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equations
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Abstract. The solvability of the Cauchy problem u(0) = wuo of an semi-
linear differential operator equation Lt = Mu+ N (u) is under considera-
tion. The abstract results are illustrated by the Cauchy—Dirichlet prob-
lem for degenerate reaction-diffusion equations and for Navier—Stokes
equations, and by the Cauchy—Bernard problem for Oskolkov thermo-
convection equations.
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1. Introduction

Let 4 and § be Banach spaces, and let operators L € L(;F) (i. e.
linear and continuous) and M € CI(4; ) (i. e. linear, closed and densely
defined). We shall study the Cauchy problem

u(0) = ug (1.1)
for the differential operator equation
Li = Mu+ N(u), (1.2)

where ker L # {0}, and N : domN C 4 — F is generally speaking
nonlinear operator. Following 1] we shall call the Eq. (1.2) a semilinear
Sobolev type equation, in contrast to linear Sobolev type equation

Li, = Mu. (1.3)

The problems (1.1), (1.2) and (1.1), (1.3) are in the focus of the
attention of many researches (see monographs |2]-[5] for references). In
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contrast to all these results our approach bases on the consept of the
phase space that are understood more broadly than in application solely
to Hamiltonian systems. Roughly speaking, a set 3 is called a phase
space of the Eq. (1.2) (or Eq. (1.3)) if there exists a unique solution
u = u(t) of problem (1.1), (1.2) (or (1.1), (1.3)) on some semiinterval
[0,T) for all ug € P.

If an operator L : 4 — § is continuously invertible, then the Eq. (1.2)
and Eq. (1.3) are reduced trivially to the equations

4= Su+ F(u) (1.4)

and

= Su (1.5)

respectively with an operator S € CI(4) and a nonlinear operator F :
domF — 4 in the right-hand side. If in addition S is a sectorial operator
[6], then by the Solomyak—Yosida theorem the Eq. (1.5) has an ana-
lytic semigroup of resolving operators, which are represented by Dunford
integral

Ut:i (uI —S)tertdu, te Ry, U =1. (1.6)
2mi

r

Thereupon the problem (1.1), (1.4) is solved, if operator F' € C(ty; ),
where i, = [o, 4]0, a € [0,1), is interpolated space, Ly = L, LUy is
domsS equipped by "graphic norm" [6].

The idea of the phase space method consists in reducindg (1.2), (1.3)
topt (1.4), (1.5) respectively that are given, however, not on all 4, (or 1),
but on some (possibly, smooth Banach) manifold imbedded in 4, (or 4l).
In [8] the problem (1.1), (1.2) was investigated under main assumption:
the point u = oo is a simple pole of the L-resolvent (uL — M)~! of
operator M. In our case the point ;4 = oo may not be isolated point of
the L-resolvent of operator M.

The paper consists of three sections. Exept of Introduction the second
section is of propaedeutic character. It contains already known results [7],
that are presented in our arrangement. The main goal of this section is
to show the construction of resolving semigroups of the Eq. (1.3). These
semigroups are created like the semigroup (1.5).

In the third section we carry out abstract discussions, consisting in
the application of the modified Lyapunov—Schmidt method to studying
of the problem (1.1), (1.2). We attempt to reduce the Eq. (1.2) to the
Eq. (1.3). Remark that the Cauchy problem (£(0),¢(0)) = (0,0) for

equations

0=n-¢&, n=¢ (L.7)
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has two solutions stationary (0,0) or nonstationary (¢/2,t2/4), but the
same problem for equations

0=n—€, n=¢+1 (1.8)

has not solution. Since Eq. (1.7) and Eq. (1.8) are simplest examples of
the Eq. (1.2) then the problem (1.1), (1.2) is not well-posed in general.
This simple observation shows the necessity of the restriction of the notion
of the solution to the problem (1.1), (1.2).

The fourth section contains some examples arised in applications. We
apply obtained abstract results to the Cauchy—Dirichlet problem for dege-
nerate reaction-diffusion equations and for Navier—Stokes equations, and
to the Cauchy—Bernard problem for Oskolkov thermoconvection equa-
tions. The main goal of this section is to study the morphology (i.e.
structure, lattice, organization) of the phase space of a concrete interpre-
tation of the problem (1.1), (1.2).

In conclusion let us agree to all arguments that are carried out in real
Banach spaces, but when "spectral" questions are considered, the natural
complexification is introduced; all contours are oriented by "counterclock-
wise" motion and bound domains that lying on the "left hand" side under
such motion; symbols I and O denote the "unique" and "null" operators
respectively whose domains of definition are clear from context.

2. Relatively p-sectorial operators and degenerate
analytic semigroups

Let $1 and § be Banach spaces, operator L € L(;§), and operator
M : domM C {4 — § be linear and closed.

Definition 2.1. Set
p"(M)={peC|(uL— M)~ e L(FW}

1s called a resolvent set of an operator M with respect to an operator
L (or, briefly, L-resolvent set of an operator M ). The set o*(M) =
= C\p*(M) is called spectrum of an operator M with respect to an op-
erator L (or, briefly, L- spectrum of an operator M ).

Remark 2.1. When there exists an operator L™ € L(F; ) L-resolvent
set and L-spectrum of the operator M coincide with the resolvent set and
the spectrum of the operator LM (or the operator ML™!).

Remark 2.2. The L-resolvent set of the operator M 1is always open,
and, consequently, the L-spectrum of the operator M is always closed.
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Definition 2.2. Operator functions (uL — M)™!, Rﬁ(M) = (uL—
-M)71L, Lﬁ(M) = L(uL — M)~! are called respectively a resolvent,
right resolvent, and left resolvent of an operator M with respect to the op-

erator L (or, briefly, L-resolvent, right L-resolvent, and left L-resolvent
of the operator M ).

Remark 2.3. When there exists an operator L™' € L(F;4) the right

(left) L-resolvent of the operator M coincides with the resolvent of the
operator LM (ML™').

Lemma 2.1. The L-resolvent, right and left L-resolvents of the operator
M are continuous on p“(M).

Theorem 2.1. The L-resolvent, right and left L-resolvents of the oper-
ator M are analytic in p*(M).

Now let an operator L € L(i;F), and an operator M € Cl(4l; §).

Definition 2.3. An operator M is called p-sectorial with respect to an
operator L with a number p € Ny (or, briefly, (L, p)-sectorial), if
(1) there exist constants a € R and 0 € (7/2,m) such that the sector

See(M) ={peC||arg(p—a)| <0, u+#a}Cp"(M),

(ii) there exists a constant K € Ry such that
P
mac{|RE ) (M) e I1EE o (M)l gy} < K/ T] g — o
q=0

for every po, p1, ..., pp € S(ie(M)-

Remark 2.4. When there exists an operator L~ € L(F; ), the operator
M s (L,0)-sectorial precisely when the operator L~*M is sectorial (or,
which is equivalent, the operator ML™1).

Supposing p* # 0 let us introduce into consideration a pair of equa-
tions one of which is equivalent to Eq. (1.3)

RE(M)i = (oL — M)™*Mu, (2.1)
LEM)f = M(aL — M)7'f. (2.2)

Both of these equations will be considered as concrete interpretations of
the equation

Ab = Bu, (2.3)

where operators A, B € L(0); U is Banach space. Further vector function
v € C1(R, ;%) satisfying this equation will be called the relazed solution
of Eq. (2.3).



GEORGY A. SVIRIDYUK 263

Definition 2.4. A mapping V- € C1(Ry; L(0)) is called a semigroup of
solving operators (or briefly, a solving semigroup) of Eq. (2.3), if

(i) VSVE=Vstt ys t e Ry ;

(ii) for every vy € U the vector function v(t) = V'iuvy is the relazed
solution of Fq. (2.3).

Let us identify the semigroup with the set {V! |t € R, }. A semigroup
{Vt|teR.} will be called analytic, if it admits some analytic extension
to a certain sector containing a ray R, while retaining its properties (i),
(ii), and will be called uniformly bounded, if

ACeR VteR, |V m <C.

Remark 2.5. Note that the fact that a solving semigroup of Eq. (2.3)
with an identity is not postulated.

Theorem 2.2. Let an operator M be (L,p)-sectorial. Then there ex-
ists an analytic and uniformly bounded solving semigroup of Eq. (2.1)

(Eq. (2.2)).

These semigroups may be represented by the integrals of the Dunford—

Taylor type
1

Ut = 5o RY(M)eMdp, t € Ry, (2.4)
r
1
Ft = 5 LE(M)edp, t € Ry, (2.5)
T

where I' C S’fﬁ(M) is a contour such that arg u — 46 as |u| — oo, p € T,

Remark 2.6. The semigroup {U' : t € Ry} is the resolving semigroup
of the Eq. (1.3). Let us introduce the sets

kerU ={uc:Ulu=0Vt € Ry}, ker - ={f €F: F'f =0Vt c R, },
. L Lo t . . R te
imU —{ueil.tl_l)rOnJrUu—u}, imF —{feg.tli%lJrFf—f},

and let us set

$0 = ker R(L“’p)(M), 37 = ker L(me)(M)’
L_pL (M) U—imLE (M)
4 =imRe, (M), § = imL, (M)

Theorem 2.3. Suppose that an operator M is (L, p)-sectorial. Then

W =kerU, F=kerF, U =imU, F' =imF".
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Now we are introducing the operators

Lpn=L , My=M

, k=0,1.
domM Nk
Theorem 2.4. Assume that an operator M is (L, p)-sectorial. Then
(i) My : domM NUF — F* k=0,1;
(iii) there exists the operator My * € L(F%;U°);
(iv) the operator H = My 'Ly € L(U°) is nilpotent with degree of
nilpotency not greater than p.

sk

Later on we are interesting in the cases
U=y and F=3"aF. (2.6)

Theorem 2.5. (Yagi-Fedorov [9], [10]). Let an operator M be (L,p)-
sectorial, and let Banach space 84 (F) be reflexive. Then {4 = U° @ U
F=3F)

Further we need the condition:
there exists the operator Ly € L(F';uUb). (2.7)

Definition 2.5. Operator M is called strongly (L, p)-sectorial if it is
(L, p)-sectorial and

(i) there ezists a dense in § subspace % such that for all f E%

p

_ _ , const(f)
MOL = 80 T Lt~ 00| timg —o)
=0 s = al T g — al

q=0
d const
() ||z~ M) T L L~ A7 lim .
4=0 LS80 A —a HO kg — al
q:

for all A\, po, o1, .., iy € S(ﬁg(M).
Theorem 2.6. Let an operator M be strongly (L, p)-sectorial. Then the
conditions (2.6), (2.7) are fulfilled.

Now we can construct the operator S = Ll_lMl.

Theorem 2.7. Let an operator M be (L, p)-sectorial, and the conditions
(2.6), (2.7) are fulfilled. Then

(i) the operator S € CL(U) is sectorial;

(ii) My, € CL(UF; F).
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3. Quasistationary semitrajectories

Suppose that an operator M is (L, p)-sectorial. Then by the The-
orem 2.2 let us put 1115 = ¥ and u’f = domM NY¥, k = 0,1. The
spaces il’f, k =0, 1, equipped by the "graphic norm" is Banach spaces. If
an operator M is (L, p)-sectorial and the condition (2.6) is fulfilled, then
the embeddings il’f — 4k k = 0,1, are dense and continuous. Denote
by Ul = [U},4]4, a € [0,1), an interpolation space [6], and by 4, the
direct sum U @ UL. A vector-function u : (0,T) — i, is called a solution
of the Eq. (1.2) if it satisfies to this Eq. (1.2). A solution u = u(t) of the
Eq. (1.2) is called solution of the problem (1.1), (1.2), if tli%1+u(t) = g

in $,.

Return to the Eq. (1.2). Under assumptions of the Theorem 2.2 and
the conditions (2.6), (2.7) we can reduce this equation to the equivalent
system

Hi® = u® + My (I — Q)N (u), (3.1)
a' = Su' + LT'QN (u), (3.2)

where u! = Pu, u° = u — u!, the operator P (Q) is the projection onto
U (§1) along U° (F), the operator H = M, 'Ly € L(81°) is nilpotent,
and the operator S = LM € CI(U') is sectorial.

Definition 3.1. A solution u = u(t) of the problem (1.1), (1.2) is called a
quasistationary semitrajectory of the Eq. (1.2) passing through the point
ug if Hu®(t) =0 for every t € (0,T).

Recall that a stationary solution of the Eq. (1.2) is a quasistationary
semitrajectory, but the converse is false. In the above mentioned example
(1.7) the quasistationary semitrajectories coincide with the stationary
one, i. e. with the point (0,0). In general (0,0) is not the unique
solution of the problem 7 = &, 0 = n— &2, £(0) = 0, n(0) = 0; there is one
more: (t/2,t?/4); however as a quasistationary semitrajectory the point
(0,0) is a unique solution of this problem. Remark also that the example
(1.8) has not quasistationary semitrajectory passing through the point
(0,0).

To find qusistationary semitrajectories of the Eq. (1.2) we introduce
in consideration a set

M={ueiy:(I—Q)(Mu+ N(u)) =0}.

It is obvious (see (3.1)) that if u = u(t) is a quasistationary semitrajec-
tory then it lies in 9 (i. e. wu(t) € M for every ¢t € [0,T)). Let a point
ug € M. Set u} = Pug and by O} C U} define a neighborhood of the



266 PHASE SPACES FOR A CLASS OF SOBOLEV TYPE EQUATIONS

point ul € Ul. If there exists a C*°-diffeomorphism § : O} — 9 such
that 6~ = P, then we shall call the set 9t a Banach C*®-manifold at the
point ug. If the set M is a Banach C°°-manifold at every point ug € M,
then we shall call the set 9 a Banach C°°-manifold modeling by the
subspace U%. Connected Banach C*°-manifold is called a simple Banach
C*°-manifold if every its atlas is equivalent to the atlas containing only
a map.

Theorem 3.1. Let an operator M be (L,p)-sectorial, and an operator
N € C®°(UL; ). Let the conditions (1.3), (1.4) be fulfilled, and the set I
be a Banach C*-manifold at the point ug. Then for any T € Ry there
exists a unique quasistationary semitrajectory of the Eq. (1.2) passing
through the point ug.

Proof. In the neighborhood O} of the point u} the Eq. (3.2) may be
written in the form

ut = Su' + F(u'), (3.3)

where the operator F' = Ll_lQN(S € C®(0}; U), and the operator S €
Cl(41) is sectorial. The existence of a unique solution of the Cauchy
problem u!(0) = u} for the Eq. (3.3) for some T € R is the classical
result [6]. Required qusistationary semitrajectory u = u(t) has the form

u(t) = 6(ut(t)) + ul(t). O

In conclusion let us consider the problem (1.1), (1.2) where an op-
erator M is (L,o)-bounded. A vector-function u € C®((=T,T); ) is
called a solution of the equation if it satisfies to this equation for any
T € Ri. A solution of the Eq. (1.2) is called a solution of the problem
(1.1), (1.2) if it satisfies to (1.2). By analogy with above mentioned set
I we introduce in consideration a set

M ={ueil:(I-Q)(Mu+ N(u))=0}.

Definition 3.2. A solution v = u(t) of the problem (1.1), (1.2) is called
a quasistationary trajectory of the Eq. (1.2) passing through the point g
if HuP(t) = 0 for every t € (—T,T).

Remark that in the case of (L, o)-boudedness of an operator M qua-
sistationary semitrajectory may be continued "back" by the time.

Theorem 3.2. Let an operator M be (L, o )-bounded, moreover, oo be a
removable singular point or a pole of the order p € N. Let an operator
N € C®(U;F), and the set M’ be a Banach C*°-manifold at the point
ug. Then for any T € Ry there exists a unique quasistationary trajectory
u=u(t), t € (=T,T), of the Eq. (1.2) passing through the point ug.
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Proof. In the neighborhood Of C 4! of the point uj = Pug the Eq. (1.2)
may be written in the form (3.3). Multiplying (3.3) by 0, on the left we
can take the equation

= G(u), (3.4)

where the operator G = 4§/, (S + LT'QNS6) : u — T, 9, the operator 0l
is the Frechet derivative of C*°-diffeomorphism § at the point u' = Pu,
T, 9N is the tangent space. The existence of a unique solution of the
Cauchy problem (1.1) for the Eq. (3.4) for any 7" € R is the classical
Cauchy theorem [11]. O

Remark 3.1. If oo is essential singular point then the Theorem 3.2 is
false even for the linear Eq. (1.3) [7].

4. Phase spaces
Let us return to the Eq. (1.2).

Definition 4.1. A set B C U is called a phase space of the Eq. (1.2), if
(i) every solution u = u(t) of the Eq. (1.2) lies in B, i. e. v(t) € P
vVt e Ry,
(ii) for every ug € P there exists a unique solution of the problem
(1.1), (1.2).

In this section we shall consider such examples, in which the phase
space is simple Banach C'°°-manifold and coincides with the set 9.
Example 4.1 The hybrid of Oskolkov system and heat equation in the
Oberbeck—Boussinesque approximation

(1 - KV =vV20 — (v-V)v — Vp + g75,
Vv =0, (4.1)
Sp = 0V2S —v-VS +qv

describes the thermal convection of viscoelastic incompressible fluid (see
[12]| for more details). If one of horizontal components of the velocity is
equal to zero, then the system (4.1) is reduced to a system

06 . AP 08

(1 —KLA)AE =vA*Y FER) +g’yax, w2
90 ow,0) | 0v :
ot 080~ A(z,y) +58x’

which models plane-parallel thermal convection.
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Set 2 = (0,1) x (0,h), where [,h € Ry. At the domain Q x R; we
shall consider the Cauchy-Bernard problem for the system (4.2)

w(xayvo) = wO(xay)v 0(x¢y70) = 90(:[;71/)7 (x7y) € (43)

¢($a 0, t) = A¢(l‘, 0, t) = 711(% h, t) = AT/J(% h, t) =0, (4'4)
0(x,0,t) = 0(z,h,t) =0, z€(0,1), teRy; (4.5)
functions 1 and 6 are periodic with respect to x. (4.6)

We shall reduce the problem (4.2)-(4.6) to the problem (1.1), (1.2). To
this end we set U = Uy x ty, T = Fy X g, where Ly = {tp € W(Q) :
¢ satisfies (4.4), (4.6)}, Uy = Fy = L*(Q2). We define the operators

_ 2
L:<(I g)A)A ?),/{GR; M:(”é ;Z),K'JGR;

where domM = b, x {6 € W2(Q) : 0 satisfies (4.5), (4.6)}. It is clear
that the operators L € L(U;§), M € Cl(; ).

Lemma 4.1. [12]. For every k € R\ {0}, v,d € Ry the operator M is
strongly (L, 0)-sectorial.

Further we set
domN = iy x {6 € WE(Q) : 0 satisfies (4.5), (4.6)}

and by the formula

00 Ol.A)

B or  d(z,y)
N(u) = o ol fé)
Ox d(x,y)

we define the operator N : domN — §. It is obviously that dom/N C
[ﬂ(},ﬂﬂa, o € (0, 1).

Lemma 4.2. [12]. For every g,7 € R, a € (0,1) the operator N €
C®(Up; ).

It is easy to show that all Frechet derivatives of the operator N are
equal to zero, when the order of derivative is greater than two.

Denote by o(A) the spectrum of the homogeneous Dirichlet problem
for the Laplace operator A in the domain . Using the methods of [12]
one can obtain the following result.
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Theorem 4.1. For every v,9 € R, §,v € R4, a € (0,1) and

(i) k=1 ¢ o(A) the phase space of the problem (4.2), (4.4)—(4.6) is
whole space U ;

(ii) k=1 € o(A) the phase space of the problem (4.2), (4.4)—(4.6) is
a simple Banach C*®-manifold M = {u € U, : (Mu + N(u),p;) = 0,
k=Y = N} that is modelling by the subspace Ul={u € Uy, : (u, ;) = 0,
k= )\l}-

Here (-,-) is inner product in §, {\x} = 0(A), {¢x} is orthonormal
family of corresponding eigenfunctions.
Example 4.2 Let 2 C R” be bounded domain with a boundary 90¢2 of
the class C'°°. In the semicylinder 2 x R, we consider a system of the
equations of the reaction-diffusion type

0= alAul + fl(ul, UQ), U9y = CYQAUQ + fg(ul, ’LLQ), (47)

where one of the concentration (namely, u; = wuj(x,t)) "varies faster
than the other" (uy = ua(z,t)). We suppose that functions fi, k = 1,2,
have the form of so-called Lefever-Prigogine model (see for example [13])
fi(ur,ug) = Aug —ugu3, fo(ur,uz) = B — (A+1)ug +uju3, where A and
B are any constants. Starting to the reduction of the Cauchy-Dirichlet
problem

ug(z,0) = ugo(z), z€Q, k=01, (4.8)

up(z,t) =0, (z,t) €N xR, k=01, (4.9)

for the system (4.7) to the problem (1.1), (1.2) we recall the following
result from Appendix C of [13].

Lemma 4.3. Suppose f € C°(Q;R™) and | > n/2. Then the operator
F: oWl — W given by F :u — f(u) is well defined and belongs to the
class C™°.

Assuming that [ > n/2, we set 4 = F = W} ® W}, and we define the
operators

= (99) (g 5)e e ().

domM = (Witn W) @ (Wi?n Wy), u = (u1,ug). It is clear that
the operator M is strongly (L,0)-sectorial for all (a1, a2) € R%, and
the operator N € C%(i,; ) for all (4,B) € R? 4, = 4. Since the
projectors P = () = L, we can construct the set

M = {u e a1 Auy + Aug — uius :O}.



270  PHASE SPACES FOR A CLASS OF SOBOLEV TYPE EQUATIONS

Lemma 4.4. The set M is a simple Banach C*°-manifold that is mod-
eling by the subspace {0} ® W2l forallay e Ry, A €R.

Proof. First we show that 90 # (). Really, for every us € W there exists

a unique uq € W2l+2ﬂ W21 such that u = (uy,ug) € M.

Next, let us consider the operator D : us — —A(a; A — ud) = (uz),
where (a1 A—u3)~!is a the Green operator. The operator DeC° (U!°),
where W' = {0} @ Wi, 4° = Wi @ {0}. Desired C°-diffeomorphism
§ : U — 91 has the form

By the lemma (4.4) and the theorem (3.1) we have

Theorem 4.2. Suppose (a1,a2) € R2, (A, B) € R?, then for every
(u10,u20) € M, and for any T € Ry there exists a unique solution
(ui,u2) € C*((0,T);9M) of the problem (4.8), (4.9).

Remark 4.1. See in [14] another view-point on the problem (4.7)—(4.9).

Example 4.3 Let ) C R", n = 2, 3, be bounded domain with a boundary
0N of the class C*°. In the semicylinder €2 x R, we consider the Cauchy—

Dirichlet problem
U(x,0) = vp(x), =z €, (4.10)

U(x,t) =0, (z,t) €00 xRy (4.11)

for the Navier—Stokes equations
G =vV20—(G-V)T—-Vp+f, 0=V-7. (4.12)

Before the beginning of the reduction of the problem (4.10)—(4.12) to the
problem (1.1), (1.2) we replace the equation 0 = V - ¥ to the system of
equations 0 = V(V - 7). By the Gauss theorem we obtain the system
which is equivalent to (4.12). Besides that we set p’= Vp, and later on
we consider the problem (4.10), (4.11) for the system

T =vVT— (G- V)YT—p+f, 0=V(V-0). (4.13)

Denote by H? = (W2)", H'= (W3)", L? = (L?)" and consider lineal
® = {7 € (C®)":V-v =0} The closure of & by the norm of L2
we denote by H,. The space H, is Hilbert space with the inner product
(-,-) from L2, besides that, there exists a decomposition L2 = H, @ H,,
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where H, is the orthogonal complement to H,. Denote by II : L? — H,
the Correspondlng orthoprojector. The restrlctlon of the prOJector IT on

H?N ]HI1 is a linear bounded operator II :— H?N H1—> H?N ]HI1 Therefore

we can represent H?N Hl as the direct sum H?N Hl H2 @ HZ, where
H2 = kerII, H2 = imIl. There exist dense and continuous imbeddings
H2 C H,, and H2 C H,. The space HZ contains such vector functions,
that u(z) =0, x € 9Q, and u = Vg, p € Ws.

Let us set U = § = H, x H; x H,, H, = H,. Every vector u € {
has the form u = (uq,ur,up), and every vector f € § has the form
f = (fo, fr, fp)- It is easy to show that the operator, given by the formula
L = diag{X%,II, O} is linear and bounded with ker L = {0} x {0} x H,,
imL = H, x H, x {0}; and the operator, given by the formula

-v¥A —v¥XA O
M= —vIIA —vIIA -1I |,
@) B @)

is linear, closed and dense defined operator M : domM — §, domM =
HZ x H2 x H,,. Here A = diag{—V?,...,-V?} :H2 xH2 - L2 B:¥7 —
V(V %), B € L(HZ ¢ H2;H,), ker B = H2.

Lemma 4.5. Suppose v € Ry, then the operator M is strongly (L,1)-
sectorial.

The projectors P and () have the forms

T 0 0 Y 0 —vIAB:!
P=(0 00| and Q= 0 © 0 ,
0O 0 O 0 0 0

where B; is the restriction of the operator B on H2.
It is easy to show, that the operator, given by the formula

—3(v - V)v
N:u— | —II(v-V)v |, v=us+ unr,
O

lies in C°°(H'; L2), if n = 2, 3. Using the projectors P and Q) we construct
the set
M = {u €My tur =0, Up = H(f - (ua : V)UJ)}a

where f = (f, fx,0) € §, Yo = HLx HE xH,, H ;o =H"' NHy ().



272 PHASE SPACES FOR A CLASS OF SOBOLEV TYPE EQUATIONS

Theorem 4.3. Suppose v € Ry, n =23, f €F, f = (fo, fx,0), then
for every ug € M there exists a unique solution u € C°((0,T); M) for
any T € Ry of the problem (4.10), (4.11), (4.13). The set M is a Banach

C*>-manifold modeled by the subspace H. x{0} x {0}.
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