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7KH� VWUXFWXUH� VWDWH� HYROXWLRQ� QHDU� WKH� \LHOG� OLPLW� RI� SRO\FU\VWDOOLQH� DOXPLQXP� RIYDULRXV�SXULW\�JUDGHV�XQGHU�DFWLYH�ORDGLQJ�KDV�EHHQ�VWXGLHG�E\�HOHFWULF�UHVLVWDQFH�PHWKRG�&KDUDFWHULVWLF�SDUDPHWHUV�RI�WKH�VWUXFWXUH�VWDWH�KDYH�EHHQ�GHWHUPLQHG��QDPHO\��WKH�HIIHF �WLYH�GLSROH�KHLJKW� DQG�FRHIILFLHQWV�RI�GLVORFDWLRQ� LQWHUDFWLRQ�� ,W�KDV� EHHQ� VKRZQ�WKDW��QRPDWWHU� ZKDW� LV� WKH� PDWHULDO� SXULW\� JUDGH�� WKH� RQVHW� RI� WKH� SODVWLF� IORZ�� WKH� GHIRUPLQJVWUHVV��DQG�WKH�HOHFWULF�UHVLVWDQFH�FKDQJH�DUH�GHILQHG�E\�WKH�GLSROH�VWUXFWXUH�IRUPDWLRQ�
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7R� VROYH� WKH� SUREOHP� RI� VWUXFWXUH� VWDWHFRQWURO� LQ� D� PDWHULDO� XQGHU� GHIRUPLQJ�� LWVGLVORFDWLRQ� VWUXFWXUH� HYROXWLRQ� LV� WR� EH� GH �VFULEHG��QDPHO\��WKH�GHQVLW\�LQFUHDVH�RI�GLV �ORFDWLRQV� DQG� WKHLU� DUUDQJHPHQW� FKDQJHVXQGHU� LQFUHDVLQJ� H[WHUQDO� VWUHVVLQJ� IRUFH>�@�� 7KH� XVH� RI� UHVLVWRPHWU\� LQ� VLWX� >�@� WRVWXG\� WKH� UHJXODULWLHV� RI� WKH� GHIRUPLQJVWUHVV� FKDQJHV� >�Ü�@� PDNHV� LW� SRVVLEOH� WRGHWHUPLQH�WKH�SDUDPHWHUV�RI�VWUXFWXUH�VWDWHIRUPLQJ�GXULQJ�WKH�PDWHULDO�SODVWLF�IORZ��,WKDV� EHHQ� VKRZQ� LQ� >�Ü�@� WKDW� WKH�PDWHULDOGHIRUPDWLRQ� QHDU� WKH� \LHOG� OLPLW� UHVXOWVPDLQO\� IURP� WKH� LQWHUDFWLRQ� DQG� DFFXPXOD �WLRQ� RI� GLVORFDWLRQV� LQ� WKH� VDPSOH� XQGHUVWXG\��7KH�GLVORFDWLRQ�LQWHUDFWLRQ�LV�FKDUDF �WHUL]HG�E\�FRHIILFLHQW�α WKDW�LV�WKH�PHDVXUHRI�WKH�HQHUJ\�JDLQ�DW�WKH�SDLUHG�GLVORFDWLRQLQWHUDFWLRQ�>��@��7KH�VWUXFWXUH�LPSHUIHFWLRQDFFXPXODWLRQ�QHDU� WKH�\LHOG� OLPLW� LV�DVVRFL �DWHG� ILUVW�ZLWK� IRUPDWLRQ� RI� GLVORFDWLRQ�GL �SROHV�>�������@��7KH�FRHIILFLHQW�RI�GLVORFDWLRQ

LQWHUDFWLRQ�ZDV�GHWHUPLQHG�IRU�YDULRXV�PD �WHULDOV� >��@� XQGHU� DFFXPXODWLRQ� RI� GLVORFD �WLRQV� LQ� VWDWLRQDU\�PRGH��'HWHUPLQDWLRQ� RI
α XVLQJ� UHVLVWRPHWU\� XQGHU� DFWLYH� GHIRUP �LQJ�ZDV�XVHG�RQO\�LQ�>����@�,Q� WKLV� FRQQHFWLRQ�� LW� LV� RI� LQWHUHVW� WRGHWHUPLQH�WKH�GLVORFDWLRQ�VWUXFWXUH�SDUDPH �WHUV� �HIIHFWLYH�GLSROH�KHLJKW� KG DQG�GLVORFD�WLRQ� LQWHUDFWLRQ� FRHIILFLHQW� α�� XQGHU� DFWLYHGHIRUPLQJ�� 7KH� SXUSRVH� RI� WKLV� ZRUN� LV� WRHVWDEOLVK� WKH� GLVORFDWLRQ� VWUXFWXUH� SDUDPH �WHUV� DQG� WKHLU� FKDQJHV� LQ� DOXPLQXP� XQGHUDFWLYH�ORDGLQJ�DV�IXQFWLRQV�RI�LQFUHDVLQJ�LQ �WHUQDO�SUH�VWUDLQ�ILHOGV�7KH� IRUPDWLRQ� RI� GLVORFDWLRQ� DFFXPXOD �WLRQV� QHDU� WKH� \LHOG� OLPLW� XQGHU� H[WHUQDOVWUHVV�GHSHQGV�RQ�WKH�LQLWLDO� LQWHUQDO�VWUHVVILHOGV� >�@�� ,Q� WKLV� FRQQHFWLRQ�� WR� GLVFULPL �QDWH� WKH� GLVORFDWLRQ� EDUULHUV� LQ� FRQWUDVW� WRH[WULQVLF�RQHV��ZH�KDYH�IRUPHG�WKH�LQWHUQDOVWUHVV� ILHOGV� LQ�KLJK�SXULW\�DOXPLQXP�SRO\ �FU\VWDOV� XQGHU� SUH�VWUDLQLQJ� QHDU� WKH� \LHOG
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OLPLW�E\�DOWHUQDWLQJ�EHQGLQJ�ZLWK�UHVWRULQJVDPSOH� VKDSH��7KH�GLVORFDWLRQ�DFFXPXODWLRQLQ� WKH� VDPSOH� GXH� WR� SUH�VWUDLQLQJ� ZDV� LQ �WHQGHG� WR� SURYLGH� DQ� LQFUHDVHG� LQWHUQDOVWUHVV�OHYHO�DQG�WKXV�LQIOXHQFH�WKH�HIIHFWLYHSDUDPHWHUV� RI� GLVORFDWLRQ� VWUXFWXUH� GXULQJWKH�FRQVHTXHQW�WHQVLOH�ORDGLQJ�$FFRUGLQJO\�� SRO\FU\VWDOOLQH� DOXPLQXPVDPSOHV�RI�����P�OHQJWK�DQG���Ü� P�GLDPH�WHU� ZHUH� VXEGLYLGHG� LQWR� WZR� JURXSV� GH �SHQGLQJ�RQ�WKH�SXULW\�JUDGH�FKDUDFWHUL]HGE\�δ  �5�����.��5 �����.��YDOXH���VW�JURXSZLWK� δ  ������ �QG� JURXS�� δ  ���� DQG� SUH�VWUDLQLQJ� E\� DOWHUQDWLQJ� EHQGLQJ�� 3ULRU� WRWHVWV�� WKH� VDPSOHV� ZHUH� DQQHDOHG� DW� SUH�PHOWLQJ�WHPSHUDWXUH�IRU���GD\�DQG�KDYH�WKHJUDLQ� GLDPHWHU� RI� ���� µP�� 7KH� VDPSOHV� RIERWK�JURXSV�ZHUH�SODFHG� LQ�FODPSV�PDGH�RIGLHOHFWULF� PDWHULDO� DQG� VWUDLQHG� E\� WHQVLRQDW�����.�DW�D�VSHHG�RI� ε.  ����⋅��Ü� VÜ���7KHHOHFWULF� UHVLVWDQFH� FKDQJHV� DVVRFLDWHG� ZLWKWKH� VWUDLQLQJ� IRUFH� LQFUHDVH� ZHUH� UHFRUGHGXVLQJ� D� FRPSHQVDWLRQ� VFKHPH� DQG� UHFRUGHURI���Ü�� Ω⋅P�VHQVLWLYLW\��7KH�PHDVXUHPHQWVEHLQJ� GRQH� LQ� WKH� FRXUVH� RI� DFWLYH� ORDGLQJZHUH�FRQWUROOHG�DOVR�XVLQJ�SRWHQWLRPHWU\�LQWKH�UHOD[DWLRQ�UHJLPH��7KH� ∆ρ ZDV�IRXQG�WRGR�QRW�UHWXUQ�WR�LWV�LQLWLDO�VWDWH�ZKHQ�EHLQJUHFRUGHG� LQ� WKH� UHOD[DWLRQ� UHJLPH� DQG� GRQRW�GLIIHU�HVVHQWLDOO\�IURP�WKH�YDOXHV�GHWHU �PLQHG� XVLQJ� HOHFWULF� UHVLVWDQFH� UHFRUGLQJXQGHU�DFWLYH�ORDGLQJ��7KXV��∆ρ LV�DVVRFLDWHGPDLQO\�ZLWK�WKH�VWUXFWXUH�VWDWH�FKDQJHV�7\SLFDO� FXUYHV� RI� WKH� DGGLWLRQDO� HOHFWULFUHVLVWLYLW\�∆ρ DW� LQFUHDVLQJ�VWUDLQLQJ�VWUHVV
τ �τ  �Pσ��P  ������IRU�WKH�*URXSV���DQG��RI�VDPSOHV�DUH�SUHVHQWHG�LQ�)LJ����DV�FXUYHV�� DQG� ��� UHVSHFWLYHO\�� 7KHVH� ∆ρ�τ�� GHSHQG�HQFHV�DUH�VHHQ�WR�EH�VXEVWDQWLDOO\�GLIIHUHQW�$OWKRXJK�WKH��QG�JURXS�VDPSOHV�DUH�RI�RQHRUGHU� KLJKHU� SXULW\� JUDGH� DV� FRPSDUHG� WRWKH� �VW� RQHV�� WKH� IRUPHU� VKRZ� D� WZLFHKLJKHU�\LHOG�VWUHVV� τ���,Q�WKLV�FRQQHFWLRQ��LWLV� MXVW� WKH� VWUXFWXUH� VWDWH� IRUPHG� E\� SUH�VWUDLQLQJ� EXW� QRW� WKH� LPSXULWLHV� WKDW�PXVWLQIOXHQFH� PDLQO\� WKH� LQWHUQDO� VWUHVV� ULVHXQGHU�VXEVHTXHQW�WHQVLQJ�ORDGLQJ�1HDU�WKH�\LHOG�OLPLW��WKH� ∆ρ GHSHQGHQFHVRQ�WKH�VWUDLQLQJ�VWUHVV�DUH�DSSUR[LPDWHG�E\WKH�IROORZLQJ�UHODWLRQVKLSV�

τ� = τ�� + $��∆ρ�� + $��(∆ρ�� − ∆ρ��)���
τ� < ���03D� ���

τ� = τ�� + $��∆ρ�� + $��(∆ρ�� − ∆ρ��)���
τ� < ���03D� ���

ZKHUH�τ���� DUH�WKH�VWUDLQLQJ�VWUHVVHV�FRUUH �VSRQGLQJ� WR� WKH� SODVWLF� IORZ� RQVHW� IRU� WKH�VW� DQG� �QJ�JURXS�� UHVSHFWWLYHO\�� $����$���SKHQRPHQRORJLFDO� SDUDPHWHUV� IRU� WKH� �VWJURXS�� $���� $���� WKRVH� IRU� WKH� �QG� RQH�
∆ρ����∆ρ����UHVLVWLYLW\�YDOXHV�IRU�WKH��VW�JURXSFRUUHVSRQGLQJ� WR� WKH� OLQHDU� DQG� WUDQVLWLRQFXUYH�VHFWLRQV��UHVSHFWLYHO\��DW�τ� ������03D� ∆ρ���
∆ρ���� WKH� VDPH� IRU� WKH� �QG� JURXS� DW� τ� �����03D��7KH�YDOXHV�RI�SDUDPHWHUV�LQFOXGHG�LQ(TV�����DQG�����DUH�SUHVHQWHG�LQ�WKH�7DEOH�

7KH�UHODWLRQVKLSV�����DQG�����UHODWLQJ�WKHVWUDLQLQJ�VWUHVV�DQG�WKH�UHVLVWLYLW\�LQFUHDVHDUH�QHFHVVDU\�WR�FRQVLGHU�WKH�LQWHUQDO�VWUHVVHYROXWLRQ�EDVLQJ�RQ�WKH�UHVLVWRPHWU\�GDWD��,W� KDV� EHHQ� VKRZQ� DFFRUGLQJ� WR� WKH� HP�SLULFDO�:LHGHUVLFK�PRGHO�>��@�DQG�DQDO\WLFDOVWXGLHV� XVLQJ� FRPSXWHU� VLPXODWLRQ� >�����@WKDW� DW� WKH� LQLWLDO� GHIRUPLQJ� VWDJH�� τ  �$1ZKHUH�1 LV� WKH� GLVORFDWLRQ� GHQVLW\�� $�� WKHSURSRUWLRQDOLW\� IDFWRU�� ,W� LV� WR�QRWH� WKDW��DF �FRUGLQJ�WR�UHVLVWRPHWULF�LQYHVWLJDWLRQV�>����@�WKH� OLQHDU� UHODWLRQVKLS� EHWZHHQ� τ DQG�1 LVLQKHUHQW�PDLQO\� LQ�GLSROHV��7KHUHIRUH�� LW� LVWKH� VWUHVV� ILHOG� RI� GLSROHV� DFFXPXODWHG� LQWKH�VOLGLQJ�OLQHV�WKDW�PXVW�EH�WKH�PDLQ�EDU �ULHU� LQ� WKH� PRWLRQ� SDWK� RI� GLVORFDWLRQV� LQWKH� �QG� JURXS� RI� VDPSOHV�� 7KLV� UHVXOWV� LQWKH�PHQWLRQHG�FRQVLGHUDEOH�GLIIHUHQFH�LQ�WKH
∆ρ�τ��GHSHQGHQFHV�%OHZLWW�� &ROWPDQ� DQG�5HGPDQ� >��@� FRP�SDUHG� ILUVW� WKH� VWUDLQLQJ� VWUHVV� FXUYH� ZLWKWKH� UHVLVWLYLW\� FKDQJH�� 7KH\� VXSSRVHG� WKDWWKH�LQFUHDVH�LQ�ERWK�FKDUDFWHULVWLFV�LV�GXH�WR

)LJ�����∆ρ�τ��GHSHQGHQFHV� IRU�DOXPLQXP�DW�GLI�IHUHQW�SXULW\�JUDGH��δ  ���� ����DQG�δ  ���� ����

03D 03D��Ω⋅P� 03D��Ω⋅P����
τ�� τ�� $�� $�� $�� $����� � ���⋅���� ����⋅���� ����⋅��� ����⋅���
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WKH�LQFUHDVLQJ�GHQVLW\�RI�GLVORFDWLRQV�JHQHU �DWHG� DFFRUGLQJ� WR� )UDQFN�5HHG� PHFKDQLVP�7KH� IXUWKHU� VWXGLHV�GRQH�XVLQJ�VXIILFLHQWO\SXUH� SRO\FU\VWDOOLQH� VDPSOHV� RI� FRSSHU� DQGDOXPLQXP�>����@��LURQ�>�@��DQG�]LUFRQLXP�>�@UHYHDOHG� D� UHODWLRQVKLS� EHWZHHQ� WKH� VWUDLQ �LQJ� VWUHVV�� ∆ρ�� DQG� GLVORFDWLRQ� GHQVLW\�� ,WZDV�QRWHG�WKDW�FRQWULEXWLRQ�RI�YDFDQFLHV�WR
∆ρ GXH� WR� VWUDLQLQJ� LV� QHJOLJLEOH� DQG� WKXV�
∆ρ LV�GHILQHG�PDLQO\�E\�WKH�LQFUHDVHG�QXP�EHU�RI�GLVORFDWLRQV�,I�WKH�UHVLVWLYLW\�FKDQJH�LV�GXH�PDLQO\�WRGLVORFDWLRQV��WKHQ�>����@

∆ρ = ρG (1 − 1�)� ���
ZKHUH�ρG LV�UHVLVWLYLW\�RI�LQGLYLGXDO�GLVORFD �WLRQ�� 1 Ü�1��� WKH� GLVORFDWLRQ� GHQVLW\� LQ�FUHDVH�UHVXOWLQJ�IURP�VWUDLQLQJ��,Q�WKH�FDVHXQGHU� FRQVLGHUDWLRQ�� WDNLQJ� LQWR� DFFRXQW(T������ WKH� (TV����� DQG� ���� FDQ� EH� WUDQV �IRUPHG�WR�REWDLQ

τ� = τ�� + $��ρG(1�� − 1�) +

+ $��ρG� ⁄ �(1�� − 1��)� ⁄ �� τ� < ���03D�����
τ� = τ�� + $��ρG(1�� − 1�) +$��ρG�⁄�(1�� − 1��)�⁄�� τ� < ���03D� ���

$W�WKH�GLVORFDWLRQ�GHQVLW\�QHDU�WKH�\LHOGOLPLW� ���� PÜ��� ρG  �����⋅��Ü��Ω⋅P��� ,WIROORZV�IURP�����DQG�����WKDW�QHDU�WKH�SODV �WLF� IORZ� RQVHW� �τ���� τ����� WKH� UHODWLRQVKLSEHWZHHQ�WKH�VWUDLQLQJ�VWUHVV�DQG�GLVORFDWLRQGHQVLW\� ��QG� LWHP�� LV� OLQHDU�� 7KLV� OLQHDULW\DOORZV� WR� VXSSRVH� WKDW� D� VWUXFWXUH� FRQWDLQ �LQJ�GLSROHV�LV�IRUPHG�DW�WKH�LQLWLDO�VWDJH�RIDOXPLQXP�VWUDLQLQJ� >��@�� ,W� LV� WR�QRWH� WKDWWKH�GLSROHV�KDYH�EHHQ�IRXQG�WR�EH�DQ�LPPD �QHQW� IHDWXUH� RI� FRSSHU� DQG� DOXPLQXP� UH �YHDOHG� LQ� VWXGLHV�RI� VWUDLQ�KDUGHQLQJ�XVLQJWUDQVPLVVLRQ� HOHFWURQ� PLFURVFRS\� >��@�� $V �VXPLQJ�WKDW�FKDQJHV�LQ�WKH�VWUDLQLQJ�VWUHVVDQG� UHVLVWLYLW\� DUH� GXH� WR� LQFUHDVHG� GLSROHGHQVLW\� 1G a�1�� OHW� WKH� HIIHFWLYH� GLSROHKHLJKW� XS� WR� \LHOG� OLPLW� EH� HVWLPDWHG� DW.�  �ρG$����.�  �ρG$�� >��@�K�� a .��� π(� − µ) ⁄ �*E� ���
$W� *  �����⋅��� 03D�� E  �����⋅��Ü�� P�

√µ  ������.�  ���⋅��Ü�� 03D⋅P���.�  �����⋅��Ü�� 03D⋅P�� ZH�REWDLQ�K�  ������µP�DQG�K�  �����µP��UHVSHFWLYHO\�7KH� IXUWKHU� LQFUHDVH� RI� VWUDLQLQJ� VWUHVVDW� τ� !���03D� DQG� τ� !�����03D� UHVXOWV� LQWKDW� WKH� OLQHDU� τ�1�� GHSHQGHQFH� FKDQJHV

LQWR� SRZHU� RQH�� τ�1������ 8VLQJ� WKH� V\PERO
τ3��� WR�GHQRWH�WKH�\LHOG�OLPLW�IRU�WKH�FRUUH �VSRQGLQJ� VDPSOH� JURXS�� OHW� WKH� IXUWKHU� LQ �FUHDVH�RI�VWUDLQLQJ�VWUHVV�DW�τ !�τ3��� EH�SUH�VHQWHG�DV

τ = τ3��� + α��*E1����⁄� � ���3HUKDSV� WKH� DERYH�PHQWLRQHG� OLQHDU�WR�SRZHU�FKDQJH�QHDU�WKH�\LHOG�OLPLW�LV�GXH�WRD�FKDQJH�LQ�WKH�FKDUDFWHU�RI�SDLUHG�LQWHUDF �WLRQ� RI� GLVORFDWLRQV�� 7KH� DYDLODEOH� H[SHUL �PHQWDO�GDWD�PDNH�LW�SRVVLEOH�WR�HYDOXDWH�WKHGLVORFDWLRQ� LQWHUDFWLRQ� FRHIILFLHQW� IURP(TV����������DQG�����DV
α�� = $���ρG�⁄� ⁄ *E� ���6XEVWLWXWLQJ� VXFFHVVLYHO\� WKH� $�� DQG� $��YDOXHV�LQWR������ZH�REWDLQ�α�  �������α�  ������7KH� VPDOO� α YDOXHV� FRUUHVSRQG� WR� D� VPDOOHQHUJ\�JDLQ�GXH�WR�WKH�SDLUHG�LQWHUDFWLRQ�RIGLVORFDWLRQV�� 7KH� GLVORFDWLRQV� LQYROYHG� LQWKH� LQWHUDFWLRQ� IRUP� FRQILJXUDWLRQV� LQ� WKHPHWDO�XQGHU�VWUDLQLQJ�WKDW�IDYRU�D�FRQVLGHU �DEOH� FRPSHQVDWLRQ� RI� WKH� LQWHUQDO� VWUHVVILHOGV�� 7KRVH� FRQILJXUDWLRQV� LQFOXGH� QRGRXEW� WKH� GLSROHV�� 7KH� GLVORFDWLRQ� LQWHUDF �WLRQ� FRHIILFLHQW� α GHWHUPLQHG� IURP� HOHFWULFUHVLVWDQFH� GDWD� LV� VPDOO�� SHUKDSV� GXH� WR� DFRQVLGHUDEOH� FRPSHQVDWLRQ� RI� WKH� HODVWLFILHOG�RI�GLSROHV�EHLQJ�WKH�PDLQ�EDUULHUV�IRUPRYLQJ�GLVORFDWLRQV�7KXV�� WKH� UHVLVWRPHWU\� LQ� VLWX� PDNHV� LWSRVVLEOH� WR� GHWHUPLQH� HIIHFWLYH� SDUDPHWHUVRI� GLVORFDWLRQ� HQVHPEOHV� IRUPHG� QHDU� WKH\LHOG� OLPLW� DQG� WR� UHYHDO� WKH� FRQWUROOLQJPHFKDQLVPV� RI� SODVWLF� IORZ� LQ� SRO\FU\VWDO �OLQH�DOXPLQXP�VDPSOHV�$XWKRUV� DUH� WKDQNIXO� WR3URI�)�)�/DYUHQWLHY� IRU� KLV� LQWHUHVW� LQ� WKLVZRUN�DQG�XVHIXO�UHPDUNV�5HIHUHQFHV���9�/�,QGHQERP��$�1�2UORY��8VS��)L]��1DXN�������������������9�,�1LNLIRUHQNR�� )�)�/DYUHQWLHY�� 8665$XWKRUV±�&HUW��������������������)�)�/DYUHQWLHY�� 9�,�1LNLIRUHQNR�� 'RNO��$NDG�1DXN�6665����������������������9�,�1LNLIRUHQNR�� )L]��0HWDO��0HWDOORYHG��� �����������������9�,�1LNLIRUHQNR�� )�)�/DYUHQWLHY�� 3�/XNDFK�=�7UR\DQRYD��)L]��1L]N��7HPS���������������������$�$�$OHNVHHY�� 6�%�*RU\DFKHY�� %�0�6WUXQLQ�LQ��(OHPHQWDU\�3URFHVVHV�RI�&U\VWDO�6WUDLQLQJ�1DXNRYD�'XPND��.LHY� �������� S���� >LQ�5XV�VLDQ@����-�*�5LGHU�� &�7�%�)R[RQ�� 3K\O��0DJ��� ���� ����������
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