KLV�FRGH�LV�FRPSULVHG�RIGDWD� ILOHV� FRQWDLQV� H[SHULPHQWDO� YDOXHV� RE �WDLQHG�IURP�,$($�1XFOHDU�'DWD�6HFWLRQ�DQGLW� HQDEOHV� XV� WR� SHUIRUP� ��� GLIIHUHQWPRQRHQHUJHWLF� QHXWURQ� SURGXFWLRQ� VLPXOD �WLRQV� >�@��%LJ���UHDFWLRQ� LV�D�UHSUHVHQWDWLYHUHDFWLRQ�RI�PRQRHQHUJHWLF�IDVW�QHXWURQ�SUR �GXFLQJ� QXFOHDU� UHDFWLRQV� XVLQJ� VPDOO� DFFHO �HUDWRUV�>�@��$PRQJ�WKRVH��'±' DQG�S±7 QX�FOHDU� UHDFWLRQV� DUH� ILW� IRU� WKLV� VWXG\� DQGWKH\�FDQ�EH�GHVFULEHG�DV�IROORZ�+ + G = �+H + Q + �����0H9�� ���
�+ + S = �+H + Q − �����0H9�� ���,Q�FDVH�RI�'±' QXFOHDU�UHDFWLRQ��4 YDOXHRI� WKH� UHDFWLRQ� LV� ������ 0H9� DQG� QHXWURQKDV� D� EURDG� HQHUJ\� UDQJH� DV� FRQVHTXHQFH�7KH� UDQJH�ZLWKLQ�PRQRHQHUJHWLF�QHXWURQ� LVSURGXFHG�LV�����a�����0H9��S±7 QXFOHDU�UH�DFWLRQ� GLVSOD\V� UHODWLYHO\� EHWWHU� \LHOG� DWWKUHVKROG� HQHUJ\� YDOXH� RI� ������ DQG
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�����0H9��GRHV�QRW�KDYH�QXFOLGH�UHVLGXH�H[ �FLWDWLRQ�� DQG� LV� D� QHXWURQ� VRXUFH� WKDW� SUR �GXFHV�PRQRHQHUJHWLF�QHXWURQ�RI�IHZ�0H9��)LJ����� �� VXPPDUL]H� WKH� FKDQJH� RI� QHX �WURQ� HQHUJ\� DV� DQJOH� FKDQJHV� LQ� '±' DQGS�7 UHDFWLRQV�� ,Q� '±' QXFOHDU� UHDFWLRQ�ZKHQ�DFFHOHUDWHG�GHXWHURQ�KDV�HQHUJ\�UDQJHRI�����a�����0H9��QHXWURQ�KDV�EURDG�HQHUJ\UDQJH� RI� �����a������ 0H9� DW� �� DQG� WKHUDQJH� RI� QHXWURQ� HQHUJ\� SURGXFHG� LV� GH �FUHDVHV� DV� WKH� DQJOH� LQFUHDVHV�� ,Q� FDVH� RIS±7 QXFOHDU�UHDFWLRQ��ZKHQ�DFFHOHUDWHG�SUR �WRQ�KDV�HQHUJ\�UDQJH�RI�����a�����0H9��QHX �WURQ� KDV� HQHUJ\� UDQJH� RI� �����a������ 0H9DQG������a������0H9�DW��� DQG����� UHVSHF�WLYHO\��7KXV� LW�VDWLVILHV�WKH�SXUSRVH�RI�WKLVVWXG\��,I�WKH�WDUJHW�PDWHULDO�LV�WKLFN��DFFHO �HUDWHG� SDUWLFOH� ORVHV� VRPH� HQHUJ\� EHIRUH� LWSURGXFHV�QHXWURQ��,Q�'±' UHDFWLRQ��QHXWURQGLVSOD\V� EURDG� VSHFWUXP� XS� WR� ��� �� DQGQDUURZ�VSHFWUXP�ZKHUH�WKH�DQJOH�LV�JUHDWHUWKDQ� ������ &RPSDUHG� WR� QHXWURQ� VRXUFH� RI'±' UHDFWLRQ�� S±7 UHDFWLRQ� KDV� EURDGHUVSHFWUXP�LQ�JHQHUDO�7KH� GLPHQVLRQ� RI� VXEMHFW� LV� DOZD\V� OLP �LWHG�� (DFK� SDUW� RI� WKH� VXEMHFW� LV� EHLQJSUREHG� ZLWK� QHXWURQV� WKDW� KDYH� GLIIHUHQWHQHUJLHV� DQG� DQJOHV�� ,Q� RWKHU� ZRUGV�� QHX �WURQV�GLVSOD\�YDULRXV�VSHFWUXPV�DW�GLIIHUHQWGHWHFWRUV�� 7KH� HQHUJ\� RI� QHXWURQ� GHSHQGVRQ� WKH� HQHUJ\� RI� DFFHOHUDWHG� SDUWLFOH�� DQGYDULRXV� QHXWURQ� VSHFWUXPV� DUH� SURGXFHG� DWGLIIHUHQW� DQJOHV� DFFRUGLQJ� WR� WKLFNQHVV� RIWKH�VXEMHFW��7KH�HQHUJ\�RI�QHXWURQ�DOVR�GH �SHQGV�RQ�WKH�DQJOH��7KH� FKDQJHV� RI� QHXWURQ� UHDFWLRQ� FURVVVHFWLRQ� DV� DQJOH� FKDQJHV� LQ� '±' DQG� S±7QXFOHDU�UHDFWLRQ�DUH�SUHVHQWHG�LQ�)LJ����DQG���UHVSHFWLYHO\�

7KH� GLVWULEXWLRQ� SDWWHUQV� RI� QHXWURQ� UH �DFWLRQ�FURVV�VHFWLRQ�LQ�'±' DQG�S±7 UHDFWLRQDUH� GLIIHUHQW�� :KLOH� S±7 UHDFWLRQ� VKRZVUHODWLYHO\�ELJJHU�FKDQJHV�RI�FURVV�VHFWLRQ�DVDQJOH� FKDQJHV�� '±' UHDFWLRQ� VKRZV� QR� DS�SDUHQW� FKDQJHV� RI� FURVV� VHFWLRQ� ZKHQ� WKHDQJOH� LV� JUHDWHU� WKDQ� ����� LUUHVSHFWLYH� RIWKH� HQHUJ\� RI� DFFHOHUDWHG� SDUWLFOH� EHFDXVHWKH�HQHUJ\� ORVV� �VWRSSLQJ�SRZHU��GXH� WR� LQ �WHUDFWLRQ� EHWZHHQ� GHXWHURQ� EHDP� DQG� WKHVXEMHFW� LV� VPDOO�� 7KH� QHXWURQ� HQHUJ\� VSHF �WUXP�LV�OHYHOHG�DW�DQ\�DQJOH��6LQFH�WKH�WRWDOQHXWURQ� \LHOG� RI� '±' QXFOHDU� UHDFWLRQ� LV�����⋅���� QHXWURQ�µ$⋅V� DQG� WKDW� RI� S±7QXFOHDU�UHDFWLRQ�LV������ ⋅���� QHXWURQ�µ$⋅V�S±7 QXFOHDU�UHDFWLRQ�KDV�KLJKHU�\LHOG�)LJ����LV�VFKHPDWLF�SUHVHQWDWLRQ�RI�)157URWDWLRQDO� JHRPHWU\� ZLWK� GLIIHUHQW� DQJOHV�5RWDWLRQDO� JHRPHWU\� LV� GLIIHUHQW� IURP� WR �PRJUDSK\�EHFDXVH�WRPRJUDSK\�FUHDWHV�YDUL �RXV� LPDJHV� ZLWK� GLIIHUHQW� SURMHFWLRQV� DF �TXLUHG�E\�URWDWLQJ�ERWK�WKH�VXEMHFW�DQG�GH �WHFWRU�� EXW� ZLWK� WKLV� )157�� QHXWURQVJHQHUDWHG�E\�IL[HG�DFFHOHUDWRU�KDYH�YDULRXVHQHUJ\� VSHFWUXPV� DFFRUGLQJ� WR� WKHLU� DQJOHRI� HPLVVLRQ�� ,Q� )157�PHWKRG�� WKH� VXEMHFWEHLQJ�SUREHG�ZLWK�QHXWURQ�FRPSULVHV�DQ�DV �VHPEO\� ZLWK� GHWHFWRU� DQG� URWDWHV� DW� GHVLJ �QDWHG� DQJOHV� WR� SURGXFH� YDULRXV� LPDJHV�)LJ���� VKRZV� WKH� WRWDO� FURVV� VHFWLRQ�DFFRUG �LQJ�WR�QHXWURQ�HQHUJ\�GLVWULEXWLRQ�ZLWK�GLI �IHUHQW� DQJOHV� ZKHQ� (G  ����� 0H9� DQG
∆(G  ����� 0H9�� $OWKRXJK� HOHPHQW� VSHFLILFUHVRQDQFH� FKDUDFWHULVWLFV� DUH� REVHUYHG� DWYDULRXV�HQHUJ\�UDQJHV�� WKH�UHVRQDQFH�SHDNVRI� GLIIHUHQW� HOHPHQWV� DUH� VXSHULPSRVHG� LQPRVW� HQHUJ\� UDQJHV�� 7KXV�� LW� LV� YHU\� GLIIL �FXOW�WR�GHWHUPLQH�HOHPHQW�FRPSRVLWLRQ�UDWLRRI� D� FHUWDLQ� PDWHULDO� WKDW� FRQWDLQV� PRUH

)LJ����� S±7 QHXWURQ� HQHUJ\� DV� D� IXQFWLRQ� RIDQJOH�� � Û�(S  �����0H9���� Û�(S ����0H9��� � Û�(S ����0H9����� Û�(S ����0H9�� � Û�(S ����0H9����� Û�(S ����0H9�������� Û�(S ����0H9�
)LJ�����'±' QHXWURQ� HQHUJ\� DV� D� IXQFWLRQ� RIDQJOH�� � Û�(G ����0H9��� Û�(G ����0H9�������� Û�(G ����0H9�� Û�(G ����0H9� � Û�(G ����0H9�� Û�(G ����0H9� � Û�(G ��� 0H9�
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WKDQ�RQH�HOHPHQW��6HFWLRQ���GLVFXVVHV�DERXWWKH�PHWKRG�WR�VROYH�WKLV�SUREOHP���7KH�JRYHUQLQJ�HTXDWLRQ�IRU� IDVW�QHXWURQIROORZV� H[SRQHQW� GHFUHDVLQJ� ODZ� GHVFULEHGDV�HTXDWLRQ�����EHORZ�1 = 1�H−µ[� ���
:KHUH�1��1��� µ�� DQG� [ DUH� WKH� DWWHQX�DWHG�WKH�QHXWURQ�QXPEHU�LQ�D�VPDOO�DUHD�RIWKH� GHWHFWRU�� FRUUHVSRQGLQJ� VRXUFH� QHXWURQQXPEHU� ZLWKRXW� DWWHQXDWLRQ�� HIIHFWLYH� DW �WHQXDWLRQ�FRHIILFLHQW�FP���DQG� WKH�HIIHFWLYHWRWDO� SURMHFWHG� DWRPLF� FRQWHQW���FP��� UH�VSHFWLYHO\�� 1HXWURQ� IOX[� KDV� HQHUJ\� GLVWUL �EXWLRQ�DQG�FRQVHTXHQWO\�WKH�DWWHQXDWLRQ�FR �HIILFLHQW� KDV� D� FHUWDLQ� UHODWLRQVKLS� WR� QHX �WURQ� UHDFWLRQ� FURVV� VHFWLRQ� RU� DYHUDJHQHXWURQ� UHDFWLRQ� FURVV� VHFWLRQ�EXW� WKH\�DUHQRW� WKH� VDPH��)XUWKHUPRUH��PRVW�PDWHULDOVDUH� FRPSULVHG� RI� PRUH� WKDQ� RQH� HOHPHQW�VXSHULPSRVHG� UHVRQDQFH� SHDNV� RFFXU� DV� LQ)LJ����� 7R� FRPSHQVDWH� WKLV� SUREOHP�� OLQHDUDWWHQXDWLRQ�PRGHO�LV�HPSOR\HG��$[ = E� ���7KH�HTXDWLRQ�DERYH�KDV� OLPLWDWLRQ�WR�DG �GUHVV� WKDW� WRWDO� DWWHQXDWLRQ� FRHIILFLHQW� LVWKH�VXP�RI�DWWHQXDWLRQ�FRHIILFLHQWV�RI� LQGL �YLGXDO�HOHPHQWV�DQG�LW�LV�GLIILFXOW�WR�FOHDUO\GHWHUPLQH�HOHPHQW�FRPSRVLWLRQ�UDWLR�RI�WDU �JHW�PDWHULDO��7KXV��ZH�JHQHUDWHG�PDWUL[� $�D�SVHXGR�LQYHUVH�PDWUL[�RI�PDWUL[�$��FDOFX�ODWHG� DWWHQXDWLRQ� FRHIILFLHQWV� RI� LQGLYLGXDOHOHPHQWV�RI�PDWUL[�$��WKHQ�REWDLQHG�PDWUL[,P×P E\� PXOWLSO\LQJ� LW� E\� SVHXGR� LQYHUVHPDWUL[� $�� :H� DOVR� FDOFXODWHG� YHFWRU� E�ZKLFK�UHSUHVHQWV�WRWDO�DWWHQXDWLRQ��WKHQ�IL �QDOO\� REWDLQHG� HTXDWLRQ� IRU� HOHPHQW� FRPSR �QHQW�[  �$ E

$P×Q$Q×P↑ = ,P×P → $Q×P → [ = $↑E ���
WKH� IROORZLQJ� LV� H[DPSOH� RI� OLQHDU� HTXDWLRQREWDLQHG�XVLQJ���GLIIHUHQW�HOHPHQWV�LQ�717DQG����GLIIHUHQW�HQHUJ\�UDQJHV��7KH� UHODWLYH� HUURU� RI� VROXWLRQV� REWDLQHGE\�OLQHDU�HTXDWLRQ�LV�FDOFXODWHG�XVLQJ�HTXD �WLRQ� ���� DQG� ����� 0RVW� FRQWUDEDQG� LV� FRP�SRVHG� RI� K\GURJHQ�� FDUERQ�� QLWURJHQ�� DQGR[\JHQ��DQG�ZH�FDOFXODWHG�WZR�W\SHV�RI�UHOD �WLYH� HUURUV� DV� IROORZLQJ��7KH� UHODWLYH� HUURUIRU� FDUERQ�� QLWURJHQ�� DQG�R[\JHQ� LV�(UURU�DQG�WKDW�RI�K\GURJHQ��FDUERQ��QLWURJHQ��DQGR[\JHQ�LV�(UURU���,Q�WKHVH�HTXDWLRQV�� [/6 LVHOHPHQW� FRPSRVLWLRQ� REWDLQHG� E\� OLQHDU� UH �JUHVVLRQ� DQDO\VLV� DQG� [L LV� DFWXDO� HOHPHQWFRPSRVLWLRQ� (UURU� =

= √ [/6& − [W&)� + ([/61 − [W1)� + (;/62 − [W2)�
([/6&)� + ([/61)� + ([/62)� �� ���

)LJ�����5RWDWLRQDO�JHRPHWU\��

)LJ����� S±7 GLIIHUHQWLDO� FURVV� VHFWLRQ� DV� DIXQFWLRQ�RI�DQJOH�� � Û�(S  �����0H9���� Û�(S ����0H9��� � Û�(S ����0H9����� Û�(S ����0H9�� � Û�(S ����0H9����� Û�(S ����0H9�������� Û�(S ����0H9�
)LJ����� '±' GLIIHUHQWLDO� FURVV� VHFWLRQ� DV� DIXQFWLRQ�RI�DQJOH�� � Û�(G ����0H9��� Û�(G ����0H9������ Û�(G ����0H9�� Û�(G ����0H9� � Û�(G ����0H9�� Û�(G ����0H9� � Û�(G ��� 0H9�
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(UURU� = √ [/6& − [W&)� + ([/61− [W1)� +

([/6&)� + ([/61)� + ([/62)� + ([/6+� +

+√ (;/62 − [W2)� + (;/6+ − [W+)�
([/6&)� + ([/61)� + ([/62)� + ([/6+� ���

0&13� FRGH�� D� HOHFWULFDO� FRPSXWDWLRQFRGH� HPSOR\LQJ� 0RQWH� &DUOR� PHWKRG�� LVXVHG�WR�FDOFXODWH�WUDQVSRUWDWLRQ�RI�QHXWURQ�SKRWRQ�� HOHFWURQ� LQ� DQ\� WKUHH� GLPHQVLRQDOJHRPHWULFDO� VWUXFWXUHV� >�@�� 717�� D� UHSUH �VHQWDWLYH�H[SORVLYH��ZDV�XVHG�DV�VLPXODWLRQVXEMHFW� DQG� ZH� GLYLGHG� HQHUJ\� UDQJH� IRUHDFK� DQJOH� WR� VLPXODWH� FRQGLWLRQ� DV� LI� WKHVXEMHFW� URWDWHV� DURXQG�QHXWURQ� VRXUFH��7KHZKROH� HQHUJ\� ELQV� DUH� GHVFULEHG� LQ� 7DEOH��DQG�ZH�DVVXPHG�JRRG�JHRPHWU\�FRQGLWLRQ�WRWHVW�WKH�IHDVLELOLW\�RI�)157�DV�D�PHWKRG�WRGHWHFW� FRQWUDEDQG�� *HRPHWU\� ZH� HPSOR\HGIRU� 0&13� FRGH� VLPXODWLRQ� LV� GHVFULEHG� LQ)LJ����7KH� HQHUJ\� ELQV� LQ� 7DEOH��� LQFOXGH� ERWKQDUURZ�UHVRQDQFH�SHDN�UDQJH�RI�R[\JHQ�DQGEURDG� UHVRQDQFH� SHDN� UDQJH� RI� QLWURJHQ�&RPSRVLWLRQ�RI�717�DQG�LQWHUIHULQJ�PDWHUL �DOV�RWKHU�WKDQ�717�DUH�GHVFULEHG�LQ�7DEOH���,Q�)LJ�����DWWHQXDWLRQ�FRHIILFLHQWV�RI�K\ �GURJHQ��FDUERQ��QLWURJHQ��DQG�R[\JHQ�ZKHQ

717� LV� �� FP� WKLFN� DUH� OLVWHG�� :KHQ� FRP �SDUHG�WR�)LJ����VKRZLQJ�WRWDO�QHXWURQ�FURVVVHFWLRQV�RI�K\GURJHQ��FDUERQ��QLWURJHQ��DQGR[\JHQ�� ZH� FDQ� VHH� WKDW� WKH� SDWWHUQV� DUHYHU\�VLPLODU�$OVR�� WRWDO� DWWHQXDWLRQ� FXUYH� RI� 717ZHOO� UHIOHFWV� WKH� UHDFWLRQ� FURVV� VHFWLRQ� YDO �XHV�RI�HDFK�LQGLYLGXDO�HOHPHQW��7KH� UHODWLYH� HUURUV� DFFRUGLQJ� WR� WKLFN �QHVV� RI� 717� DUH� LQGLFDWHG� LQ� 7DEOH���� 7KHUHDVRQ�HOHPHQW�UDWLR�LV�FDOFXODWHG�ZLWK�R[\ �JHQ�DV�D�FRQWURO�LV�EHFDXVH�R[\JHQ�KDV�KLJK �HVW�FRPSRVLWLRQ�UDWLR�LQ�PRVW�H[SORVLYHV��8SWR� ��� FP� RI� 717�� UHODWLYH� HUURUV� GR� QRWH[FHHG�������7DEOH���DQG���VKRZV�WKH�UHVXOW�RI�VLPXOD �WLRQ� XVLQJ� �� FP� WKLFN� 717� DQG� ���� FPWKLFN� $O DQG� 686����� $OVR�� 7DEOH��� VKRZVUHODWLYH�HUURUV�ZKHQ�717�LV���FP�WKLFN�DQGLQWHUIHULQJ�PDWHULDOV�DUH�����a���FP�WKLFN��7KH� UHVXOW� RI� UHODWLYH� HUURU� DQDO\VLVZKHQ� LQWHUIHULQJ�PDWHULDOV�RWKHU� WKDQ�717DUH�SUHVHQWHG�LV�IROORZLQJ�,Q�FDVH�RI�WKH�QXPEHU�RI�HQHUJ\�ELQV�DQGWKDW� RI� HOHPHQWV� �P  Q�� DUH� VDPH�� ZKHQWKHUH� H[LVWV� �� FP� WKLFN� 717� DQG� ���� FPWKLFN� $O DQG� 686����� HUURU�� ZDV� �������

)LJ�����6LPSOH�JHRPHWU\�RI�0&13�VLPXODWLRQ�)LJ�����1HXWURQ�HQHUJ\�DW�GLIIHUHQW�DQJOHV���Û�+\GURJHQ����Û1LWURJHQ����Û�&DUERQ����Û�2[\JHQ�

$ =
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ZKHQ� WKHUH� H[LVWV� �� FP� WKLFN� 717� DQG���� FP� WKLFN� 686���� RQO\�� (UURU�� ZDV���������ZKHQ�WKHUH�H[LVWV���FP�WKLFN�717DQG� ���� WKLFN� $O RQO\�� HUURU��ZDV� �������7KH� UHDVRQ� IRU� ELJJHU� UHODWLYH� HUURUV� LVVKRUWDJH�RI�GDWD�UHGXQGDQF\��&RPSDUHG� WR� WKH� FDVHV� RI� QXPEHU� RI� HQ �HUJ\� ELQ� LV� JUDWHU� WKDQ� �� �P!����ZKHQ� WKHQXPEHU� RI� HQHUJ\� ELQ� LV� ��� UHODWLYH� HUURUZDV� LQFUHDVHG� EHFDXVH� LW� GLG� QRW� UHIOHFWUHVRQDQFH�FKDUDFWHULVWLFV�RI�K\GURJHQ��FDUE �RQ��QLWURJHQ��DQG�R[\JHQ�FRUUHFWO\���:H� FRXOG� REWDLQ� PRVW� RSWLPL]HG� VROX �WLRQV�ZKHQ�K\GURJHQ��FDUERQ��QLWURJHQ��DQGR[\JHQ� ZHUH� H[LVWHG� RQO\�� ,Q� RWKHU� ZRUGV�LQ� WKLV� FDVH�� HUURU�� DQG� HUURU�� ZHUH� PLQL �PL]HG��$V�WKH�QXPEHU�RI�HOHPHQW�LQFUHDVHG�GLVWLQJXLVKLQJ� DELOLW\� ZDV� GHFUHDVHG� DQGVXFK�LQFUHDVH�ZRUNHG�DV�DQ�DGGLWLRQDO�IDFWRUIRU�HUURUV��,I� WKHUH� H[LVWHG� HOHPHQWV� RWKHU� WKDQ�K\ �GURJHQ��FDUERQ��QLWURJHQ��DQG�R[\JHQ��UHOD �WLYH� HUURU� LQFUHDVHG� XS� WR� Q  ��� WKHQ� GH�FUHDVHG�DW�Q  �����

:KHQ� KH[DPLQH� WKDW� KDV� KLJK� QLWURJHQFRQWHQW� DQG� SRO\SURS\OHQH�� D� FRPPRQ� UDZPDWHULDO� IRU� SODVWLF�� ZHUH� H[LVWHG� DV� LQWHU �IHULQJ� PDWHULDOV�� WKH� RYHUDOO� UHODWLYH� HUURUZDV�OHVV�WKDQ�������7KH� DLP� RI� WKLV� VWXG\� ZDV� WR� WHVW� WKHIHDVLELOLW\� RI� IDVW� QHXWURQ� UHVRQDQFH� WHFK �QLTXH�DV�D�PHWKRG�WR�GHWHFW�FRQWUDEDQG��$W �WHQXDWLRQ� FRHIILFLHQWV� RI� LQGLYLGXDO� HOH �PHQWV� DQG� WRWDO� DWWHQXDWLRQ� ZHUH� REWDLQHGXVLQJ�0&13�FRGH�DQG�717�DV� VXEMHFW��7KHH[SHULPHQWDO� YDOXH� ZDV� FRPSDUHG� ZLWK� WKHDFWXDO�HOHPHQW�FRPSRVLWLRQ�UDWLR�RI�WKH�VXE �MHFW� DQG� WKH� UHODWLYH� HUURU� ZDV� REWDLQHG�7KH�IHDVLELOLW\�RI�)157�DV�D�PHWKRG�WR�GH �WHFW� FRQWUDEDQG�ZDV�HYDOXDWHG�E\� WKLV� UHOD �WLYH�HUURU�FDOFXODWHG�:KHQ� ZH� GLYLGHG� QHXWURQ� HQHUJ\� UDQJHLQWR� ��� ELQV�� WKH� H[SHULPHQWDO� YDOXHV� RIFRPSRVLWLRQ�UDWLR�RI�+��&��1��DQG�2 LQ�717ZHUH� �������� �������� �������� DQG� �������UHVSHFWLYHO\�� 6LQFH� WKH� DFWXDO� YDOXH� ZHUH������� ������� ������� DQG� ������� UHODWLYHHUURU� LV��������DQG� WKLV� LV� IDLUO\� ORZ��:HFDQ� REWDLQ� PRVW� RSWLPL]HG� VROXWLRQV� ZKHQRQO\� IRXU� HOHPHQW� RI� +�� &�� 1�� DQG� 2 DUHSUHVHQWHG�� ,Q� WKLV� FDVH� ZH� FDQ� PLQLPL]HHUURU��DQG�HUURU���,QFUHDVHG�QXPEHU�RI�HOH �PHQWV�ZRUNV�DV�DQ�DGGLWLRQDO�IDFWRU�IRU�HU �URUV��:H� EHOLHYH�ZKHQ� WKH� QXPEHU� RI� FRP�SRVLWLRQ� HOHPHQW� LV� �� DQG� WKH� QXPEHU� RIHQHUJ\�ELQ�LV���a���LV�WKH�RSWLPDO�FRQGLWLRQ�)RU� WKH� IXWXUH�� LW� LV� UHTXLUHG� WR�GHYHORSD� PHWKRG� WR� PLQLPL]H� HUURUV� RI� VSHFWUXPDQDO\VLV� ZLWK� YDULRXV� LQWHUIHULQJ� PDWHULDOVDQG� TXDQWLWDWLYH� HYDOXDWLRQ� PHWKRG� WR� GH �WHFW�FRQWUDEDQG�$FNQRZOHGJHPHQW�� 7KLV� ZRUN� ZDV� ILQDQ�FLDOO\� VXSSRUWHG� E\� 02&,(� WKURXJK� ,(5&SURJUDP�

)LJ�����$WWHQXDWLRQ�FRHIILFLHQWV�RI�717��� Û+� � Û�&� � Û1��� Û2� � ²71����

7DEOH����1HXWURQ�HQHUJ\�ELQV�XVHG�>LQ�0H9@
1XPEHURI�HQHUJ\ELQV ���Ü���� ����Ü��� ���Ü���� ����Ü��� ���Ü���� ����Ü��� ���Ü���� ����Ü��� ���Ü���� ����Ü��� ���Ü���� ����Ü����

�    �     �      �       �        �         ���          ��           ��            �

-LQK\RXQJ�%DH��-RRKR�:KDQJ���$�0RQWH�&DUOR�VWXG\����

��� )XQFWLRQDO�PDWHULDOV�������������



7DEOH����&RPSRVLWLRQ�RI�717�DQG�LQWHUIHULQJ�PDWHULDO717�&�+�1�2�� +H[DPLQH�&�+��1�� 3RO\SURS\OHQH�&�+��2�� $OXPLQLXP��$O� 686�����)H��1L��0Q��6L��&U�'HQVLW\��J�FP�� ���� ����� ��� ��� �����$WRPV�FP� ����⋅���� ����⋅���� ����⋅���� ����⋅���� ����⋅����
7DEOH����3URSHUWLHV�DQG�(UURU��RI�7177KLFNQHVV�FP� :HLJKW�IUDFWLRQ (OHPHQWDO�UDWLRV (UURU�����+ & 1 2 &�2 1�2� ���� ���� ���� ���� ���� ���� ����� ���� ���� ���� ���� ���� ���� ����� ���� ���� ���� ���� ���� ���� ������ ���� ���� ���� ���� ���� ���� ����7UXH�YDOXH ���� ���� ���� ���� ���� ���� 
7DEOH����(UURU���IRU�YDULRXV�FRPELQDWLRQV�RI�P DQG�Q1XPEHU�RI�(OHPHQWV (QHUJ\�ELQV��ELQV ��ELQV ��ELQV ��ELQV ���ELQV ���ELQV ���ELQV717���$O ��� ����� ����� ����� ����� ����� ����� �����717���686������� ����� ����� ����� ����� ����� ����� ������717���$O ��686�������� ����� ����� ����� ����� ����� ����� �����
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