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MATHEMATICAL MODEL AND GENERALIZED SOLUTION
METHOD DIRCHELE PROBLEMS OF HEAT EXCHANGE OF
RADIATION BODY

Y crarmi 3a JOIIOMOTI'OXO p03p06neH0r0 HOBOTI'O iHTeraJ'IBHOFO NIEPETBOPCHHA 3HaI>'IZ[€HO
TEeMIIepaTypHe TOJIe i30TPOITHOTO TiJla 00epTaHHS 3 BIJOMUM PIBHSHHIM TBIpHOI JIiHII, SKe 0OMEXeHe TBOMa
TOPILIMHE 1 OIYHOIO TTOBEPXHEIO TiNa, SIKE 00epPTAETHCS 3 MOCTIHHOIO KYTOBOIO IMIBHIKICTIO HaBKOIO oci OZ, 3
ypaxyBaHHSM KiHIIEBOi MIBUAKOCTI MOIIMPEHHS TEIUIA, Yy BHIJIAAI 30DKHHMX OPTOTOHAIBHHMX PSIIIB 110
¢bynkuisx dyp’e.

KuarouoBi ciioBa: Tinio o0epraHHs, iHTerpanbHe NepeTBOpeHHs, Kputepiit @yp'e, yac penakcarii.

In the article, with the help of the developed new integral transformation, the temperature field of an
isotropic body of rotation with a known equation of the production line, which is limited by two ends and a
lateral surface of rotation, which rotates at a constant angular velocity around the OZ axis, is derived, with the
account of the final rate of heat propagation , in the form of convergent orthogonal series in Fourier functions.

Key words: body of rotation, integral transformation, Fourier criterion, relaxation time.

Beryn

[Tpobnema nociikeHHs TeMIepaTypHUX MOJIB y TijlaX, 10 00epTatoThCs, MOCTIHHO
NPUBEPTAE yBAry JTOCJIITHUKIB, TaK sIK 0arato €JeMEeHTIB MAaIlliH 1 MEXaH13MiB (CYMyTHHUKH,
COPTONPOKATHI BaJIKK, POTOPU CHEPIETHYHIX arperariB, JHUCKOBI raibMa Ta iH.) MAOTh iX
dopMy 1 MpalmiOOTE B YMOBAaX IHTCHCHBHOIO HarpiBy. bimbmicte pobiT B Teopii
TEIUIONPOBITHOCTI MPUCBAYEHO BUBUEHHIO Ta aHAJII3y TEMIIEPATypPHOIO MOJS B HEPYXOMUX
Tiax oOepTaHHs. Y JAedKUX poOOTax BUBYAETHCA TEMIEpaTypHE IMOJe B TUIAX MpHU
PYXOMHUX JDKEpelax Telia, B IHIIHUX poO0oTaxX JOCHIIKYEThCS TEMIIEpATypHE I0JIE B Tiax 3
PYXOMHUMH MEXaMHU.

ITocTanoBka npodaemu

[Ipy BUCOKMX IHTEHCHBHHUX HECTAIllOHApHHUX I[Ipoliecax, II0 CIOCTEpIralThes,
HANpUKIaJ, pH BHOyXaX, HAI3BYKOBHUX MOTOKAX, BEIMKUAX IMIBUAKOCTIX 00EpTaHHS BIUIUB
CKIHYEHHOCTI BEJIMUYMHU IIBUKOCTI MOIIMPEHHS TEIJIa Ha TEIIOOOMIH cTa€e MOMITHUM [1-
2]. Ocp YoMy a0 yHciaa OpodieM, MO SBISIOTh BEJIMKUNA TEOPETHMYHHH 1 MPaKTUYHUN
IHTEpeC, HAJIEKUTh MpoOJieMa BUBYEHHS TEMIIEPATYPHOI'O MOJS B TiaX, sIKI 00€pTaroThCs
HABKOJIO CBOET OCl, 3 YpaxyBaHHIM CKIHUEHHOCT! BETUYMHU MIBUAKOCTI IOMIMPEHHS TeIIa.

AHaJTI3 0OCTaHHIX JOCTiIKeHb 1 myOJaikanii

Sk mokazye orisif JiTepaTypH, TEINIOOOMIH y Tilax, siki 00epTaloThCsl, BUBYCHUN B
maHmii gac me HemoctatHbo [1]. IlokaszaHo, MmO 4YHCETbHI METOIU JOCHIIKCHHS
HECTalllOHapHUX HEOCECUMETPUYHHUX 3aJad TEIJI00OMIHY LWIIHAPIB, SKi 00epTaroThCs, €
HE 3aBXIM e(EKTUBHUMH, SIKIIO MOBa Hie Mpo OOYUCIEHHS MpPH BEIMKHUX LIBUAKOCTSIX
obepranns. Tak moBomuthes [1], MO yMOBH CTIHKOCTI OOYHCIEHb y METOJI KiHIIEBUX
€JIEeMEHTIB 1 METO/Al KIHIIEBUX pI3HMIb, 110 3aCTOCOBYIOTHCS IO PO3paxyHKy
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HECTalllOHAPHUX HEOCECHMMETPUYHUX TEMIIEpaTypHHX IOJIB IIIIHAPIB, K 00epTarOThCs,
BHU3HAYAIOTHCS aHAIOTTYHUMU XapakTepucTukamu. L{i yMOBH MarOTh BUTIIA;

1280, ; L _Pdog

Agp? Ap 2
ne Fo — xpurepiit dyp'e, Pd — kputepiii [Ipensoaiternesa.

Skmo Pd :105, IO BIAMOBIJAE KYTOBIM IIBUIKOCTI OOEPTaHHS METaJICBOTO
UITIHApA w=1671cex pagiycom 100 mm, 3miHHI A@ u AF, mnoBuHHI Oyru
HiIIOPSAKOBAHI TAKIM YMOBaM:

Ap<2-10° i AF,<2.109,

Jlsis piBHOMIPHO OXOJIOKYBAaHOTO LMIIHIpa 3a yMoBU Bi = 5 (Bi — kpurepiit bio)
yac, HEoOXIOHMH g Toro, moO Temmeparypa apocsrina 90% craunioHapHOro CTaHy,

nopiBHioe F0=~0.025. Ile o3Hayae, O NOTPIOHO MNPUHAKNMHI 3IIHCHUTH 1.3-108
orepaniii mo 4acy Iist TOro, mood OysI0 JOCATHYTO CTalliOHAPHHUA PO3IIOILT TEMIIEPaTypH.
binpme Toro, moTpiOHO BiA3HAYUTH, IO MPOTATOM OIHOTO IMKIY OOYHCIIECHb

MOTPiIOHO  3MIMCHUTH 3.14~10506‘1HCHCHB, TaKk SK BHYTPIIIHIA CTaH y KUIbLI

XapaKTepU3y€EThCs 3.14-10° rtoukamu. Y pe3ynpTaTi BHUIHO, IO YHUCIO OOYHUCIIEHB,
HEOOXITHHUX JJIs1 OTPUMaHHS YUCEIBHOTO PE3YNbTaTy, BUAAETHCS HEpeaTbHUM. ToMy s
BUpIIICHHS KpaloBOi 3ajgayi, sKa BHHUKAE TPM MaTEMaTHUYHOMY MO/ICIIOBaHHI
HECTaI[IOHAPHUX MPOLIECIB TEIUIO0OMIHY B TiNlaX, siKi 00epTalThCs, OyJIeMO 3aCTOCOBYBATH
IHTerpaJIbHI MIEPETBOPEHHS.

Merta nociizkeHHs

Po3poOka HOBOI y3arajabHEHOI MaTeMaTH4HOI MOJEI TEMIIEPAaTypHUX PO3IOALIIB Y
TiJIax, sIKi 00EPTAIOTHCS HABKOJIO CBOET OCI, y BUIIISAIL KpaioBoi 3amadi Jlipixiie MaTeMaTHaHOl
¢Gi3ukM U1 pIBHAHHS TEIUIONPOBIAHOCTI, Ta PO3B’A3aHHA OTPUMAaHOi KpaloBoi 3ajadi,
O3B’ SI3KH SIKOT BUKOPHCTOBYIOTHCS ITiJ] 9ac KePyBaHHS TEMITEPATYPHUMH TTOJISIMH.

BukJiax ocHOBHOro MaTtepiaiy

Posrnsinemo po3paxyHok TemmepaTypHOTro moss Tiia odepTaHHs (puc.l) 3 TBIpHOIO
miHieo r = £(z) y MIIHAPUYHINA CHCTEMI KOOPIMHAT (p, o, Z). [3oTpomnHe Ti0 00epTaHHS

obmexene Boma TopusmMu S; (2=0 ), S,( z=h) i 6iuHorO MOBepxHEO 00epTaHHS Sj,

SIKQ TICPETHHAETHCS 3 MOBEPXHAMH S | Y31OBXK JIiHIH L, 1=12

83 =]

L1 ”‘>!_

51

Puc. 1. Tino oGepranHs 3 TBipHOO JiHi€0 I = £(Z) .
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Tino oGepraerbecs HaBkolo oci OZ 3 MOCTIHHOIO KYTOBOIO IIBUIKICTIO @, a
HIBUJIKICTh TIONMTMPEHHS TETUIa € BiJOMOIO BeNHUMHOI0. Termnodi3nynai BIACTUBOCTI Tijia HE
3aJIeXKaTh BiJI TEMIIEPATyPH, @ BHYTPIIIHI JUKEpeEa Teria BiACYyTHI. Y MOYaTKOBUM MOMEHT

yacy TeMmIeparypa IuiIiHapa nocriiina G, a Ha GiuHiil NOBEpXHI IMIIHApPA TEMIIepaTypa
BiJIOMa 1 HE 3aJIKUTh BIJl Yacy V(go, Z). Ha Topusx BimoMi 3Ha4YeHHS TeMIEpaTypu
Gl(r,qo) 1 Gz(r,(p) npu z=0 1 z=h BiAMOBITHO.

B [1] orpumano y3araneHeHe piBHSIHHS IIEPEHOCY €HEprii /Ui pyIIiiHOTO eJeMeHTa
CYIIJIFHOTO CEPEAOBHINA, 3 YPaXyBaHHSAM CKIHYCHHOCT] BEJIMYMHU IIBHIKOCTI MTOIIUPEHHS
tera. 3rigHo 3 [1] , y3aranbHeHe pIBHSHHA OallaHCY e€Heprii TBEpAOro Tija, sKe
o0epTaeThes, 3 MOCTIMHOIO KYTOBOI IIBHIKICTIO @ HaBkojo oci OZ, TemnodiznyHi

BJIACTUBOCTI SIKOT'O HE 3ajieXaTh BiJ] TEMIIEPAaTypH, a BHYTPIIIHI JHKepesia Teria BiICYTHI,
B IIIJIIHAPUYHIN CHCTEMH KOOPAUHAT HaOyBa€ BUTIISIY:

oT  oT o°T o°T o°T 10T 1 0°T 0°T
YO\t O+ |t = Gt ot S5t (1),
ot op ot Ogot orc ror r°op° oz

¢ Y —UIUIBHICTh CEPENOBHINA; C-TIMTOMA TEIUIOEMHICTB; T (p, 0z, t) -
TeMIIepaTypa cepeloBHIa; A — KoeillieHT TeIIonpoBiIHOCTI; t —Yac; 7, — 4ac penakcaril.

MaremaTHuHO 3a7a4a BH3HAYEHHS TEMIEPATypHOIo MOJIS LMIIIHAPA CKIaJa€eThCs B
IHTerpyBaHHI  JUQepeHIiaTbHOr0  piBHAHHA  TemonpoBigHocti (1) B obmacti

D= {(,0, o, Z,t)|p € (0, 5(2)), Qe (0,27[), Ze (0,1), te (0, oo) }, o, 3  ypaxyBaHHIM

HpI/If/'IHHTI/IX JOMYUICHb, 3alIMIICTBCA Yy BI/II‘JI?II[iI

00 00  0%0 0°0 a|9°0 100 1 0°0  0°6
O AT A O = ot 2
ot Jd¢ ot 0got R%|gp° POP p°og oz
3 OYATKOBHMH YMOBaMH
0(p.9,2.0)=0, w =0 3)
i TPaHUYHUMH YMOBaMH
0(5(2),9.2,1)=G(9.2), (4)
op.00.t)=0(p.p)  p.pLt)=Ap.p) (5)
ne 6= T(p.p.2.t)=Go — BIIHOCHa Temrieparypa Tila; a = A KOe(IIIEHT TeMIiepary-
Trax — G0 Cy

2
ponposizocti; T, = Max{G(p, 2).Gy(r,¢), G, (1 ¢)f; R=max{£()}; x = (%) L p= %;
ro,z z

2= G(p.2).0(0,0). Alp.p) < C(0.27).

Toni pimenHs kpaiioBoi 3amadi (2)-(5) Q(p, go,z,t) € JIBiUi  HENEepepBHO

nu(epenIiiioBaHUM M0 p i @, Z, OxuH pa3 1o t B obmacti D i HemepepsrnM Ha D [3],

10610 6(p,,2,t)eC?*HD)NC(D), a dymauii Glp,2)0(p,0) Alp.0), 6(p..2.1)
MOXYTh OyTH pO3KJIaieHi B KoMmIiekcHui psix yp'e [3]:
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9(p,§01zit) Hn(p,z,t)
Gila e
Alp,9) An(p)
i i op.p.21)
G,(z 12| Glp,2) _
onp) [“27 1] olpg) [TFO
An(p) Alp, 9)

0n(p.2,1)=01(p,2, t)+19( Np.zt). G6,(2)=61(@)+i6{ ()
On(p)=00(0)+i0 (o) Anlp)=AR(0)+irR (o)

3 orisay Ha Te, 110 G(p, o, Z,t) GbyHKIis nificHa, 0OMeXUMOCcS Halaldl Po3TisioM
Hn(p,z,t) st n=0,1,2,..., Tomy 110 Gn(p,z,t) 1 H_n(p,z,t) OyAyTh KOMIUIEKCHO

cupspkenumu  [3]. IlipcraBnsroun 3HadeHHs GyHKOidn 3 (6) y (2)-(5), y pesynbrati
OJIEPKUMO CHCTEMY Au(epeHIiaTbHUX PiBHSIHb:

529r(]i)+ 4 + n +y—F
T =—F — -
ren ot R2| op2 p Op  p? ntx 072 (7

poo™ a[a%l) 1000 2 i, %00

3 IOYaTKOBUMHU YMOBaMU

o0\ (p.2.0)

0 (p,2,0)=0, =0 )

1 TpaHUYHIMH YMOBaMHU
oV)(£(2).2,)=6(2) ©)
A(p0.)=00(p)  &(p1t)=A7(p) (10)

e 1951) = —on; ,gr% =N, My = 2, m, =1; =12

st po3B’si3anHs kpaitoBoi 3aaadi (7)-(10) 3acTocoByeMO 1HTErpajibHE MIEPETBOPECHHS:
uni )= IIQ(unk p.2) p-f(p.2)do (11)

Brnacui ¢yHkmii Q(,un’k el Z) 1 BIIACHI 3HAYEHHS [, 3HAXOIATHCA 13 PO3B’A3KY 3amadi
Itypma-JliyBims:
8°Q  14Q n? 8
Q.1 Q_, 12

== Q+utnk Qi+ —F
p? pop  p? 072

Qletnk.p0)=0, Qletnk.p1)=0, Qluny.&(z)2)=0.  (13)
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Brnacui ¢ynkmii Q(,un’k, P, Z) i BiacHi 3HaYeHHs 4 3amaqi lrypma-Jliysimwis (12) -

(13) 3maxomatbcs 3a dopmynamu, ski mnpuBeneHi B [4], dopmyna oOepHEHOTO
MIEPETBOPECHHS Ma€ BUTIISI;

f(p,Z):i Q(/un,k’piz)z f(,un,k)- (14)
jleQ(,un,k 1 P ZM

3acTocoByroun 10 cucteMd gudepeHmianbHUX piBHSIHL (7) IHTErpalibHE
nepetBopeHHsa (11), y pe3ynabTari OAepKyeMO CHCTEMY 3BHYAWHUX IU(EepeHIliaIbHUX
PIBHSHB!

50
ﬂwr@){gﬂm)ﬂr
dt

3 IOYATKOBUMHU YMOBaAMU

=) - 2o (15)

dg(mi) d2g.)
N +7, 2
dt dt

_ o)
én(l)(ﬂn,k’t)zoi %’u”'k’t):o’ (16)

IS

) _ T e QUn £(2.2) 000 . Q. .2
al) = [¢@) Q(ﬂnaf(z) Z)Gr(])(z)d2+}(§p£Q(lun’k,p,Z) gr(])Q(ﬂ,—kP)Jdp
0 P L 0z 0z

KpuBomniHiiiHUl iHTErpas OOYHCIIOETHCA MO 3aMKHEHOMY JOJJaTHO OpPI€EHTOBAHOMY
KOHTYpY (puc.2.)

i

Y

0 p
Puc. 2. 3amKHyTHII KOHTYp 3 TBIpHOIO JiHi€I0 I = £(Z)

3acTOCOBYEMO [0 cCHUCTEMH AudepeHuiaabHuX piBHAHL (15) 3 movarkoBUMH
ymoBamu (16) inTerpanbHe neperBopenns Jlammaca [5]:

%‘(s):sz(f)e—w ar.

VY pe3ynbTati 0JepKyeEMO CUCTEMY anreOpaiyHuX piBHSHb BIITHOCHO Hn(')
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=~ A= =~ =~ ﬁ(l) =~
san(')+3§')(9n(mi)+rrs9r$mi))+rrs29n(') = Qo | 00 | (17)
M nk
. a
ne i=1,2; gy :Qﬂzn,k .

Po3B’s3aBmm cucremy piBHSHB (17), oxepKyeMo:

ég,)k (rrs2 +S+0nK )+ (- 1)”1an§1”' )(1+ ST, )

0 = a, . (18)

>
(rr52+s+qn,k) +o’n?(l+sz, )

a .
ne an =F; (I =1,2.)

3acrocoBytoun 10 300pakeHHs ¢(yakmiin (17) dopmyan oOepHEHOro NEPEeTBOPEHHS
Jlannaca, ogepKyeMo OpHUriHaiIu QYHKIIIi:

O )= 3ol YL M 1 cramiLe Ly M ron—(ees; <13
ot -1 )g () 0L, M oers, +1)-won] 826, Veron s, <]
o) @9
08 )= ooy e, Hers; <t)oroomi}-38 6y Heron—(ees; ]
1) 3 0nl MO Moy +1)-room}-5 6 Hom o5 <11}

(eslt ) (20)

0. 557105n Kk

e ¢k (S j ) ( , @ 3HAQYCHHS S s j=1,2,3,4 BU3HAYAIOTHCS 32

27,5 + 1P +(z;an)?

bopmynamu

(rponi —1)+ A+ 7,0 )P — 47,0y (rroni +1)+ (L7, ni)? - 47,qy

$12 = 1 $34 =
: 27, s 2z,

TakuM uyMHOM, 3 ypaxyBaHHSIM (opmyn obepHeHux mneperBopeHb (6) 1 (14),
0JIEPXKYEMO TeMIIepaTypHe MoJje Tilna o0epTaHHs, ike 00epTaETbCs 3 TOCTIHHOI KyTOBOIO
MIBUJKICTIO @ HaBKouo oci OZ , 3 ypaXyBaHHSAM KiHIIEBOI IIBUIKOCTI ITOIIMPEHHS TeIUIa:

opp2t)= Y 13 [9(1 (et t)+- 6P Qv )2 -exp(ing) ,
n=- k -1 H Qlunk. p.2)
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Jie 3HAYCHHS G_n(l) (un’k ,t) ign(2)(/1n’k ,t) BH3Ha4aroThes o hopmynax (19),(20).

BucHoBkHu

VY crarTi, 3a JOMOMOTOI0 PO3pPOOJIEHOTO HOBOTO I1HTETPAIBHOTO MEPETBOPEHHS,
3HAMJICHO TeMIepaTypHe 1oJie i30TPOIHOTO Tija, IKe 00epTaeThCs 3 MOCTIHHOIO KYTOBOIO
MIBUAKICTIO @ HaBKojo oci OZ , 3 ypaxyBaHHAM KiHIIEBOT IIBHIKOCTI IIOIIUPEHHS TeTIa,
y BUIISAI 30DKHUX OPTOTOHABHUX PAAIB 1Mo (yHKmisx Dyp’e. 3HaMICHUA PO3B’SI30K
y3arajibHEeHOi KpaioBoi 3ajgadi  TEIIOOOMiHY 130TPOIHOIO Tijla, sfIKe OOepTaeThcs, 3
ypaxyBaHHSIM CKIHYEHHOCTI BEJMYMHHU MIBUIKOCTI TOMIMPEHHS Tella MOXKE 3HalTh
3aCTOCYBaHHA TPU MOJYJIOBaHHI TEMIEpaTYpHHUX IIOJIB, AKI BUHHUKAIOTh Yy OaraTbox
TEXHIYHUX CHCTeMax (CYIYTHHKH, COPTONPOKATHI BalKH, POTOPH CHEPreTHYHHX
arperartiB, JMCKOBI r'ajbMa Ta iH.).
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RESUME

M.G. Berdnyk

Mathematical model and generalized solution method Dirchele problems of heat
exchange of radiation body

In this paper, the calculation of the non-stationary temperature field of an isotropic
body of rotation with a known equation of the creature line in a cylindrical coordinate
system is considered, which rotates with a constant angular velocity around the OZ axis,
taking into account the final rate of heat propagation. Thermal-physical properties of which
do not depend on temperature and internal sources of heat are absent. At the initial
moment, the temperature of the body is constant, and on the outside of the cylinder
temperature is known and does not depend on time.

For the first time, a mathematical model of temperature distributions of an isotropic
body of rotation with a known equation of a creature line in a cylindrical coordinate
system, which rotates with a constant angular velocity around the OZ axis, taking into
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account the final rate of heat propagation, is presented as a boundary value problem of
mathematical physics for a hyperbolic differential equation of thermal conductivity with
boundary conditions of the first sort of To solve the boundary-value problem, the desired
temperature field is represented as a complex Fourier series. A new integral transform has
been developed by which the temperature field of the form of convergent orthogonal series
in terms of special Fourier functions is found.

The solution of the generalized boundary-value heat transfer problem for an isotropic
rotating body, which is rotated, taking into account the finiteness of the velocity of heat
propagation, can be used for modulation of temperature fields that occur in many technical
systems (satellites, roller mills, rotors of power aggregates, disk brakes, etc.)
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