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Âèçíà÷åííÿ ïîòîêîðîçïîä³ëó â ìåðåæàõ
ç ïåðåâàæàþ÷îþ äåðåâîïîä³áíîþ ñòðóêòóðîþ ãðàôà
íà îñíîâ³ ïîòåíö³àëó â ñåðåäí³é òî÷ö³ ã³ëîê-õîðä

Çàïðîïîíîâàíî àëãîðèòì RP ðîçðàõóíêó ïîòîêîðîçïîä³ëó â ðîçïîä³ëü÷èõ ìåðåæàõ ç ãðà-
ôîì G ïåðåâàæíî äåðåâîïîä³áíî¿ ñòðóêòóðè, â ÿêîìó ÷èñëî öèêë³â h íå ïåðåâèùóº êîð³íü ç
÷èñëà éîãî âóçë³â V, ïðè ë³í³éí³é çàëåæíîñò³ çì³íè ïîòåíö³àëó â³ä ñòðóìó. Àëãîðèòì îñíî-
âàíî íà ïðèâåäåíí³ ãðàôà äî äåðåâà âíàñë³äîê ðîçðèâó ã³ëîê-õîðä ïðè âèçíà÷åíí³ çíà÷åííÿ
ïîòåíö³àëó â ¿õ ñåðåäí³é òî÷ö³. Â àëãîðèòì³ äâ³÷³ ðîçðàõîâóþòüñÿ çíà÷åííÿ ñòðóì³â ïðè
ô³êñîâàíèõ çíà÷åííÿõ ïîòåíö³àë³â, îá÷èñëþâàëüíà ñêëàäí³ñòü ÿêèõ T (Å) = Î (Å), äå Å —
÷èñëî ã³ëîê ãðàôà. Äëÿ âèçíà÷åííÿ íåâ³äîìèõ ïîòåíö³àë³â â ñåðåäí³õ òî÷êàõ h ã³ëîê-õîðä
ôîðìóºòüñÿ ñèñòåìà ë³í³éíèõ ð³âíÿíü ïîðÿäêó h, êîåô³ö³ºíòè ³ ïðàâ³ ÷àñòèíè ÿêî¿ ôîð-
ìóþòüñÿ íà ï³äñòàâ³ ðåçóëüòàò³â h äîäàòêîâèõ ðîçðàõóíê³â ñòðóì³â ïðè ð³çíèõ âàð³àíòàõ
ô³êñîâàíèõ çíà÷åíü ïîòåíö³àë³â. Îá÷èñëþâàëüíà ñêëàäí³ñòü âèçíà÷åííÿ íåâ³äîìèõ ïîòåí-
ö³àë³â º âåëè÷èíîþ Î (hE*+ Å + h3), äå E* — ÷èñëî ã³ëîê åêâ³âàëåíòîâàíîãî ãðàôà G*, òîáòî
ï³äãðàôà G, óòâîðåíîãî íà îñíîâ³ çãîðòàííÿ âèñÿ÷èõ âóçë³â. Ïðè h < V 1/2 îá÷èñëþâàëüíà
ñêëàäí³ñòü àëãîðèòìó RP áóäå íå âèùå Î (V 3/2), à îáñÿã íåîáõ³äíî¿ ïàì’ÿò³ ïðîïîðö³éíèé
÷èñëó âóçë³â ãðàôà. Çàïðîïîíîâàíî ñïîñ³á àíàë³çó ñòðóêòóðè ãðàôà ðîçïîä³ëü÷î¿ ñèñòåìè,
ùî äîçâîëÿº âèÿâèòè ã³ëêè ãðàôà, âèäàëåííÿ ÿêèõ ïðèçâîäèòü äî ðîçáèòòÿ ãðàôà G* íà
îêðåì³ êîìïîíåíòè, âíàñë³äîê ÷îãî ñèñòåìà ë³í³éíèõ ð³âíÿíü ïîðÿäêó h ìîæå áóòè ðîç-
ä³ëåíà íà ï³äñèñòåìè.

Ê ë þ ÷ î â ³ ñ ë î â à: ðîçïîä³ëü÷à ìåðåæà, ïîòîêîðîçïîä³ë, åêâ³âàëåíòóâàííÿ, çãîðòêà,
ã³ëêè-õîðäè.

Ïîñòàíîâêà çàäà÷³. Ïèòàííÿ, ïîâ’ÿçàí³ ç ðîçðàõóíêîì ïîòîêîðîçïîä³ëó â
ðîçïîä³ëü÷èõ ñèñòåìàõ (ÐÑ) â çíà÷í³é ì³ð³ âèâ÷åí³ [1—6]. Ïðè ðîçðàõóí-
êàõ ïîòîêîðîçïîä³ëó â åëåêòðè÷íèõ ëàíöþãàõ âèêîðèñòîâóþòü â ÿêîñò³
çì³ííèõ çíà÷åííÿ ñòðóì³â â ã³ëêàõ ³ íàïðóã (ïîòåíö³àë³â) ó âóçëàõ. Â ã³ä-
ðàâë³÷íèõ ðîçïîä³ëü÷èõ ñèñòåìàõ (ÃÐÑ), ÿê³ º ìåðåæàìè ñòèñëèâî¿ ³ íå-
ñòèñëèâî¿ ð³äèíè, àíàëîãîì ñòðóìó º ìàñîâà âèòðàòà, à çíà÷åííÿ ïîòåí-
ö³àëó â âóçë³ â³äïîâ³äàº ïîâíîìó òèñêó. Íàäàë³, àíàëîã³÷íî [7], äëÿ âñ³õ
òåõí³÷íèõ äîäàòê³â ìåòîä³â ðîçðàõóíêó ïîòîêîðîçïîä³ëó äëÿ çì³ííî¿, ÿêà
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àñîö³þºòüñÿ ç ñòðóìîì, áóäå âèêîðèñòàíî òåðì³í «ñòðóì», à äëÿ çì³ííî¿,
ÿêà àñîö³þºòüñÿ ç ïîòåíö³àëîì, — òåðì³í «ïîòåíö³àë».

Äëÿ ðîçðàõóíêó ñòðóì³â â ã³ëêàõ ³ ïîòåíö³àë³â ó âóçëàõ íàé÷àñò³øå
âèêîðèñòîâóþòüñÿ ìåòîäè êîíòóðíèõ ñòðóì³â ³ âóçëîâèõ ïîòåíö³àë³â, îá-
÷èñëþâàëüíà ñêëàäí³ñòü ÿêèõ âèçíà÷àºòüñÿ òðóäîì³ñòê³ñòþ ð³øåííÿ ñèñòå-
ìè ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü (ÑËÀÐ) ùîäî ÷èñëà êîíòóð³â àáî âóçë³â
ãðàôà â³äïîâ³äíî [8, 9]. Ïðè öüîìó â ìåòîäàõ êîíòóðíèõ ñòðóì³â çàáåçïå-
÷óºòüñÿ ìåíøà ïîõèáêà ðîçðàõóíê³â, í³æ â ìåòîäàõ âóçëîâèõ ïîòåíö³àë³â,
÷åðåç ùî ïðè ðîçðàõóíêàõ ÃÐÑ, ÿê ïðàâèëî, íå âèêîðèñòîâóþòüñÿ ìåòîäè
âóçëîâèõ ïîòåíö³àë³â. Ïðè ðîçðàõóíêàõ ïîòîêîðîçïîä³ëó â ÃÐÑ ³ åëåêòðî-
åíåðãåòè÷íèõ ðàä³àëüíèõ ìåðåæàõ ãðàô ÐÑ ì³ñòèòü çíà÷íó ê³ëüê³ñòü ãðà-
íè÷íèõ âóçë³â, à öèêë³â â ãðàô³ àáî íåìàº, àáî ¿õ ÷èñëî â³äíîñíî íåçíà÷íå â
ïîð³âíÿíí³ ³ç çàãàëüíèì ÷èñëîì âóçë³â. Ó òàêèõ âèïàäêàõ âèíèêàº íåîáõ³ä-
í³ñòü ó ìåòîäàõ ðîçâ’ÿçàííÿ ñèñòåìè ð³âíÿíü ïîòîêîðîçïîä³ëó, ÿê³ âðàõî-
âóþòü öþ âëàñòèâ³ñòü ÐÑ.

ßêùî äëÿ äîâ³ëüíî¿ ã³ëêè ãðàôà ÐÑ çì³íà ïîòåíö³àëó â³ä ñòðóìó ìàº
âèãëÿä

�U i U v U v a r ik k k k k k k( ) ( ) ( ), ,� � � �1 2 , k E� �1 , (1)

äå ak, k E� �1 , — äåÿêå ä³éñíå ÷èñëî; rk > 0, k E� �1 , — åêâ³âàëåíò îïîðó â
åëåêòðè÷íèõ ëàíöþãàõ; ik — ñòðóì â ã³ëö³ k, k E� �1 ; vk,1 (vk, 2), k E� �1 , —
âóçîë ïî÷àòêó (ê³íöÿ) ã³ëêè k;U v U vk k( ) ( ( )), ,1 2 , k E� �1 , — çíà÷åííÿ ïîòåí-
ö³àëó â âóçë³ ïî÷àòêó (ê³íöÿ) ã³ëêè k, òî äëÿ ãðàôà òèïó äåðåâà ñòðóìè â
ã³ëêàõ ìîæóòü áóòè âèçíà÷åí³ íà îñíîâ³ çãîðòêè ñõåìè. Òîä³ ÷èñëî êðîê³â
áóäå ïðîïîðö³éíå ÷èñëó âóçë³â ãðàôà ïðè ïîñë³äîâíîìó åêâ³âàëåíòóâàíí³
âèñÿ÷èõ âóçë³â îäí³ºþ ã³ëêîþ [7, 10]. Àíàëîã³÷í³ ðåçóëüòàòè ìîæíà îòðè-
ìàòè ïðè ïîñë³äîâíîìó âèêëþ÷åíí³ íåâ³äîìèõ ç ñèñòåìè ð³âíÿíü Ìàêñ-
âåëëà ùîäî ïîòåíö³àë³â ó âóçëàõ [11], àëå òîä³ ³ñòîòíå çíà÷åííÿ ìàòèìå
çàáåçïå÷åííÿ íåîáõ³äíî¿ òî÷íîñò³, îñîáëèâî ó âèïàäêàõ, êîëè çíà÷åííÿ êîå-
ô³ö³ºíò³â îïîð³â ã³ëîê â³äð³çíÿþòüñÿ íà áàãàòî ïîðÿäê³â.

Â³äîìî, ùî, âèêîðèñòîâóþ÷è ïðîöåäóðè åêâ³âàëåíòóâàííÿ, ³íêîëè ìîæ-
íà çì³íþâàòè ñòðóêòóðó ãðàôà ìåðåæ³. ßêùî ïðè öüîìó âèÿâèòüñÿ, ùî
ïåðåòâîðåíèé ãðàô ÐÑ íå ì³ñòèòü öèêë³â, òî ðîçðàõóíîê ñòðóì³â ³ ïîòåí-
ö³àë³â ìîæíà âèêîíàòè çà ÷èñëî êðîê³â, ë³í³éíå ÷èñëó âóçë³â [7]. Àëå ïðè
âèêîíàíí³ ñï³ââ³äíîøåíü (1), êîëè ak � 0, k E� �1 , íå âäàºòüñÿ ñêîðèñòàòèñÿ
çàì³íîþ ïàðàëåëüíèõ ã³ëîê îäí³ºþ åêâ³âàëåíòíîþ, à òàêîæ âèêëþ÷åííÿì
âóçëà çà äîïîìîãîþ ïåðåòâîðåííÿ àêòèâíî¿ áàãàòîïðîìåíåâî¿ ç³ðêè â åêâ³âà-
ëåíòíèé áàãàòîêóòíèê. Òîìó äëÿ ïðèâåäåííÿ ãðàôà äî äåðåâîïîä³áíî¿
ñòðóêòóðè áóäå âèêîðèñòàíî â³äîìèé ìåòîä åêâ³âàëåíòíîãî ãåíåðàòîðà,
êîëè äî ñåðåäíüî¿ ÷àñòèíè îäí³º¿ ç ã³ëîê öèêëó äîäàþòüñÿ äâà âóçëè ç îä-
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íàêîâèìè çíà÷åííÿìè ïîòåíö³àëó ³ â³äøóêóºòüñÿ òàêå éîãî çíà÷åííÿ, ïðè
ÿêîìó ñòðóì ó äâîõ óòâîðåíèõ íîâèõ ã³ëêàõ ñï³âïàäå [2, 3, 6, 12]. Äëÿ öüîãî
ïðîïîíóºìî âèêîðèñòîâóâàòè ðîçðèâ ã³ëîê-õîðä ãðàôà G ÐÑ ç ïîäàëüøèì
çàñòîñóâàííÿì ìåòîäó çãîðòêè.

Ñòðóêòóðà ìíîæèíè âóçë³â òà ã³ëîê ïåðåâàæíî äåðåâîïîä³áíîãî

ãðàôà. Íåõàé çàäàíî ãðàô ÐÑ G V E( , ) ç ÷èñëîì âóçë³â V òà ã³ëîê E. Ââà-
æàþ÷è éîãî íåîð³ºíòîâàíèì, âèçíà÷èìî íàñòóïí³ òèïè ã³ëîê òà âóçë³â:

V1 — ìíîæèíà ãðàíè÷íèõ âóçë³â;
V2 — ìíîæèíà âóçë³â öèêë³â, äëÿ ÿêèõ ³ñíóº çàìêíåíèé øëÿõ (öèêë),

ÿêèé ïî÷èíàºòüñÿ ³ çàê³í÷óºòüñÿ â íèõ;
V3 — ìíîæèíà âóçë³â, ùî íàëåæàòü øëÿõó ì³æ äâîìà âóçëàìè ç ìíî-

æèíè V3, äå âñ³ ³íø³ âóçëè íå º âóçëàìè öèêë³â;
V4 — ìíîæèíà âíóòð³øí³õ âóçë³â äåðåâà: V4 = V – V1 – V2 – V3;
Å1— ìíîæèíà ãðàíè÷íèõ ã³ëîê — îäèí ç ³íöèäåíòíèõ ¿é âóçë³â º

ãðàíè÷íèì;
Å2 — ìíîæèíà ã³ëîê öèêë³â — ³íöèäåíòí³ ¿é âóçëè º âóçëàìè öèêë³â;
Å3 — ìíîæèíà ã³ëîê äåðåâà — ã³ëêè, äëÿ ÿêèõ õî÷à á îäèí ç ³íöèäåíò-

íèõ ¿ì âóçë³â íàëåæèòü ìíîæèí³ V4, à ³íøèé íå íàëåæèòü V4;
Å4 — ìíîæèíà ã³ëîê: Å4 = Å – Å1 – Å2 – Å3;
Å5 — ìíîæèíà ã³ëîê-õîðä (ï³äìíîæèíà Å2), òîáòî òàêå ì³í³ìàëüíå

÷èñëî ã³ëîê öèêë³â, ïðè âèêëþ÷åíí³ ÿêèõ ç ìíîæèíè Å ãðàô ñòàº äåðåâîì.
Ââåäåìî ïîíÿòòÿ âèä³ëåíîãî äåðåâà, 1-äåðåâà ³ ãðàôà ç ïåðåâàæíî äå-

ðåâîïîä³áíîþ ñòðóêòóðîþ:
âèä³ëåíå äåðåâî — öå ìàêñèìàëüíèé ï³äãðàô ãðàôà G V E( , ), â ÿêîìó

ò³ëüêè îäèí âóçîë íàëåæèòü ìíîæèí³ V3 àáî V4, à âñ³ ³íø³ âóçëè — ìíî-
æèí³ V5;

1-äåðåâî — öå çâ’ÿçíèé ãðàô, ÿêèé ì³ñòèòü âñüîãî îäíó ã³ëêó;
ãðàô ç ïåðåâàæíî äåðåâîïîä³áíîþ ñòðóêòóðîþ — öå ãðàô, â ÿêîìó

÷èñëî õîðä ìåíøå ÷èñëà âóçë³â.
Íà ðèñ. 1, à, íàâåäåíî ãðàô ç ïåðåâàæíî äåðåâîïîä³áíîþ ñòðóêòóðîþ, à

íà ðèñ. 1, á, — âñ³ éîãî âèä³ëåí³ äåðåâà. Ó íàâåäåíîìó ãðàô³ ìíîæèíè
V1—V4 ì³ñòÿòü òàê³ âóçëè:

V1 = {5, 10, 11, 12, 15, 19, 20, 21, 22, 23, 24, 26};
V2 = {1, 2, 3, 4, 6, 7, 8};
V3 = {25};
V4 = {9, 13, 14, 16, 17, 18}.
Â³äïîâ³äíî ìíîæèíè E1 — E5 ì³ñòÿòü òàê³ ã³ëêè:
E1 = {(5, 6), (9, 10), (9, 11), (12, 13), (7, 15), (18, 19), (16, 20), (16, 21),

(17, 22), (17, 23), (18, 24), (25, 26)};
E2 = {(1, 2), (1, 3), (2, 3), (2, 6), (3, 6), (4, 7), (4, 8), (7, 8)};

Âèçíà÷åííÿ ïîòîêîðîçïîä³ëó â ìåðåæàõ ç ïåðåâàæàþ÷îþ äåðåâîïîä³áíîþ ñòðóêòóðîþ
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E3 = {(8, 9), (6, 13), (7, 14), (8, 16), (13,17), (14, 18)};
E4 = {(3, 25), (4, 25)}; E5 = {(1, 3), (3, 6), (4, 8)}.
Íåõàé çàäàíî ãðàô ÐÑ, ùî ì³ñòèòü K öèêë³â, äëÿ ÿêèõ âèçíà÷åíî

ã³ëêè-õîðäè. Íåõàé òàêîæ äëÿ êîæíî¿ ç ã³ëîê ãðàôà âèçíà÷åíî êîåô³ö³ºíòè
â çàëåæíîñò³ (1). Äîâåäåìî íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 1. Çíà÷åííÿ ñòðóì³â â ã³ëêàõ ÐÑ º ë³í³éíîþ ôóíêö³ºþ â³ä
çíà÷åíü ñòðóìó ïîòåíö³àë³â â ñåðåäí³é òî÷ö³ ã³ëîê-õîðä.

Ä î â å ä å í í ÿ. Êîæíó ç ã³ëîê-õîðä ç íîìåðîì k ïðåäñòàâèìî äâîìà
ãðàíè÷íèìè ã³ëêàìè ç îäíàêîâèì çíà÷åííÿì ïîòåíö³àëó X X Xk k k, ,1 2� � ,
k h� �1 , â äîäàíèõ ãðàíè÷íèõ âóçëàõ, äå íåîáõ³äíî âèçíà÷èòè ñòðóìè ik,1 òà
ik, 2 â ã³ëêàõ, ñóì³æíèõ âóçëàì X k,1 òà X k, 2. Äëÿ ã³ëîê, ñóì³æíèõ âóçëàì X k,1
³ X k, 2, âèçíà÷èìî ñï³ââ³äíîøåííÿ äëÿ çì³íè ïîòåíö³àëó â³ä ñòðóìó â ã³ëö³
âèäó (1) ÿê âåëè÷èíó, â ÿê³é êîåô³ö³ºíòè à ³ r äîð³âíþþòü ïîëîâèí³ ¿õ
çíà÷åíü äëÿ ã³ëêè-õîðäè. Îòðèìàíèé òàêèì ñïîñîáîì ãðàô íàçâåìî ðîç-
øèðåíèì äåðåâîïîä³áíèì ãðàôîì. Äëÿ ãðàôà, ïîêàçàíîãî íà ðèñ. 1, à, ïðè
õîðäàõ {1, 3}, {3, 6}, {4, 8} ðîçøèðåíèé äåðåâîïîä³áíèé ãðàô âèãëÿäàº òàê,
ÿê ïîêàçàíî íà ðèñ 2, äå k-é ã³ëö³-õîðä³ â³äïîâ³äàþòü âóçëè X k,1 òà X k, 2.

Äëÿ áóäü-ÿêîãî ðîçøèðåíîãî äåðåâîïîä³áíîãî ãðàôà ìîæíà ñêëàñòè
ë³í³éíó ñèñòåìó ð³âíÿíü ùîäî íåâ³äîìèõ ïîòåíö³àë³â. Â êîæíîìó ç âíóò-
ð³øí³õ âóçë³â ôîðìóºìî ð³âíÿííÿ, ùî â³äïîâ³äàº ïåðøîìó ïîñòóëàòó Ê³ðõ-
ãîôà, à ñòðóì â êîæí³é ç ñóì³æíèõ âóçëó ã³ëîê âèçíà÷àºìî ³ç ñï³ââ³äíî-
øåííÿ (1) ÷åðåç çíà÷åííÿ ïîòåíö³àë³â â ³íöèäåíòíèõ ¿é âóçëàõ. ßêùî
âèÿâèòüñÿ, ùî äëÿ âíóòð³øíüîãî âóçëà â³äîì³ ñòðóìè â óñ³õ ñóì³æíèõ éîìó
ã³ëêàõ, òî òàê³ âóçëè âèêëþ÷àòèìåìî ç ðîçãëÿäó äëÿ óíèêíåííÿ âèðîä-
æåíèõ ð³âíÿíü âèäó 0 = 0. Ó òàê³é ñèñòåì³ ð³âíÿíü â³äîì³ çíà÷åííÿ ïîòåí-
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Ðèñ. 1. Îð³ºíòîâàíèé ãðàô ç ïåðåâàæíî äåðåâîïîä³áíîþ ñòðóêòóðîþ (à) ³ éîãî
âèä³ëåí³ äåðåâà (á)



ö³àë³â Pk, k h� �1 , çàäàí³ â ñåðåäí³é òî÷ö³ ã³ëêè-õîðäè, ç’ÿâëÿòüñÿ â ïðàâ³é
÷àñòèí³ ñôîðìîâàíî¿ ñèñòåìè ð³âíÿíü Ìàêñâåëëà. Îòæå, âñ³ â³äøóêóâàí³
íåâ³äîì³ çíà÷åííÿ ïîòåíö³àë³â áóäóòü ë³í³éíèìè ôóíêö³ÿìè â³ä Pk , k h� �1 ,
ùî âèïëèâàº ç ïðàâèëà Êðàìåðà âèçíà÷åííÿ íåâ³äîìèõ â ÑËÀÐ. Àëå çíà-
÷åííÿ ïîòåíö³àëó ó âóçëàõ, ñóì³æíèõ X k,1 òà X k, 2, òàêîæ ë³í³éíî çàëåæèòü
â³ä Ðk, òîìó ³ ð³çíèöÿ ïîòåíö³àë³â áóäå ë³í³éíîþ ôóíêö³ºþ â³ä Ðk. Òâåðä-
æåííÿ 1 äîâåäåíî.

Ç òâåðäæåííÿ 1 âèïëèâàº, ùî çíà÷åííÿ ñòðóì³â â ã³ëêàõ, ñóì³æíèõ X k,1
òà X k, 2, ³ ð³çíèöÿ òàêèõ ñòðóì³â º ë³í³éíèìè ôóíêö³ÿìè â³ä Xk. Îñòàííº
îçíà÷àº, ùî âíàñë³äîê ë³í³éíî¿ çàëåæíîñò³ ð³çíèö³ ñòðóì³â â³ä Ðk ìîæíà
âèçíà÷èòè òàêå éîãî çíà÷åííÿ, ïðè ÿêîìó ð³çíèöÿ ñòðóì³â äîð³âíþâà-
òèìå íóëþ.

Àëãîðèòì RP âèçíà÷åííÿ ñòðóì³â â ã³ëêàõ ³ ïîòåíö³àë³â ó âóçëàõ

ãðàôà ÐÑ. Ïðè áóäü-ÿêèõ ãðàíè÷íèõ çíà÷åííÿõ ïîòåíö³àë³â ÷è ñòðóì³â çà
óìîâè, ùî ñåðåä ãðàíè÷íèõ äàíèõ º õî÷à á îäíå çíà÷åííÿ ïîòåíö³àëó,
âèçíà÷åíå çà äîïîìîãîþ àëãîðèòìó RPR_D [7], ìîæíà îòðèìàòè íåâ³äîì³
çíà÷åííÿ ñòðóì³â ó ã³ëêàõ òà ïîòåíö³àë³â ó âóçëàõ. Àëå ïðè ïåðåõîä³ â³ä
ãðàôà, ùî ì³ñòèòü öèêëè, äî ðîçøèðåíîãî äåðåâîïîä³áíîãî ãðàôà ïðè ðîç-
ðèâàõ ã³ëîê-õîðä ïðèðîäíîþ º âèìîãà ð³âíîñò³ â òî÷ö³ ðîçðèâó çíà÷åíü
ñòðóì³â ³ ïîòåíö³àë³â. Îñê³ëüêè çíà÷åííÿ ïîòåíö³àë³â ñï³âïàäàþòü, ñë³ä
çàáåçïå÷èòè ð³âí³ñòü çíà÷åíü ñòðóì³â

i X i Xk k k k, ,( ) ( )1 2� , k h� �1 , (2)

â ã³ëêàõ, ñóì³æíèõ âóçëàì X k,1 òà X k, 2 ïðè k h� �1 .
Äëÿ äîñÿãíåííÿ ð³âíîñò³ (2) ñêîðèñòàºìîñÿ òèì, ùî çíà÷åííÿ ñòðóì³â º

ë³í³éíîþ ôóíêö³ºþ â³ä ïîòåíö³àë³â. Àëãîðèòì RP âèçíà÷åííÿ çíà÷åíü
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Ðèñ. 2. Ðîçøèðåíèé äåðåâîïîä³áíèé ãðàô äëÿ ãðàôà, ïîêà-
çàíîãî íà ðèñ. 1, à



ñòðóì³â â ã³ëêàõ-õîðäàõ, ïðè ÿêèõ äîñÿãàþòüñÿ ð³âíîñò³ (2), ïðåäñòàâèìî
íàñòóïíîþ ïîñë³äîâí³ñòþ êðîê³â.

1. Íà îñíîâ³ äåÿêî¿ ñôîðìîâàíî¿ ìíîæèíè ã³ëîê-õîðä ïîáóäóâàòè ðîç-
øèðåíèé äåðåâîïîä³áíèé ãðàô.

2. Âèáðàòè ïî÷àòêîâå çíà÷åííÿ ïîòåíö³àë³â MP â ñåðåäí³é òî÷ö³ ã³ëîê-
õîðä ³ çà äîïîìîãîþ àëãîðèòìó RPR-D [7] âèçíà÷èòè çíà÷åííÿ ñòðóì³â
i Xk k, ( )1 òà i Xk k, ( )2 , k K� �1 , ³ ¿õ ð³çíèöü:

� i MP i MP i MPk k k, , , , ,( ) ( ) ( )0 1 0 2 0� � , k h� �1 . (3)

3. Äëÿ ïîòåíö³àë³â MPj , j h� �1 , ÿê³ â³äð³çíÿþòüñÿ â³ä ïîòåíö³àë³â MP

çíà÷åííÿì ñòðóìó ò³ëüêè â j-é ã³ëö³-õîðä³ íà îäèíèöþ, çà äîïîìîãîþ
àëãîðèòìó RPR-D âèçíà÷èòè ïðèðîñòè äî ð³çíèöü ïîòåíö³àë³â:

� � �i i MP i MP i MP i MPj k j k j k j j k j j k, , , , , , ,( ) ( ) ( ) ( )� � � �1 2 0 ,

k h� �1 , j h� �1 . (4)

4. Âèçíà÷èòè ïðèðîñòè 	 j , j h� �1 , äî ïî÷àòêîâîãî çíà÷åííÿ ïîòåíö³àë³â
â ã³ëêàõ-õîðäàõ, ïðè ÿêèõ áóäóòü äîñÿãíåí³ ð³âíîñò³ (2) ç ñèñòåìè ð³âíÿíü

n

K

j n n ni i
�


� �� � �, ,	 0 , j h� �1 . (5)

5. Ç óðàõóâàííÿì ïðèðîñò³â, çíàéäåíèõ ³ç ÑËÀÐ (5), âèçíà÷èòè íåîá-
õ³äí³ çíà÷åííÿ ïîòåíö³àë³â â ñåðåäí³é òî÷ö³ ã³ëîê-õîðä, à âèõîäÿ÷è ç íèõ, —
íåâ³äîì³ çíà÷åííÿ ñòðóì³â â ã³ëêàõ ³ ïîòåíö³àë³â ó âóçëàõ ãðàôà ÐÑ.

Ïîêàæåìî, ùî àëãîðèòì RP äîçâîëÿº âèçíà÷èòè çíà÷åííÿ ñòðóì³â â
ã³ëêàõ ³ ïîòåíö³àë³â ó âóçëàõ ãðàôà ÐÑ. Ä³éñíî, â³äïîâ³äíî äî òâåðäæåí-
íÿ 1 äëÿ äîâ³ëüíîãî âåêòîðà ïîòåíö³àë³â MP â ñåðåäí³õ òî÷êàõ ã³ëîê-õîðä
ð³çíèöÿ ñòðóì³â i MP i MPk k, ,( ) ( )1 2� , k h� �1 , º ë³í³éíîþ ôóíêö³ºþ â³ä MP.
Àëå êîåô³ö³ºíòè â öèõ ôóíêö³ÿõ íåâ³äîì³. ¯õ ìîæíà âèçíà÷àòè ÿê ÷àñòêîâ³
ïîõ³äí³ ïî â³äïîâ³äí³é çì³íí³é, ÿê³ äëÿ ë³í³éíèõ çàëåæíîñòåé òî÷íî âèçíà-
÷àþòüñÿ ÷èñåëüíî ñï³ââ³äíîøåííÿìè (4).

Äëÿ ôîðìóâàííÿ ÑËÀÐ, çà äîïîìîãîþ ÿêî¿ ìîæíà âèçíà÷èòè íåîá-
õ³äí³ çíà÷åííÿ ïîòåíö³àë³â Xk, k h� �1 , íåîáõ³äíî çíàéòè ïðàâó ÷àñòèíó
êîæíîãî ç ð³âíÿíü. Ó òî÷ö³ ðîçâ’ÿçêó ïîõèáêè äîð³âíþþòü íóëþ. Òîìó
íåâ³äîì³ ïðèðîñòè ïî÷àòêîâèõ çíà÷åíü ñòðóì³â ìîæíà øóêàòè ìåòîäîì
Íüþòîíà. Ñàìå ôîðìóëà ìåòîäó Íüþòîíà äëÿ ë³í³éíî¿ ñèñòåìè ð³âíÿíü
ìàº âèãëÿä ÑËÀÐ (5). Îñê³ëüêè çíà÷åííÿ ïîòåíö³àë³â º ë³í³éíîþ ôóíê-
ö³ºþ, äëÿ ³òåðàö³éíîãî ïðîöåñó íåîáõ³äíî âñüîãî îäíà ³òåðàö³ÿ ìåòîäó
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Íüþòîíà. Îòæå, àëãîðèòì RP äîçâîëÿº âèçíà÷èòè íåâ³äîì³ ñòðóìè ³ ïîòåí-
ö³àëè â ÐÑ ç ãðàôîì, ùî ì³ñòèòü öèêëè.

Îá÷èñëþâàëüíà ñêëàäí³ñòü àëãîðèòìó RP. Íà êðîö³ 1 ôîðìóºòüñÿ
ìíîæèíà ã³ëîê-õîðä, ÷èñëî ÿêèõ K äëÿ îäíîçâ‘ÿçíîãî ãðàôà äîð³âíþº
÷èñëó ã³ëîê ì³íóñ ÷èñëî âóçë³â ïëþñ îäèíèöÿ. Ïðè ÷èñë³ ã³ëîê-õîðä, ùî íå
ïåðåâèùóº ÷èñëà âóçë³â, àëãîðèòìè ¿õ âèáîðó õàðàêòåðèçóþòüñÿ îá÷èñ-
ëþâàëüíîþ ñêëàäí³ñòþ Î (V).

Ïî÷àòêîâå íàáëèæåííÿ ïîòåíö³àë³â â ã³ëêàõ-õîðäàõ ìîæíà âèáðàòè
äîâ³ëüíî, îñê³ëüêè äëÿ ë³í³éíèõ çàëåæíîñòåé ÷àñòêîâ³ ïîõ³äí³ íå çàëåæàòü
â³ä çíà÷åíü çì³ííèõ. Íåõàé âñ³ çíà÷åííÿ ïîòåíö³àë³â äîð³âíþþòü íóëþ.
Äëÿ ïðèñâîºííÿ çíà÷åíü ïîòåíö³àëàì â ñåðåäí³õ òî÷êàõ ã³ëîê-õîðä ³ ôîð-
ìóâàííÿ çàëåæíîñòåé (1) â ã³ëêàõ, ñóì³æíèõ âóçëàì Xk,1, Xk,2, íåîáõ³äíå
÷èñëî êðîê³â, ïðîïîðö³éíå h < V. Ïðè äîâ³ëüíèõ çíà÷åííÿõ ïîòåíö³àë³â
âèçíà÷åííÿ ñòðóì³â ik,1, ik,2, k h� �1 , äëÿ ðîçøèðåíîãî äåðåâîïîä³áíîãî
ãðàôà ïîòðåáóº âèêîíàííÿ ÷èñëà êðîê³â, ÿêå îö³íþºòüñÿ âåëè÷èíîþ Î (V +
+ 2h), òà Î (h) îïåðàö³é âèçíà÷åííÿ ÷àñòêîâèõ ïîõ³äíèõ â (4). Òîìó íà êðîö³
3 àëãîðèòìó ÷èñëî åëåìåíòàðíèõ êðîê³â º âåëè÷èíîþ ïîðÿäêó Î (hV).

Íà êðîö³ 4 ³ç ÑËÀÐ (5) âèçíà÷àþòüñÿ ïðèðîñòè 	 j , j h� �1 , äî ïî÷àòêî-
âîãî çíà÷åííÿ ïîòåíö³àë³â MP, ïðè ÿêèõ äîñÿãàþòüñÿ ð³âíîñò³ â (2). Íåîá-
õ³äíå äëÿ öüîãî ÷èñëî åëåìåíòàðíèõ êðîê³â íå ïåðåâèùóº âåëè÷èíè O (h3).
Íà êðîö³ 5 çíîâó âèçíà÷àþòüñÿ çíà÷åííÿ ñòðóì³â â ã³ëêàõ ³ ïîòåíö³àë³â ó
âóçëàõ çã³äíî ç àëãîðèòìîì RPR_D àíàëîã³÷íî êðîêó 2, îá÷èñëþâàëüíà
ñêëàäí³ñòü ÿêîãî T (V) = O (V). Ï³äñóìîâóþ÷è çàãàëüíå ÷èñëî êðîê³â, îòðè-
ìóºìî çàãàëüíó îá÷èñëþâàëüíó ñêëàäí³ñòü àëãîðèòìó RP: T (V, h) = O ((h +
+ 2) V + h3). Ïðè ÷èñë³ ã³ëîê-õîðä íå á³ëüøå V âîíà âèÿâèòüñÿ âåëè÷èíîþ
ïîðÿäêó O (V1,5).

Ïðèñêîðåííÿ ðîáîòè àëãîðèòìó RP. ßêùî â ãðàô³ ÐÑ â³äñóòí³ öèê-
ëè, àëãîðèòì RP ïðàêòè÷íî çá³ãàºòüñÿ ç àëãîðèòìîì RPR_D. Àëå ïðè ÷èñë³
öèêë³â h > 0 ñë³ä ïðîâîäèòè h + 2 ðîçðàõóíêè ñòðóì³â â ã³ëêàõ ³ ïîòåíö³àë³â
ó âóçëàõ ìåðåæ³, íà êîæíîìó ç ÿêèõ ó ïîâíîìó îáñÿç³ âèêîðèñòîâóâàòè
àëãîðèòì RPR_D. Ïðè öüîìó íåîáõ³äíî äîäàòêîâî ðîçðàõîâóâàòè çáàëàí-
ñîâàíèé ó âóçëàõ ðîçïîä³ë ïîñò³éíèõ çíà÷åíü ñòðóì³â çã³äíî (2), à ïðè
âèð³øåíí³ ÑËÀÐ âèçíà÷èòè K íåâ³äîìèõ ñòðóì³â â ã³ëêàõ-õîðäàõ. Îá÷èñ-
ëþâàëüíà ñêëàäí³ñòü îäíîðàçîâîãî âèêîðèñòàííÿ àëãîðèòìó RPR_D º âå-
ëè÷èíîþ ïîðÿäêó O (V). Îá÷èñëþâàëüíó ñêëàäí³ñòü îäíîðàçîâîãî ð³øåííÿ
ÑËÀÐ ç ïîâí³ñòþ çàïîâíåíîþ ñèìåòðè÷íîþ ìàòðèöåþ êîåô³ö³ºíò³â áåç
ãàðàíòîâàíîãî ä³àãîíàëüíîãî ïåðåâàæàííÿ ìîæíà îö³íèòè âåëè÷èíîþ
ïîðÿäêó O (h3). Òîìó çàãàëüíà îá÷èñëþâàëüíà ñêëàäí³ñòü àëãîðèòìó RP
T V c O V cV c( , ) ( )� � �� � �1 2 3

3 , äå � � �1 2 3, , — äåÿê³ êîíñòàíòè, ÿê³ ïðè
h V
 îö³íþþòüñÿ çâåðõó âåëè÷èíîþ O V( )/3 2 .

Âèçíà÷åííÿ ïîòîêîðîçïîä³ëó â ìåðåæàõ ç ïåðåâàæàþ÷îþ äåðåâîïîä³áíîþ ñòðóêòóðîþ
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Âàæëèâî çàçíà÷èòè, ùî ïðè h + 2 ðîçðàõóíêàõ ñòðóì³â â ã³ëêàõ ³ ïî-
òåíö³àë³â ó âóçëàõ ìåðåæ³ â àëãîðèòì³ RP êîæåí ðàç ðåàë³çóºòüñÿ îäíà ³ òà
æ çàì³íà âèñÿ÷èõ âóçë³â âèõ³äíîãî ãðàôà â³äïîâ³äíèìè åêâ³âàëåíòíèìè
ã³ëêàìè. Î÷åâèäíî, ùî îá÷èñëþâàëüíó ñêëàäí³ñòü àëãîðèòìó RP ìîæíà
çìåíøèòè, ÿêùî ÷àñòèíó öèõ îïåðàö³é âèêîíóâàòè âñüîãî îäèí ðàç. Äî
÷èñëà òàêèõ îïåðàö³é âõîäÿòü ðîçðàõóíîê îïîðó ³ ïðîâ³äíîñò³ åêâ³âà-
ëåíòíî¿ ã³ëêè òà ðîçðàõóíîê ãðàíè÷íîãî çíà÷åííÿ ïîòåíö³àëó äëÿ åêâ³âà-
ëåíòíî¿ ã³ëêè ïðè çàì³í³ íåþ âíóòð³øíüîãî âóçëà ãðàôà ç ìíîæèíè V5.

Íåõàé äëÿ îð³ºíòîâàíîãî ãðàôà (äèâ. ðèñ. 1) â ÿêîñò³ ãðàíè÷íèõ óìîâ
çàäàíî âèêëþ÷íî çíà÷åííÿ ïîòåíö³àë³â. Âèáåðåìî â ÿêîñò³ ïî÷àòêîâîãî
âóçëà äëÿ àëãîðèòìó RPR_D âóçîë 1. Òîä³ ïðè â³äîìèõ çíà÷åííÿõ êîå-
ô³ö³ºíò³â ð³âíÿíü (1) ã³ëêè, ñóì³æí³ âóçëàì 17, 18, 16, 9, 14 ³ 13, ìîæíà
ïîñë³äîâíî çàì³íþâàòè îäí³ºþ åêâ³âàëåíòíîþ ã³ëêîþ çã³äíî ç àëãîðèòìîì
çãîðòêè [7]. Ïðè åêâ³âàëåíòóâàíí³ çíà÷åííÿ êîåô³ö³ºíò³â â (1) íå çàëå-
æàòèìóòü â³ä MPj , j h� �1 . Îòæå, òàêó îïåðàö³þ çãîðòàííÿ ìîæíà ðåàë³çî-
âóâàòè ëèøå îäèí ðàç äëÿ ïîòåíö³àë³â, à âñ³ íàñòóïí³ îïåðàö³¿ êðîêó 3
âèêîíóâàòè äëÿ ï³äãðàôà ìåíøîãî ðîçì³ðó, ÿêèé óìîâíî íàçâåìî åêâ³-
âàëåíòîâàíèì. Åêâ³âàëåíòîâàíèé ãðàô G* ãðàôà G (äèâ. ðèñ. 1) çîáðàæåíèé
íà ðèñ. 3, à, äå íàï³âæèðíèìè ë³í³ÿìè îçíà÷åí³ åêâ³âàëåíòí³ ã³ëêè, à øòðè-
õîì — åêâ³âàëåíòí³ âóçëè, äëÿ ÿêèõ âèçíà÷åíî åêâ³âàëåíòí³ ãðàíè÷í³ çíà-
÷åííÿ ïîòåíö³àë³â. Åêâ³âàëåíòîâàíèé ãðàô ì³ñòèòü ìåíøó ê³ëüê³ñòü ã³ëîê,
Å *= 17, ³ âóçë³â, V *= 15, ùî â äåÿêèõ âèïàäêàõ ìîæå ñóòòºâî çìåíøèòè
ê³ëüê³ñòü êðîê³â àëãîðèòìó RP.

Äðóãèé ñïîñ³á çìåíøåííÿ îá÷èñëþâàëüíî¿ ñêëàäíîñò³ ïîâ’ÿçàíèé ç
òèì, ùî ó ãðàô³â G ³ G* íàÿâíà íåïóñòà ìíîæèíà ã³ëîê E4 = {(3, 25), (4, 25)}.
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Ðèñ. 3. Ïîñë³äîâíå çìåíøåííÿ ðîçì³ðó ãðàôà: à — åêâ³âàëåíòîâàíèé ãðàô; á —
åêâ³âàëåíòóâàííÿ ÷àñòèíè ãðàôà, ÿêà ì³ñòèòü öèêë, ã³ëêîþ {25, 4 ��}



Ðîçðèâ áóäü-ÿêî¿ ç íèõ ïðèçâåäå äî ïîä³ëó ãðàôà íà äâ³ êîìïîíåíòè ç
ìåíøèì ÷èñëîì öèêë³â â êîæí³é ç íèõ. Ïðè öüîìó â ðåçóëüòàò³ äâîõ
ïîñë³äîâíèõ ðîçðàõóíê³â âèòðàò â ã³ëêàõ ³ ïîòåíö³àë³â ó âóçëàõ îäí³º¿ ç
êîìïîíåíò ¿¿ ìîæíà çàì³íèòè îäí³ºþ ã³ëêîþ. Äëÿ êîìïîíåíòè, ùî ì³ñòèòü
âóçîë öèêëó 8 (ðèñ. 3, á), ÷èñëî ã³ëîê Å**= 10, âóçë³â V**= 9, à ÷èñëî
ã³ëîê-õîðä äîð³âíþº äâîì. Ïðè ðîçâ’ÿçóâàíí³ ÑËÀÐ öå çàáåçïå÷óº çìåí-
øåííÿ îá÷èñëþâàëüíî¿ ñêëàäíîñò³.

Íåîáõ³äíî çàçíà÷èòè, ùî â àëãîðèòì³ RP íå ïåðåäáà÷àëîñÿ ôîðìó-
âàííÿ ìíîæèíè ã³ëîê E4. Òîìó äëÿ îö³íêè îá÷èñëþâàëüíî¿ ñêëàäíîñò³
âàð³àíòó ìîäèô³êàö³¿ àëãîðèòìó RP, â ÿêîìó âèêîðèñòàíî ðîçáèòòÿ ãðàôà
íà êîìïîíåíòè ïî ã³ëêàõ ìíîæèíè E4, íåîáõ³äíî ðîçãëÿíóòè àëãîðèòì
ôîðìóâàííÿ E4. Çã³äíî îçíà÷åííÿ Å4 = Å – Å1 – Å2 – Å3. Òîìó â àëãîðèòì³
ôîðìóâàííÿ E4 ïåðåäáà÷àºòüñÿ îêðåìå îòðèìàííÿ ìíîæèíè ã³ëîê Å1 � Å2

òà ìíîæèíè Å3.
Âèçíà÷åííÿ ìíîæèíè ã³ëîê Å1 � Å2. Ã³ëêè ãðàôà G íàçâåìî ïîì³÷åíè-

ìè, ÿêùî ¿õ âêëþ÷åíî äî Å1 � Å2. Âñ³ì ã³ëêàì ãðàôà â äåÿêîìó ìàñèâ³ Ì

ïðèñâî¿ìî çíà÷åííÿ M i[ ]= 1. Ã³ëêó ³ â³äíåñåìî äî ìíîæèíè ïîì³÷åíèõ òà
ïðèñâî¿ìî ¿é çíà÷åííÿ M i[ ] = 0, ÿêùî ñåðåä ìíîæèíè ã³ëîê, ñóì³æíèõ
âóçëó, âîíà áóäå ºäèíîþ íåïîì³÷åíîþ. Íåõàé ku, u V� �1 , — ÷èñëî ã³ëîê,
ñóì³æíèõ âóçëó u. Ïðîöåñ ôîðìóâàííÿ ïî÷èíàºòüñÿ ç ãðàíè÷íèõ âóçë³â.
Êîæíîìó ç íèõ ñóì³æíà âñüîãî îäíà ãðàíè÷íà ã³ëêà. Òîìó âñ³ ãðàíè÷í³
ã³ëêè i ñòàþòü ïîì³÷åíèìè ³ äëÿ íèõ M i[ ] = 0. Ïðè êîæíîìó âêëþ÷åíí³
ãðàíè÷íèõ ã³ëîê â ÷èñëî ïîì³÷åíèõ ó ñóì³æíîìó âóçë³ ÷èñëî íåïîì³÷åíèõ
ã³ëîê çìåíøóºòüñÿ íà îäèíèöþ òà äîð³âíþâàòèìå ñóì³ M iu[ ], äå ju — ã³ëêè
ãðàôà, ñóì³æí³ âóçëó u. Çà íàÿâíîñò³ âíóòð³øí³õ âóçë³â u, äëÿ ÿêèõ ku = 1,
ïîì³÷åíîþ ñòàíå íåïîì³÷åíà ã³ëêà ³, à äëÿ âóçëà w, ñóì³æíîãî u ïî ã³ëö³ ³,
íà îäèíèöþ çìåíøèòüñÿ ÷èñëî kw. Ïðîöåñ áóäå ïðîäîâæóâàòèñÿ, äîêè
áóäóòü ³ñíóâàòè âóçëè u, äëÿ ÿêèõ ku = 1.

Äëÿ ãðàôà, íàâåäåíîãî íà ðèñ. 1, à, ïîñë³äîâí³ñòü âóçë³â u ïðè ku = 1
áóäå íàñòóïíîþ (ãðàíè÷í³ âóçëè âêàçàí³ â ïîðÿäêó çðîñòàííÿ ¿õ íîìåðà):
5, 10, 11, 12, 15, 19, 20, 21, 22, 23, 24, 26, 9, 16, 17, 18, 13, à ìíîæèíà ã³ëîê
Å1 � Å2 = {(6, 5), (9, 10), (9, 11), (13, 12), (7, 15), (18, 19), (16, 20), (16, 21),
(17, 22), (17, 23), (18, 24), (25, 26), (8, 9), (8, 16), (13, 17), (14, 18), (6, 13)}, äå
âíóòð³øí³ âóçëè òà â³äïîâ³äí³ ¿ì ïîì³÷åí³ ã³ëêè ïîçíà÷åíî íàï³âæèðíèì
øðèôòîì.

Âèçíà÷åííÿ ìíîæèíè ã³ëîê Å3. Äëÿ àëãîðèòìó âèçíà÷åííÿ íåâ³äîìèõ
ñòðóì³â ó ã³ëêàõ òà ïîòåíö³àë³â ó âóçëàõ RPR_D îäí³ºþ ç îáîâ’ÿçêîâèõ
îïåðàö³é áóëà ïîáóäîâà êîðåíåâîãî äåðåâà ìåòîäîì ïîøóêó â øèðèíó, äå
êîðåíåì º äåÿêèé ãðàíè÷íèé âóçîë [7]. Äëÿ êîæíîãî âóçëà áóëè âèçíà÷åí³
éîãî ã³ëêà-ïðåäîê òà âóçîë-ïðåäîê. Òàêà æ îïåðàö³ÿ íåîáõ³äíà ³ äëÿ àëãî-

Âèçíà÷åííÿ ïîòîêîðîçïîä³ëó â ìåðåæàõ ç ïåðåâàæàþ÷îþ äåðåâîïîä³áíîþ ñòðóêòóðîþ

ISSN 0204–3572. Åëåêòðîí. ìîäåëþâàííÿ. 2018. Ò. 40. ¹ 2 11



ðèòìó RP, îñê³ëüêè ïîòð³áíî âèçíà÷àòè ã³ëêè-õîðäè, à ìåòîä ïîøóêó â
øèðèíó äëÿ öüîãî º íàéåôåêòèâí³øèé, ùî îáóìîâëåíî îá÷èñëþâàëüíîþ
ñêëàäí³ñòþ Î (Å).

Íåõàé â ðåçóëüòàò³ ðîáîòè àëãîðèòìó ïîøóêó â øèðèíó âèçíà÷åíî
ìíîæèíó ã³ëîê-õîðä Å5. Ïîì³òèìî ¿õ ³íøèì ñïîñîáîì, í³æ ã³ëêè ìíîæèí
Å1 � Å2. Íàïðèêëàä, ã³ëö³-õîðä³ j â ìàñèâ³ M íàäàìî çíà÷åííÿ 2, òîáòî M j[ ] =
= 2. Ñôîðìóºìî ìíîæèíó Å3 íà îñíîâ³ ïîáóäîâè öèêë³â, ïî÷èíàþ÷è ç
ã³ëîê-õîðä. Äîâ³ëüíó ã³ëêó-õîðäó j â³äíåñåìî äî ìíîæèíè Å3 òà íàäàìî ¿é
çíà÷åííÿ M j[ ]= 2. Âèçíà÷èìî ³íöèäåíòí³ ¿é âóçëè u òà v, ÿê³ äëÿ çðó÷íîñò³
áóäåìî íàçèâàòè àíàë³çîâàíèìè. Ïðè ðîáîò³ àëãîðèòìó ìåòîäó â øèðèíó
âèçíà÷àëèñÿ ð³âí³ âóçë³â â êîðåíåâîìó îñòîâíîìó äåðåâ³. ßêùî ð³âåíü îä-
íîãî ç àíàë³çîâàíèõ âóçë³â, íàïðèêëàä âóçëà v, á³ëüøèé íà îäèíèöþ çà ð³-
âåíü ³íøîãî, òî äëÿ âóçëà v âèçíà÷àºìî ã³ëêó-ïðåäêà iv, íàäàºìî ¿é çíà÷åííÿ
M iv[ ] = 2, à çàì³ñòü v íîâèì àíàë³çîâàíèì âóçëîì ñòàº âóçîë-ïðåäîê v.

Ïîð³âíþºìî çíà÷åííÿ àíàë³çîâàíèõ âóçë³â u òà v. ßêùî âîíè ñï³âïàëè,
òî öèêë ñôîðìîâàíî, ³ ïåðåõîäèìî äî ôîðìóâàííÿ ìíîæèíè ã³ëîê ³íøîãî
öèêëó äëÿ íàñòóïíî¿ ã³ëêè-õîðäè. ßêùî u � v, òî âèçíà÷àºìî ã³ëêè-ïðåäêè
iu òà iv, âíîñèìî ¿õ äî ìíîæèíè Å3, íàäàºìî ¿ì çíà÷åííÿ M iu[ ]= 2 ³ M iv[ ]=
2, à âóçëè u òà v çàì³íþºìî ¿õ ïðåäêàìè. Òàê³ îïåðàö³¿ ïðîâîäèìî, äîêè íå
áóäå âèêîíàíî óìîâó u = v.

Äëÿ ãðàôà, íàâåäåíîãî íà ðèñ. 1, à, ïðè ðîáîò³ àëãîðèòìó ìåòîäó ïî-
øóêó â øèðèíó äëÿ ïî÷àòêîâîãî âóçëà 5 îòðèìàºìî íàñòóïí³ ð³âí³ âóçë³â:

0: 5;
1: 6;
2: 2, 3, 13;
3: 1, 25, 12, 17;
4: 26, 4, 22, 23;
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Ã³ëêà-
õîðäà

Àíàë³çîâàíèé
âóçîë

Ð³âåíü
àíàë³çîâàíîãî

âóçëà

Ã³ëêà-ïðåäîê
àíàë³çîâàíîãî

âóçëà

Âóçîë-ïðåäîê
àíàë³çîâàíîãî

âóçëà

×è ñï³âïàëè
âóçëè-ïðåäêè

(2, 3) 2 2 (2, 6) 6 Òàê

3 2 (3, 6) 6

(1, 3) 1 3 (1, 2) 2 —

3 2

2 2 (2, 6) 6 Òàê

3 2 (3, 6) 6

(7, 8) 7 5 (4, 7) 4 Òàê

8 5 (4, 8) 4

Ïîñë³äîâíå ôîðìóâàííÿ ìíîæèíè Å3 íà îñíîâ³ ã³ëîê-õîðä



5: 7, 8;
6: 14, 15, 9, 16;
7: 18, 10, 11, 20, 21;
8: 19, 24

òà ã³ëêè-õîðäè:
(2, 3), (1, 3), (7, 8).
Ïîñë³äîâíå ôîðìóâàííÿ ìíîæèíè Å3 íà îñíîâ³ ã³ëîê-õîðä íàâåäåíî â

òàáëèö³, ç ÿêî¿ âèäíî, ùî äî ìíîæèíè Å3 âíåñåíî ã³ëêè (2, 3), (2, 6), (3, 6),
(1, 3), (1, 2), (7, 8), (4, 7) òà (4, 8). Îñê³ëüêè Å4 = Å – Å1 – Å2 – Å3, äî ìíîæèíè
Å4 ââ³éäóòü ã³ëêè, ùî íå ââ³éøëè äî Å1 � Å2 � Å3, òîáòî ã³ëêè k, äëÿ
ÿêèõ M [k] = 1, à ñàìå ã³ëêè (3, 25) òà (25, 4).

Çà ðåçóëüòàòàìè àíàë³çó îá÷èñëþâàëüíî¿ ñêëàäíîñò³ àëãîðèòìó ôîð-
ìóâàííÿ ìíîæèíè Å4 îòðèìàºìî íàñòóïíå:

÷èñëî êðîê³â ïðè ôîðìóâàíí³ ìíîæèíè Å1 � Å2 º âåëè÷èíîþ Î (Å);
êîæíà îïåðàö³ÿ âèçíà÷åííÿ ã³ëîê öèêë³â äëÿ ã³ëêè-õîðäè ïîòðåáóº

÷èñëà êðîê³â, ÿêå íå ïåðåâèùóº Î (V) ïðè ÷èñë³ ã³ëîê-õîðä h < V1/2, òîáòî º
âåëè÷èíîþ ïîðÿäêó Î (V3/2);

âèÿâëåííÿ ã³ëîê k, äëÿ ÿêèõ M [k] = 1 ïîòðåáóº ÷èñëà êðîê³â Î (Å).
Îòæå, çàãàëüíà îá÷èñëþâàëüíà ñêëàäí³ñòü àëãîðèòìó ôîðìóâàííÿ

ìíîæèíè Å4 º âåëè÷èíîþ ïîðÿäêó Î (V3/2). Òàê³ îïåðàö³¿ âèêîíóþòüñÿ îê-
ðåìî äî ïî÷àòêó ðîçðàõóíêó íåâ³äîìèõ ñòðóì³â ó ã³ëêàõ òà ïîòåíö³àë³â ó
âóçëàõ, òîìó íå çì³íþþòü çàãàëüíîãî ð³âíÿ îá÷èñëþâàëüíî¿ ñêëàäíîñò³
ïîðÿäêó Î (V 3/2).

Ñë³ä òàêîæ çàçíà÷èòè, ùî îá÷èñëþâàëüíó ñêëàäí³ñòü àëãîðèòìó RP
ìîæå áóòè çìåíøåíî òàêîæ âíàñë³äîê òîãî, ùî ïðè îá÷èñëåííÿõ íà êðîö³ 3
çíà÷åííÿ åêâ³âàëåíòíèõ êîåô³ö³ºíò³â îïîðó íå çàëåæàòü â³ä MP òà MPj ,
j K� �1 , ïðè ðîáîò³ àëãîðèòìó RPR_D ³ òîìó ¿õ ìîæíà âèçíà÷àòè ëèøå
îäèí ðàç.

Âèñíîâêè

Â çàïðîïîíîâàíîìó àëãîðèòì³ RP âèçíà÷åííÿ ñòðóì³â â ã³ëêàõ ³ ïîòåí-
ö³àë³â ó âóçëàõ âèêîðèñòàíî ³äåþ ìåòîäó åêâ³âàëåíòíîãî ãåíåðàòîðà. Äëÿ
ÐÑ, ãðàôè ÿêèõ ì³ñòÿòü â³äíîñíî íåâåëèêå ÷èñëî öèêë³â, ùî ìåíøå êîðåíÿ
ç ÷èñëà âóçë³â, îá÷èñëþâàëüíà ñêëàäí³ñòü àëãîðèòìó RP àñèìïòîòè÷íî íå
ïåðåâèùóº ñêëàäíîñò³ ³íøèõ ìåòîä³â íå³òåðàö³éíîãî âèçíà÷åííÿ ñòðóì³â ó
ã³ëêàõ òà ïîòåíö³àë³â ó âóçëàõ ïðè ë³í³éíèõ çàëåæíîñòÿõ ð³çíèöü ïîòåíö³à-
ë³â â³ä ñòðóì³â. Ïðè öüîìó íà êîæíîìó êðîö³ îá÷èñëåíü íåîáõ³äíèé îáñÿã
ïàì’ÿò³ º âåëè÷èíîþ íå âèùå Î (Å).
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ÎÏÐÅÄÅËÅÍÈÅ ÏÎÒÎÊÎÐÀÑÏÐÅÄÅËÅÍÈß Â ÑÅÒßÕ
Ñ ÏÐÅÎÁËÀÄÀÞÙÅÉ ÄÐÅÂÎÂÈÄÍÎÉ ÑÒÐÓÊÒÓÐÎÉ ÃÐÀÔÀ
ÍÀ ÎÑÍÎÂÅ ÇÍÀ×ÅÍÈÉ ÏÎÒÅÍÖÈÀËÀ Â ÑÐÅÄÍÅÉ ÒÎ×ÊÅ ÂÅÒÂÅÉ-ÕÎÐÄ

Ïðåäëîæåí àëãîðèòì RP ðàñ÷åòà ïîòîêîðàñïðåäåëåíèÿ â ðàñïðåäåëèòåëüíûõ ñåòÿõ ñ
ãðàôîì G ïðåîáëàäàþùåé äðåâîâèäíîé ñòðóêòóðû, â êîòîðîì ÷èñëî öèêëîâ h íå ïðåâû-
øàåò êîðíÿ èç ÷èñëà åãî óçëîâ V, ïðè ëèíåéíûõ çàâèñèìîñòÿõ èçìåíåíèÿ ïîòåíöèàëà îò
òîêà. Àëãîðèòì îñíîâàí íà ïðèâåäåíèè ãðàôà ê äåðåâó âñëåäñòâèå ðàçðûâà âåòâåé-õîðä è
îïðåäåëåíèÿ çíà÷åíèÿ ïîòåíöèàëà â èõ ñðåäíåé òî÷êå. Â àëãîðèòìå ïðåäóñìîòðåíî äâà
âàðèàíòà ðàñ÷åòà çíà÷åíèé òîêîâ ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ ïîòåíöèàëîâ, âû÷èñëè-
òåëüíàÿ ñëîæíîñòü êîòîðûõ T (Å) = Î (Å), ãäå Å — ÷èñëî âåòâåé ãðàôà. Äëÿ îïðåäåëåíèÿ
íåèçâåñòíûõ ïîòåíöèàëîâ â ñðåäíèõ òî÷êàõ h âåòâåé-õîðä ôîðìèðóåòñÿ ñèñòåìà ëèíåéíûõ
óðàâíåíèé ïîðÿäêà h, êîýôôèöèåíòû è ïðàâûå ÷àñòè êîòîðîé ôîðìèðóþòñÿ ïî ðåçóëü-
òàòàì h äîïîëíèòåëüíûõ ðàñ÷åòîâ òîêîâ ïðè ðàçíûõ âàðèàíòàõ ôèêñèðîâàííûõ çíà÷åíèé
ïîòåíöèàëîâ. Âû÷èñëèòåëüíàÿ ñëîæíîñòü îïðåäåëåíèÿ íåèçâåñòíûõ ïîòåíöèàëîâ è òîêîâ
ÿâëÿåòñÿ âåëè÷èíîé ïîðÿäêà Î (hE* + Å + h3), ãäå E* — ÷èñëî âåòâåé ýêâèâàëåíòîâàííîãî ãðà-
ôà G*, ò.å. ïîäãðàôà G, ïîëó÷åííîãî íà îñíîâàíèè ñâîðà÷èâàíèÿ âèñÿ÷èõ óçëîâ. Ïðè h < V 1/2

âû÷èñëèòåëüíàÿ ñëîæíîñòü àëãîðèòìà RP áóäåò âåëè÷èíîé ïîðÿäêà íå âûøå Î (V 3/2), à
îáúåì íåîáõîäèìîé ïàìÿòè ïðîïîðöèîíàëåí ÷èñëó óçëîâ ãðàôà. Ïðåäëîæåí ñïîñîá àíà-
ëèçà ñòðóêòóðû ãðàôà ðàñïðåäåëèòåëüíîé ñèñòåìû, ïîçâîëÿþùèé âûÿâèòü âåòâè ãðàôà,
óäàëåíèå êîòîðûõ ïðèâîäèò ê ðàçáèåíèþ ãðàôà G* íà êîìïîíåíòû, âñëåäñòâèå ÷åãî
ñèñòåìà ëèíåéíûõ óðàâíåíèé ïîðÿäêà h ìîæåò áûòü ðàçäåëåíà íà ïîäñèñòåìû.

Ê ë þ ÷ å â û å ñ ë î â à: ðàñïðåäåëèòåëüíàÿ ñåòü, ïîòîêîðàñïðåäåëåíèå, ýêâèâàëåíòèðîâà-
íèå, ñâåðòêà, âåòâè-õîðäû.

Âèçíà÷åííÿ ïîòîêîðîçïîä³ëó â ìåðåæàõ ç ïåðåâàæàþ÷îþ äåðåâîïîä³áíîþ ñòðóêòóðîþ
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S.D. Vynnychuk

DEFINITION OF FLOW DISTRIBUTION IN NETWORKS
WITH THE PREDOMINANT TREE STRUCTURE
OF THE GRAPH ON THE BASIS OF POTENTIAL VALUES
AT THE MIDPOINT OF BRANCH-CHORDS

An algorithm RP is proposed for calculating the flow distribution in distributive networks with
graph G of the dominant tree structure, in which the number of cycles h does not exceed the root
from the number of its nodes V, with linear dependences of the potential change on the current.
The algorithm is based on reducing the graph to a tree by breaking the branches-chords and deter-
mining the value of the potential at their midpoint. The algorithm provides for the calculation of
two currents for fixed potentials, the computational complexity of which is T (E) = O (E), where E
is the number of branches of the graph. To determine the unknown potentials at the midpoints h of
the branches-chords, a system of linear equations of the order h is formed, the coefficients and
right-hand parts of which are formed from the results of h additional calculations of currents for
different variants of fixed values of the potentials. The computational complexity of determining
the unknown potentials and currents is of the order O (hE *+ E + h3), where E * is the number of
branches of the equivalent graph G *, i.e., the subgraph G obtained on the basis of the folding of
the hanging nodes. For h <V 1/2, the computational complexity of the RP algorithm will be the or-
der of magnitude no higher than O (V 3/2), and the amount of necessary memory is proportional to
the number of nodes in the graph. For h <V 1/2, the computational complexity of the RP algorithm
will be the order of magnitude no higher than O (V 3/2), and the amount of necessary memory is
proportional to the number of nodes in the graph. A method for analyzing the structure of the
graph of the distribution system is proposed, which allows identifying the branches of the graph,
the removal of which leads to the decomposition of the graph G* into components whereby the
system of linear equations of order h can be divided into subsystems.

K e y w o r d s: distribution network, flow distribution, equivalence, convolution, branches-
chords.
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