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O06 ynpyrom paBHOBECHH KyCOYHO-OIHOPOAHOM ILIOCKOCTH
C TPEIMHON B yIJI0BOU TOYKE I'PaHMIIbI pa3iea

IIpedcmasneno axademuxom HAH Yxpaunwt B.JI. Bozdanosoim

Paccmompena cmamuyeckast cuMmempuunas 3a0aua meopuu ynpyzocmu Oas KyYcouHo-00HOPOOHOU U30MPONHOU
nIoOCKOCmu ¢ epanuyell pasdeia cped 6 opme Cmopor yzaa U mpeuwunou 6 yzaosou mouke. Ilocmpoerno mounoe
pewenue ypasuenus Bunepa—Xongpa sadauu. Onpedenen k03P Guiyuenm unmencusHocmu HanpajiceHuil 6 KoHue
mpewunbl.

Katoueswie cnosa: xycourno-o0HopooHas nioCKOCmb, epanuua pasoend, yei08as mouka, mpeuutd, Ko3gguyuenm
UHMEHCUBHOCTNU HANPANCCHUU.

3ajauaM MeXaHWKK paspylieHuss o0 omnpeaeneHnn Koa(MOUIMEHTOB WHTEHCUBHOCTH HATIPsi-
JKEHUH B KOHIAX TPEMIVH U APYTUX JUHUN Pa3pbiBa CMEIIEeHUs, UCXOASIIINX U3 YTIOBBIX TOYEK
YIPYTHUX TeJI, HOCBSIIEHO MHOTO paboT. B OCHOBHOM, HCCIIE0BAIMCE 3a/1a4i TEOPUH YIIPYTOCTH O
paspesax B BepIIMHE OHOPOHOTO KauHa [1—4], a Tak:ke 0 IMHUSX Pa3pbIiBa CMEIeHNs B KOHIaX
TPEIIVH B OJHOPOAHBIX TeJaX [5]. DTU JUHUM pa3pbiBa MOJETUPYIOT Y3KKeE MOJIOCHI TIACTHY-
HOCTH, Pa3BUBAIOIINECS U3 KOHIIOB TpeluH. /{11 KyCcO4HO-0IHOPOIHOTO Tejla B yKa3aHHOM Ha-
MPaBJIEHUN U3YYAUCh CIYYan, KOT/IA YTJIOBBIMU TOUKAMU SBJISIOTCS KOHIBI MEK(Da3HBIX TPEIUH
U TPENINH, BRIXOANINX Ha TpaHuily paszena cpen [6—9]. B [10,
11] pemensl 3ajauv  TEOPUU YIPYTOCTH [ KYCOYHO-
OTHOPOJTHON TITTOCKOCTH ¢ MeK(Ma3HBIMU JUHUSMHU Pa3pbiBa
KacaTreJbHOTO (HOPMaJbHOTO) CMENEHNS B YITIOBOU TOYKE rpa-
HUIIBI Pa3/iesa cpel.

Hwuske mano TouHOe pelieHue 3a1a4i MEXaHWKN paspylie-
Hus 006 onpesieieHn  KoahdUIMeHTa UHTEHCUBHOCTH HATIPSTKe-
HUIl B KOHIIE TPEIIMHbI HOPMAJbHOTO Pa3pbiBa B KYCOUHO-
OJTHOPO/THOM TIJIOCKOCTH, NCXO/ATIEH U3 YIJIOBOW TOUYKH TPAHMU-
1Bl Pasziena cpel.

E,v,
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IlocranoBka 3agaun. B ycinoBusgx miockoil gedopmaliui B paMKaX CTaTHYECKON CUMMeT-
PUYHO 33/1a4¥ TEOPUH YIIPYTOCTH PACCMOTPHUM KYCOUHO-OTHOPOHYTO N30TPOITHYIO TLIIOCKOCTH C
rpaHuileii paszesa cpen B hopme cTOpoH yriia (cM. puc.). V3 yriioBoit TOYKM UCXOAUT TPEIIMHA CO
cBOOOIHBIMU OT HampsiKeHuil Geperamu. Ha GeckoHeyHOCTH 3a/1aHa AaCUMIITOTHKA TIOJIST HATIPSI-
JKEHUI, TIpeJIcTaBJIsonas coboil peleHne aHaJOTHIHON 3aaun O6e3 TperuHbl (3agaua K), mo-
posklaeMoe eMHCTBEHHBIM B ntosioce —1 <ReA <0 kopuem A, €]-1;0[ ee xapakrepucTuueckoro
ypaBHEHUS

[sin2(A+1) o+ (A +1)sin2a][ze; sin 2(A+1)(n—a) + (A +1)sin 20|+

HA+e))(1+e, ysin? Ar—[sin 2(A + 1)ou+ (A +1)sin 201 x

X[eeysin 2(A+1)(n—o)+ (A +1)sin 2] —[sin 2(A+1)(m— o) — (A +1)sin 20t] x

X[aey sin2(A+1)o— (A +1)sin2a]}e+

+Hsin2(A+1)(n—o)—(A+1)sin 2a][zey sin 2(A +1)o. — (A +1)sin 20]e? =0,
_A+vy E;

e= €, €y=—, & 9=3-4v
1+v, 0, €0 EQ’ 1,2 1,2

(E;, Ey — monymm IOmnra; vy, vy — xoaddunuentsr Ilyaccona). [Iponssosnbnas nocroannasn C,
BXOJISIINIAS B TO pellleHne, cunTaeTcs 3a7ianHoil. OHa XapaKkTepusyeT MHTEHCUBHOCTb BHEIITHETO
TI0JIS ¥ IOJIKHA OTIPE/IeJIATHCS U3 PEeIIeHUs KaKI0M KOHKPEeTHOH BHEITHEH 3a/1aui.

YuuTpiBas cuMMeTpHIo, TpaHUYHbBIE YCJIOBHUS pacCMaTpUBaeMOl 33/lauil TEOPUU YIIPYTOCTH
(cM. puc.) 3anuiineM Tak:

0=aq, <Ge>=<’fre>:07 <ue>:<ur>20; (1)

9=7t, 179:0, ue:O, 9=0, Tre:O,

0=0, r<l, 065=0; 6=0, r>[, uy=0; (2)
(1

0=0, r—>o, 0y=Cgr 0+o(—). 3
r

3mecy 0<O< T, <a> — CKAuoOK a .
Dynknus g Bbipaskaercst GopMyJIioii

8=81+(ho+2)8s,

g = (1+ @5y sin 20usin Ay0rcos Ayt cos(Ag +2)o.—

-1+ &1)7%2) sin 2otsin A0cos Ay (T —at)cos[Ag (T —o) — 20t] -

—(1+e))(1-29)AsinAgorcos Agasin(rgy +2)ocos Ag (T — o) cos[Ay(T—o) —20] -

—(1—ee)(1+a9)A(sinAgorcos Agocos(hg +2)orcos Ag (T —ov)sin[ Ay (T —o) — 20] -

—(1—-e)(Ahg +1—21y)AJ sin? 20.cos Aot —

—(2e—1+2)hg(Ag+1—2y)sin2occos Ayocos Ay (T —o)sin[Ay (T —o) — 20—

—[2—e(1-29)]Ay(Ay +1—2ey)sin2a cos’ Aoosin(Ay +2)o—

“2A(1—ay)e—1+a [(Ay+1-2, )cos2 Aoosin(ry +2)acos hg(m—a)sin[Ay(m—o) — 20,
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8y = (1+a)Asin 2asin(Ay +2)ocos Ay (- o) cos[Ay(T— o) — 20+
+(1+ee)(1—2ey)cosAgo sin2(ko +2) acoshy(m—a)cos[Ag(m—o)—20] -

—(1+&9 )L sin 20.cos Agosin(dg + 2)acos(rg +2)ou+

+(1—ee))(1+ey)cosAgasin(rg +2)orcos(Ag +2)ocos Ay (T —o)sin[ Ay (T —o) — 20+
+(1—e)A3 sin? 20cos(h + 2)oi+

+(2e —1+2) Ay sin20.cos(ry +2) occos Ay (m—o)sin[Ay (T —o) — 20+

+H2—-e(1-a29) A sin 2a.cos Ayosin(hg + 2)acos(rgy +2)o+

+2[(1—2y) e—1+e | cosAgasin(rg +2)ocos(Ag +2) oecos Ay (m—o)sin[Ay (T —o) —2au].

PesymsraTsl pacueToB MOKa3bIBAOT, uTO Ag >—1/2; Ay(0)=Az(n/2)=Ay(n)=0; g(a)<0
npu 0.€]0,7/2[; g(a)>0 npu aeln/2,n[; g(0)=g(n/2)=g(n)=0. Eciu marepuasunsl onu-
HaKOBBL, TO Ay U g paBHbl Hy0. IIpeanomnaraercs, uto Cg>0.

Hexoropble 3HayeHust A, IpUBEJCHbI B tabs. 1 (v;= vy =0,3), rie 3HaueHns: O JaHbI B
rpajycax.

Pemenne copMyInpoBaHHOM 3a7auil TEOPUH YIPYTOCTH (CM. PHC.) IPEACTABISET COOOM
CYMMY pelIeHtil cIeyonnX ABYX 3a1a4. [lepBast oT/imyaercs oT Hee TeM, YTO BMECTO TIEPBOTO U3
ycoBuii (2) nmeem

0=0, r<l, o5=-Cgr, (4)

a Ha 6ECKOHEYHOCTHU HanpsuKeHust 3aryxaioT kak o(1/7) (B (3) OTCyTCTByeT ImepBoe ciaraeMoe).
Bropas 3agaya — 3amaua K. Ilockosbky penienue BTOpoil 3aaqm U3BECTHO, JOCTATOYHO TO-
CTPOUTD pelleHune epBoil.

JlJist TOCTpOEHUsT TOYHOTO PEIIeH s TIePBOI 3aaun Oy/IeM UCII0/Ib30BaTh MeTo/[ BuHepa—
Xormda B coueTaHny ¢ armapaToM HHTerpajIbHOro npeobpasosanusa Mejmna [12].

Pemenne ypaBHenus Bunepa—Xonda sagaun. [Tpumensisa npeobpazoBanre Menaa

m (»)= Im (r)rPdr

€ KOMILJIEKCHBIM TIapaMeTPOM p K YPaBHEHUSIM PaBHOBECHs, YCIOBUIO COBMECTHOCTH Jehopma-
i, 3akony [yka, ycaoBusam (1) u yauTeiBast Bropoe nu3 ycaosuii (2) u ycaosue (4), TpUX0oIuM K
caenyomemMy GyHKINOHAILHOMY ypaBHeHnio Bunepa—Xomnda:

TABJIUIIA 1
o, Tpajt
e
’ 15 30 45 60 75 105 120 135 150 165

2 -0,036 | —0,075 | -0,112 | —-0,112 | —0,086 | —0,025 | —0,054 | —0,089 | 0,117 | —0,104
3 -0,068 | 0,132 | -0,180 | —0,184 | —-0,127 | -0,037 | —0,081 | —0,130 | —0,173 | —0,168
5 -0,122 | -0,232 | 0,258 | —0,248 | —0,167 | —0,049 | -0,104 | —0,168 | —0,228 | —0,241
10 -0,215 | -0,310 | —-0,332 | —-0,308 | —0,203 | —0,059 | —0,124 | —-0,202 | —0,278 | —0,318
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= cAgpG(P)D™(p), G (p)= oo ILT &

D (p)+—— :
2 p+ 2A(p)cos pr

Ao +1

Ag(p)=(sin2po.+ psin2a)|aesin2p(n—o)+ psin 20+

HA+e))(1+ee, )sin2 pr—(sin2po+ psin2a)|ee sin2p(n—o)+ psin 2] -
—[sin2p(m—o)— psin 20 (e, sin2po— psin 2a)}e+

+Hsin2p(m—o)— psin20](ee, sin 2 po — psin 20c)e2 ,

A(p)= —4(sin2 po.— p2 sin? o)[aeqsin2p(w—a)+ psin 2o+
H(A+2a)(1+eey)sin2pr+ 4(sin? po.— p? sin® o)[aeysin2p(mw—o)+ psin2o]—
—[sin2p(m—or)— psin 20][(1+ e )(1+ a2y ) — 4(zeq sin? po+ p?sin® o) Je+

+Hsin2p(n—o)— psin20][(1+ e, )2 —4(aey sin? po+ p2 sin? (x)]ez, s= —Cglko ,

oo 1
E au,
+ _ - _ 2 0
" (p)=[oy(pl, OpPdp, & (p)=——- [T pldp.
1 2(1=v3) 5 97 |r=pl
6=0
3nech —g; <Re p <€y, € 9 — MOCTATOUHO MATIBIE MTOJIOKUTENBHbIE YUCIIA.

Oynxiust G(it)(—oo <t < o) TpeacTaBasteT coO0il TeHCTBUTENBHYIO MOJOKUTEIBHYIO YeT-
HYI0 (PYHKIHIO ¢, CTPEMSIIIYIOCS K €JIMHUIIE TIPU ¢ — oo . CiiefioBaTeIbHO, nHAEKC hyHKIUU G(p)
110 MHUMOW ocH paBeH HyJifo. [Tockosbky, kpome Toro, dyHkimga G(p) Ha MHUMOW OCH Y/IOBJIET-
BOpsieT ycaoBuio [ebiepa, mMeeT MecTo (hakTopU3aIus

G*(p) 1 T InG(z) G*(p) (Rep<0),
o T eXp[_ / ﬁdZ]:{G‘(m (Re p>0).

2mi =
Oyukiya G*(p) anaauTUueckas, He UMeeT HyJel U CTPEMUTCS K eMHUIIE TIPU P —> oo B
nonymnockoctTd Rep <0, a dyakmus G- (p) aHamuTudeckas, He UMeeT HYJIell U CTPEMUTCS K
eJIMHUIIE TIPU P —> oo B TOJYTIIOCKOCTH Re p < 0.
Dynknuio p ctg pr MOKHO (haKTOPU30BATh TaK:

G(p) (6)

petg pn=K"(p)K™(p), Ki(ﬁ)=% "

(I'(z) — ramma-pynkuus). Oynkuusa K (p) ananurudeckas u He MMeeT HyJeil B 10J1yILIoC-
koctn Rep<1/2, a dynxkmusa K™ (p) anajutuyeckas M He MMeeT HyJiel B MOJYIIOCKOCTH
Rep>-1/2. CupaBeyinBbl aCUMIITOTUKHT

K*(p)~\-p, K (p)~[p (p—=). (8)

C nomoribio pakropusanuii (6), (7) ypaBuenue (5) nepenuiiemM B Buje

+ - —
+<D (p+) N s+ . _K (p)_CD §2) (Re p=0). ©)

K ()G (p) (p+ro+DK ()G (p)  pG (p)
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Nmeet MecTo TIpeicTaBIeHNE

s S 1
(p+ho+ DK (D)GT(p) P+ +1[K+(p)G+(p)

- ! ]+ > (Rep=0). (10)
K™ (A —DGT (-Ag=1) | (p+ro+ DK (kg —1G (~1g—1)

[Moacrasaaa (10) B (9), nonmyuaem

D*(p) N S [ 1 _ 1 _
K*(p)G'(p) (p+h+D| K (p)G (p) K '(-hy—1)G"(=ky-1)

:K’(p)_@’(p)_ . S . (Re p=0). (11)
G (p) (P+ro+DK (-2 —-D G (-1y—1)

Oymnkius B jeBoii yactu (11) ananuTuyna B mosymiockoctu Re p <0, a pyHKIUS B 1paBoii
gactu (11) anammTiana B moaymiaockocTu Re p > 0. B cury npuHIIAma aHATUTHYIECKOTO TIPOIOJ-
’KeHusd 3TU (DYHKITNU PaBHBI OJTHON U TOH ke (DyHKITNHU, aHATUTUIECKOM BO BCE MJIOCKOCTH P .

Wcxons n3 u3BeCTHLIX ACUMIITOTUK
K,

2n(r=10)’
duy  2(1-v)) K,

or Ey 2r(l-7)

(K; — xoathduiimenT MHTEHCHBHOCTH HATIPSKEHNI B KOHIIE TPEIIMHBI ), 110 TeopeMe abesieBa TH-
1a HaXOIUM

0=0, r—>I1+0, o4~

0=0, r—I[-0,

K K
Dt (p)~—=, D (p)~——F= (p—> ). (12)
J-2pl J2pl
Tabuya 2
o, rpajt
e
’ 15 30 45 60 75 105 120 135 150 165

0,1 1,829 4,323 4,835 2,541 0,325 1,867 4,580 6,227 4,428 1,244
0,2 1,479 3,669 3,278 1,875 0,192 1,514 4,095 5,186 3,394 0,814
0,3 1,116 3,327 2,799 1,562 0,179 1,245 3,696 4,818 2,855 0,599
0,5 0,942 3,144 2,524 1,331 0,167 0,999 3,322 4,501 2,514 0,375

2 0,703 1,775 1,953 1,145 0,202 0,071 0,674 1,202 0,830 0,168
3 0,977 2,178 2,209 1,221 0,208 0,100 0,933 1,601 1,031 0,194
) 1,327 2,669 2,510 1,306 0,219 0,155 1,434 2,364 1,412 0,237

10 1,928 3,907 2,924 1,410 0,229 0,290 2,662 4,236 2,338 0,334
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U3 (6), (8) u (12) cnemyert, uto hyHKIMHU B JIeBOH 1 mpaBoit yacTgx (11) ctpeMsaTcs K HyJIO

pu p — oo Biomyiiockoctsx Re p <0 u Re p >0 coorBetcTBenHo. B cuiy Teopembr JInyBusis
einHas aHAIUTHYecKask (DYHKIUS TOKIECTBEHHO PaBHA HYJIIO BO BCEH IMJIOCKOCTH P .

Takum o6pasom, pemnienne ypasHenust Bunepa—Xornda (5) nmeer Buj

D (= SK (PG (p) ! S Rep<0),
2 p+thg+l | K*(=Ay-DG (=X -1) K" (p)G*(p) (Rer<)
@—(p): SpG_(p) (Rep>0) (13)

K (A —DG" (=Ay —D(p+ 21y + DK (p)

Onpenenenne kKod(ddpunueHTa HTEeHCUBHOCTU HanpsikeHuii. C momoribio (13) Haxoaum

ACUMIITOTUKRY

S
K*(=ho —DG* (=hg—1)/p

Cornacno (12), (14) nosydyaem caenytomryto opmyiry st K0ahhUIimeHTa THTEHCUBHOCTH

@ (p)~ (p—=e0). (14)

HaIPSIKEHUH:

V2|g[T(hg +3/2)
(kg +2)GT (Ao —1)

K, =K{|C|[iM/2 ) K] =

HexoTopbie 3nauenus K? puBeIeHbI B Ta0I. 2.
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I[TPO ITPYKHY PIBHOBAT'Y KYCKOBO;OI[HOPIZ[HOT
[JIOMMVHNM 3 TPINIMHOIO ¥ KYTOBIM TOYII MEI ITOALTY

PosrasiHyTo cratuuHy cuMeTpUYHY 3a/1ady Teopil MPYKHOCTI 715 KyCKOBO-O/IHOPi/IHOI 130TPOITHOI TIJIOTIUHY 3
MeZKeI0 IOy cepeZloBHIL ¥ (hopMi CTOPIH KyTa i TpinmHoo B KyToBiil Tout. [To6ymoBano ToUHI po3B’sI30K
piBusannsa Binepa—Tonda 3amaqi. Busnadeno koedilieHT iHTEHCUBHOCTI HATIPY>KEHD y KiHITI TPIIIIMHM.

Kantouoei cnosa: kycroso-o00nopiona niowuna, mejca nooiny, Kymoea mouka, mpiyund, KoeQiyienm inmencusnocmi
Hanpyaceny.
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ON THE ELASTIC EQUILIBRIUM OF A PIECEWISE HOMOGENEOUS
PLANE WITH A CRACK AT THE CORNER POINT OF THE INTERFACE

The static symmetric problem of the theory of elasticity for a piecewise homogeneous isotropic plane with
the interface in the form of angle sides and a crack at the corner point is considered. The exact solution of the
Wiener—Hopf equation of the problem is constructed. The stress intensity factor at the crack tip is determined.

Keywords: piecewise homogeneous plane, interface, corner point, crack, stress intensity factor.
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