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influence of nonmagnetic impurities

Vadim M. Loktev1, Rachel M. Quick?, and Sergei G. Sharapov1’2

! Bogolyubov Institute for Theoretical Physics of National Academy of Sciences of Ukraine
14-b Metrologicheskaya St., Kiev 03143, Ukraine
E-mail: vloktev@bitp.kiev.ua

2 Department of Physics, University of Pretoria, Pretoria 0002, South Africa

Received January 11, 2000

The presence of nonmagnetic impurities in a 2D <«bads> metal depresses the superconducting

Berezinskii-Kosterlitz-Thouless transition temperature while leaving the pairing energy scale unchanged.

Thus the region of the pseudogap nonsuperconducting phase, in which the modulus of the order

parameter is nonzero but its phase is random and which arises at the pairing temperature, is substantially

bigger than for the clean system. This supports the premise that fluctuations in the phase of the order

parameter can in principle describe the pseudogap phenomena in high-T_ materials over a rather wide

range of temperatures and carrier densities. The temperature dependence of the bare superfluid density

is also discussed.

PACS: 74.25.—q, 74.40.+k, 74.62.Dh, 74.72.—h

Introduction

The differences between the BCS scenario of
superconductivity and superconductivity in high-T',
materials are well accepted as experimental facts,
although there is no theoretical consensus about
their origin. One of the most convincing manifesta-
tions is the pseudogap, or a depletion of the single-
particle spectral weight around the Fermi level
(see, for example, [1]). Another transparent mani-
festation is the temperature and carrier-density de-
pendences of the superfluid density in high-T', su-
perconductors (HTSC) [2—-4], which do not fit the
canonical BCS behavior. In particular, the value of
the zero-temperature superfluid density is substan-
tially less than the total density of doped carriers
[5]. Currently there are many possible explanations
for the unusual properties of HTSC. One of these is
based on the nearly antiferromagnetic Fermi liquid
model [6]. Another explanation, proposed by An-
derson, relies on the separation of spin and charge
degrees of freedom. One more approach, which we
will follow in this paper, relates the observed
anomalies to precursor superconducting fluctua-

tions. Some authors argue that alternative types of
superconducting fluctuations are responsible for the
pseudogap (e.g. [7]) while Emery and Kivelson [8]
suggest a scenario based on fluctuations of the
phase of the order parameter. The latter scenario we
believe to be more relevant due to the low super-
fluid density and practically 2D character of the
conductivity in HTSC mentioned above. A micro-
scopic 2D model which elaborates the above-men-
tioned scenario [8] has been studied in the papers
[9,10]. The results obtained show that the conden-
sate phase fluctuations indeed lead to features
which are experimentally observed in HTSC both in
the normal and superconducting states™. Tt is obvi-
ous, however, that the present treatment of the
phase fluctuations is incomplete due to both the
oversimplified character of the model and the ab-
sence of an explanation for the more recent ad-
vanced experiments [2—4] on the temperature and
doping dependences of the superfluid density. It is
well known, however, that the theoretical study of
HTSC faces a lot of computational difficulties due
to, for example, an unconventional order parameter
symmetry, complex frequency-momentum depend-

* Of course, the contribution from the phase fluctuations need not be the only or even the major contribution.
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ence of the effective quasiparticle attraction, ge-
neral form of the quasiparticle dispersion law, etc.
Therefore, in order to obtain analytical results, we
have to date only considered nonretarded s-wave
pairing in the absence of impurities. (Attempts to
consider retardation effects were made in [11]. )

Nevertheless, a discussion of the effect of impuri-
ties seems to be crucial for a realistic model of the
HTSC. Indeed, it is known that the itinerant holes
in HTSC are created by doping, which in turn
introduces a considerable disorder into the system,
for instance, from the random Coulomb fields of
chaotically distributed charged impurities (doped
ions) [12]. Thus one of the purposes of the present
paper is to study the model [9,10] but in the
presence of nonmagnetic impurities.

In the theory of «commons metals the Fermi
energy €, and the mean transport quasiparticle time
T;, are independent quantities which are always
assumed to satisfy the criterion ejt >>1. In
HTSC, which are «bad» metals [8], both e, and
T;, are dependent on the doping and the above-men-
tioned criterion may fail [12]. As an illustration, we
refer to the remarkable linear dependence of the
normal-state resistivity [1], which implies that
€T, may indeed be []1. Tt has been shown [12] for
strongly disordered metallic systems that supercon-
ductivity is absent if the scattering-to-pairing ratio
exceeds a critical value and that superconductivity
exists in a finite range of doping if this ratio is not
exceeded. We shall not study this case but rather
consider here the more usual (and in some sense
simpler) situation originally studied in the papers of
Anderson [13] and Abrikosov-Gor'kov (AG) [14]
(see also [15]), when the superconducting order is
preexisting and the criterion €t >> 1 is satisfied.

The Anderson theorem [13] states that in 3D the
BCS critical temperature is unchanged in the pres-
ence of nonmagnetic impurities. However, as dis-
cussed in [9], the BCS critical temperature in 2D is
the temperature T at which the pseudogap opens,
while the superconducting transition temperature
transition is the temperature T g of the Berezin-
skii-Kosterlitz-Thouless (BKT) transition. In con-
trast to the former, the latter is defined by a bare
superfluid density (given by the delocalized carri-
ers) which is dependent on (see below) the concen-
tration of impurities. Thus in 2D case the supercon-
ducting transition temperature 7 . decreases with
increasing impurity concentration.

Thus in the model under consideration, the rela-
tive size of the pseudogap phase, (T - Tprp/ T, is
larger in the presence of impurities than in the clean
limit [9]. Therefore it can be observed over a wider
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range of densities. The second result obtained is
that the value of the zero-temperature superfluid
density is less than the total density of carriers
(dopants), so that the presence of impurities may
contribute into this diminishing and, in turn, ex-
plain the experimental results [5]. Finally, we at-
tempt to interpret qualitatively the recent experi-
ments on the temperature dependence of the
superfluid density [2,3] within our scenario.

A brief overview of the paper follows: In Sec. 2
we present the model and derive the main equa-
tions. In Sec. 3 we compare the results obtained for
the clean and dirty limits. In particular, we com-
pare the values of T, , the relative sizes of the
pseudogap region, and the values of the bare super-
fluid density at T =0 and for T close to Tp . In
Sec. 4 an attempt is made to give an explanation for
the experimental results [2,3].

2. Model and main equations

Our starting point is a continuum version of the

two-dimensional attractive Hubbard model defined
by the Hamiltonian [9,10]:

O oo O
H :J'dzr W) T~ W) -
0 o2m g

0
— Vo] (@)W, (0w, (1) + Uimp(r)w;(x)wo(x)g,
(1)

where x = r; T denotes the space and imaginary time
variables; Y (¥) is a fermion field with spin
o=1,1;mis the effective fermion mass; p is the
chemical potential; V is an effective local attraction
constant, and U, (r) is the static potential of
randomly distribute(f impurities; we take 1= kp = 1.
The model with the Hamiltonian (1) is equivalent
to a model with an auxiliary BCS-like pairing field

which is given in terms of the Nambu variables as

o0 O
o :J’dzr Hut () 3 T = - Ho-
0

oo™ g
2
- T,0() -1 o{x) + rSUimp(r)Ew(x) + |¢("/C)| %,
(2)

where T, = (T, £ 1i1,) /2, 15 are the Pauli matrices,
and ®(x) = VW (x)1_W(x) = VY, (2)@, (x) is the com-
plex ordering field. Then the partition function can be
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presented as a functional integral over Fermi fields
(Nambu spinors) and the auxiliary fields @, ®F,

However, in contrast to the usual method, the mo-
dulus-phase parametrization ®(x) = p(x) exp [iB(x)] is
necessary for the 2D model at finite temperatures
(see [9,10,16] and references therein). To be consis-
tent with this replacement one should also intro-
duce the spin-charge variables for the Nambu spi-
nors

W(x) = exp [i1,8(x)2] Y(x) , (3)

where Y(x) is the field operator for neutral fer-
mions.

From the Hamiltonian (1), following [9], can
derive an effective Hamiltonian which is the Hamil-
tonian of the classical XY model

1

ey =y 10, T 0) [ i0el” @

™ |

where

T o0
W= 5y J'dzk tr [, (oo, k)01 +

n=—oo

T 2 . ,
+32mznzn_Z_J’d2kk tr [ (iw, , IG (iw, , k)0
h (6))

is the bare (i.e., unrenormalized by the phase fluc-
tuations, but including pair breaking thermal fluc-
tuations) superfluid stiffness. Here

(iw T - 1,pn, +TEK)

] k)= -
Gl W= 2+ g
with
M = 2t (ooi +pd)l/2”
(7)

kZ

Ek)=—-p, o =m2n+1)T
2m n

is the AG [15] Green’s function of neutral fermions
averaged over a random distribution of impurities and
written in the Nambu representation [17,18]. In writ-
ing (5) we assumed that (7 (i, , k) & (iw, , k)OD
U 7 (iw, , k)07 (iw, , k)0 This approximation, as
shown by AG [15], does not change the final result
for J. Note also that the Green’s function (6) is
valid only when e,t, >> 1, which demands the
presence of a well-developed Fermi surface, which
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in turn implies that p O e . Thus one cannot use
the expression (6) in the so called Bose limit with
M <0 [9]. On the other hand, a Fermi surface can
be formed even in the bad metals when the Toffe-
Regel-Mott criterion proves to be fulfilled [12].

Substituting (6) into (5), and using the inequali-
ties U >> T, p to extend the limits of integration to
infinity, one arrives at

g T
410 4T

(oo}

2
1 20&)’21[‘]” O

Ide - T=t
0%+ (@, + o0, [+ (@ + 0PN °D

(29
2
n=-—oo

(8)

Eq. (8) is formally divergent and demands special
care due to the fact that one has to perform the
integration over x before the summation [15]. Fi-
nally, one can formally cancel the divergence [15]
to obtain

J:HP2T§ 1 (9
4 (@ + pPAVW? + p* +1,/21,)

n=—00

The temperature of the BKT transition for the
XY-model Hamiltonian (4) is determined by the
equation

Tt
TBKT = E f(l,l, TBKT » P(H, TBKT)) . (10)

The self-consistent calculation of T, as a func-
tion of the carrier density n, = me /T requires addi-
tional equations for p and Y, which together with
(10) form a complete set [9].

When the modulus of the order parameter p(x) is
treated in the mean field approximation, the equa-
tion for p takes the form [9]

20— (&% ,
P=y J'(ZH)2 tr [, i, , kI, (1)
n=—co

which formally coincides with the gap equation of
the BCS theory. This coincidence allows one to use
the Anderson theorem [13], which states that the
dependence of p(T) is the same as that for the clean
superconductor and is not affected by the presence
of nonmagnetic impurities. It is important to recall
that this theorem is, of course, valid only for the
s-wave pairing and small disorder.
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There are, however, both physical and mathe-
matical differences between the gap in the BCS
theory and p [9,10]. In particular the temperature
T which is estimated from the condition p=0 is
not related to the temperature of the supercon-
ducting transition, but is interpreted as the pseu-
dogap opening temperature T (see details in [9]).
The main point, which we would like only to stress
here, is that by virtue of the Anderson theorem [13]
the value of T does not depend on the presence of
impurities, while the temperature T e , as we will
show, is lowered.

The chemical potential [ is defined by the num-
ber equation

° o dk ,
_z I(ZT[)Z tr [TSH_;(zu)n kg = ne . (12)

Since we are interested in the high carrier density
region, the solution of (12) is p O €p , so that in
Egs. (9)-(11) one can replace U by €. .

Having the temperatures Tp and Ty as func-
tions of the carrier density, one can build the phase
diagram of the model [9] which consists of three
regions. The first one is the superconducting (here
BKT) phase with p # 0 at T < T 1. In this region
there is algebraic order, or a power-law decay of the
[ dOcorrelations. The second region corresponds
to the pseudogap phase (T, <T < T ). In this
phase p is still nonzero but the correlatlons men-
tioned above decay exponentially. The third is the
normal (Fermi-liquid) phase at T > T _ where p = 0.
Note that [@(x)C= 0 everywhere. Wﬁlle the given
phase diagram was derived for the idealized 2D
model, there are indications that even for such
complicated layered systems as HTSC the value of
the critical temperature for them may be well esti-
mated using 7', [19,20], even though the transi-
tion undoubtedly belongs to the 3D XY class. It
was also pointed out in [19] that a nonzero gap in
the one-particle excitation spectrum can persist
even without long-range order.

3. Comparison of the clean and dirty limits

3.1. Clean limit
The transport time T, is infinite in the clean
limit, so that
e p°T % 1
2 . N3/2
TR AR

J(ep, T, pleg, 1) =

(13)

Near Tp one can obtain from (13)

_7E3) p?
J(€F7T_' r:pﬁo)_ﬁTiﬁer (14)

p
where {(x) is the zeta function. This expression
must coincide with the result from [9], which was
derived using the opposite order for the summation
and integration. Inserting the well-known depend-
ence of p(T) (see, for example, [21])

81 T
2 2 O
P ;) 77(3) pD T% (15)
and then substituting (14) into (10), one obtains
the following asymptotic expression for the BKT
temperature in the clean limit for high carrier den-
sities [9,22,23]:

0 47,0
Toxr=Tyd - p,
O FQ

BKT Tpr B Tp - (16)

In the high-density limit one can also use the
equation

N (17)

Tp = %{ @Eb er
where yL11.781 and €, is the energy of the two-par-
ticle bound state in vacuum, which is a more con-
venient parameter than the four-fermion constant
V [9,24].

It is obvious from (16) and (17) that the pseu-
dogap region shrinks rapidly for high carrier densi-
ties” and one may ask (see, for example, [25]
whether this scenario can explain the pseudogap
anomalies which are observed over a wide range of
temperatures and carrier densities, since in the clean
limit the relative size of the pseudogap region
(T BKT)/ T _is, for instance, less than 1,2 when
the dimensionless ratio ep/le,] B 128y2 /2 O 41. A
crude estimate for the dimensionless ratio for opti-
mally doped cuprates gives e, /l,| 0300%-10°
[26], which indicates that in the clean superconduc-
tor the pseudogap region produced by the phase
fluctuations is too small. Of course, all these esti-
mates are qualitative due to the simplicity of the
model.

The value of the bare superfluid density n(T) is
straightforwardly expressed via the bare phase stiff-
ness, n(T) = 4mJ(T). In particular, it follows from
(13) that »(T =0) =n, . This is not surprising,
since n (1" = 0) must be equal to the total density
n, for any superfluid ground state in a translation-
afly invariant system [27] and the clean system is

* In 2D for s-wave pairing the high-density limit is in fact equivalent to the weak-coupling BCS limit.
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translationally invariant. We note, however, as sta-
ted above, that n(T = 0) << 1y in HTSC [5]. Sub-
stituting (15) into (13), one obtains for T close to
T the bare superfluid density as n (T T ) =
= 2n T/T ). This behavior of the bare super—
f1u1({ density is formally the same as the behavior of
the total superfluid density in the BCS theory.
Nevertheless it is important to remember that the
total superfluid density in the present model under-
goes the Nelson-Kosterlitz jump at T’y and is zero
for T > Tp . We note that one can probe experi-
mentally both the bare superfluid density in high-
frequency measurements [2] and the total super-
fluid density in low-frequency measurements [3].

3.2. Dirty limit

In the dirty limit the quasiparticle transport time
T, is small (7, << p (T =0)), so that one can
neglect the radical inside the brackets in Eq. (9)
[15]. The remaining series is easily summed, and
one obtains for the bare superfluid stiffness

€T p

Je. T, ple,, ), 1) = tanh%. (18)

As explained above, by virtue of the Anderson
theorem, the expressions (15) for p and (17) for
T_ remain unchanged in the presence of impurities.
Again substituting (15) into (18), one obtains

-1 f TS T, (9)

FTtr|:|
One can see that the size of the pseudogap region is
now controlled by the new phenomenological pa-
rameter T, which is an unknown function of e, for
HTSC. The experimental data [1] suggest that T, is
almost independent on doping level in the under-
doped region.

It is difficult to obtain more than a qualitative
estimate using Eq. (19), since in its derivation we
have assumed that e,t,, >> 1. In HTSC however,
as discussed above (see also [12]), this assumption
is not always justified. Bearing in mind that
the dirty limit implies that the condition
Tt_r1 >>p (T =0) T is satisfied, one can easily see
that the value of T, ,-for this case is less than that
given by (16) for the clean superconductor. Since
impurities are inevitably present in HTSC, phase
fluctuations can in fact give rise to a pseudogap
region that is of comparable size to that observed
experimentally. We note that our arguments are in
fact quite similar to that given in [22] for the best
conditions for observing BKT physics in supercon-
ducting films. However, in contrast to this paper,

Tprr =T,

0O CL
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the gap opening below T is particularly empha-
sized here.

Whlle Eq (19) was derived under assumption

Tpir T T, , in the general case when T'p - -can be

substantlaﬁy less than Tp one must solve the self-
consistent equation (10) with J(e,., Tpeq »
p(eg , Tpry)) given by (18). Recall, however, that
to make any quantitative estimates, the more realis-
tic d-wave model has to be considered, and the
inequality €.t >> 1 should not be assumed [12].

The value of the zero-temperature superfluid
density is now given by n (T =0) = T, p <<ng,
since T, p << 1. This does not contradict the results
of [27] because the system is not translationally
invariant in the presence of impurities [28]. Fur-
thermore, as one can see, the low value of the
superfluid density in HTSC [5] may be related to
the impurities which are inevitably present in
HTSC. Another factor that leads to lowering of the
superfluid density is the presence of the lattice,
which also destroys a continuous translational in-
variance. We note that, as was pointed out in [29],
quantum fluctuations also lead to a decrease in the
superfluid density.

4. The temperature dependence of the bare
superfluid density

In this section we try to correlate the tempera-
ture dependence of the observed in-plane resistivity
P,,(T) with the recently measured temperature de-
pendence of the bare superfluid density [2].

For T > T rthe expression for the bare super-
fluid density in the dirty limit (18) can be rewritten
in terms of the in-plane conductivity, o = eznfttr/m,
where e is the charge of an electron:

Jo(e, , T), p(eF,T))———t anh pT (20)

The in-plane resistivity p_, [ o !in cuprates has
been extensively studied [1], and its temperature
and concentration dependencies must reflect the
pseudogap properties observed in other experi-
ments. One can say that p, ,(T) is linear above
THQ Tp and roughly linear between Ty rand T
but with a lower slope. Thus in the mterval
Ty p<T <T, the resistivity can be approximately
written as pabf =aT + b, where a and b are func-
tions of ey but not of temperature

Now, substituting ¢ 0 p_}(T) into Eq. (20), one
obtains

NP
n (T) T

p
tanh . 21
+b an 2T 0
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0.2 0.5

1.0

Fig. 1. The behavior of n(T) in the clean (upper curve) and
dirty (lower curve) limits. The value of n(T) is normalized to
n (T = 0) for the clean system; T is given in units of Tp .

Our estimates based on Eq. (21) are shown in Fig. 1.
One can see that, in contrast to the almost linear
BCS dependence of n(T), we have convex behavior,
and the superfluid density becomes zero at T . We
stress that the curvature of n(T) is the result of
both the temperature dependence of p(T) and o(T)
for Ty < T < T, . More importantly, the slope of
the curve n(T) at T, for the dirty metal is substan-
tially less than for the clean one. The experiment
[2] shows the same curvature for n(T) but indicates
that the bare superfluid density disappears at a
lower temperature, T < T5  Since the slope
dn(T)/dT at T, is very small, as predicted by
Eq. (21) and observed experimentally, the nonzero
value of n(T) between T  and T  may however
simply be too small to be experimentally observed.
A definitive answer to this question demands fur-
ther experiments and theoretical studies. In parti-
cular, p fluctuations should be taken into account
[9,10].

One can also comment on the experimentally
observed change in the curvature of the total super-
fluid density, N (T), with changing carrier density
[3], even though N (T) cannot be directly related to
the bare superfluid density n(T) discussed here.
Although the total superfluid density disappears
above T'ppr , the curvature present in the bare
superfluid density n(T) seems to be retained as a
curvature in the total superfluid density, N(T),
below Tppr [2,3]. For low carrier densities
(the underdoped region) the pseudogap region,
Tppr <T< Tp , is larger, and therefore the curva-
ture in n(T) is more pronounced. This behavior
seems to be reflected in the total superfluid density,
N(T) below T'gpr [3]. It is important, however, to
study experimentally and theoretically the concen-
tration dependence of the bare superfluid density

572

n(T) in order to make a full comparison with the
results from [3] for N (7).

The experimental data of [3] also show that
N(T) does not display the Nelson-Kosterlitz jump.
This is probably related to the influence of the
interlayer coupling, see the references cited in [10].

5. Conclusion

Since in HTSC the pairing scale T is different
from the superconducting transition temperature,
the role of nonmagnetic impurities is not tradi-
tional, and they in fact govern the superconducting
properties of a «bad» metal. In particular, the
presence of nonmagnetic impurities strongly in-
creases the size of the pseudogap phase originating
from the fluctuations of the phase of the order
parameter. In addition, the behavior of the super-
fluid density in the presence of impurities is closer
to that experimentally observed.

Our results are only qualitative, since we have
considered a model with nonretarded s-wave attrac-
tion and an isotropic fermion spectrum. However, it
is likely that the properties obtained will persist for
d-wave pairing. There is, of course, the problem of
why strong disorder does not destroy the d-wave
superconductivity, when nonmagnetic impurities
are pair-breaking. As was suggested by Sadovskii
[30], even the d-wave pairing may persist if the
coupling is strong enough. Further studies are ne-
cessary; for example, it is important to explain the
concentration dependence of the superfluid slope,
dn(T)/dT at T =0 [3,4]. Our results also indicate
that it would be interesting to study the BCS-Bose
crossover problem in the presence of impurities,
especially in the d-wave case [30].
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