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Lévy approximation of processes
with locally independent increments with
semi-Markov switching
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Abstract. In this paper, the weak convergence of additive functionals
of processes with locally independent increments and with semi-Markov
switching in the scheme of Lévy approximation is investigated. Singular
perturbation problem for the compensating operator of the extended
Markov renewal process is used to prove the relative compactness.
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1. Introduction

Lévy approximation is still an active area of research in several the-
oretical and applied directions. Since Lévy processes are now standard,
Lévy approximation is quite useful for analyzing complex systems (see,
e.g. [1,10]). Moreover they are involved in many applications, e.g., risk
theory, finance, queueing, physics, etc. For a background on Lévy process
see, e.g. [1,4,10].

In particular in [6,7] it has been studied the following stochastic ad-
ditive functional in the series scheme with the small parameter series
e—0 (¢>0)

t

£ () = & + / 7 (ds; 2% (s/e2)), >0, (1.1)
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of a jump Markov process with locally independent increments (PLII)
(16]) n(t;-), t > 0, (also known as a Piecewise deterministic Markov
process — PDMP, [2]), perturbed by the jump semi-Markov process
z(t), t > 0. The process (1.1) is studied in a (functional) Poisson ap-
proximation scheme, within an ad hoc time-scaling.

We propose to study functionals of PLII [6] using a combination of
two methods. The one based on semimartingales theory, is combined with
a solution of singular perturbation problem instead of ergodic theorem.
So, the method includes two steps.

In the first step we prove the relative compactness of the semimartin-
gales representation of the family £°, € > 0, by proving the following two
facts [3]:

lim sup P{sup |£°(¢)| > ¢} =0,
t<T

CcC— 00 ESEO

known as the compact containment condition, and
E[¢°(t) — & (s)]* < k[t — ],

for some positive constant k.

In the second step we prove convergence of the process (1.1) by using
singular perturbation technique as presented in [6].

The paper is organized as follows. In Section 2 we present the time-
scaled additive functional (1.1), the PLII and the switching semi-Markov
process. In the same section we present the main results of Lévy approx-
imation. In Section 3 we present the proof of the theorem.

2. Main results

Let us consider the space R? endowed with a norm | -| (d > 1), and
(E,E), a standard phase space, (i.e., E is a Polish space and & its Borel
o-algebra). For a vector v € R? and a matrix ¢ € R¥¢  v* and ¢* denote
their transpose respectively. Let C3(R?) be a measure-determining class
of real-valued bounded functions, such that g(u)/|u|> — 0, as |u| — 0 for
g € C3(R%) (see [5,6]).

The additive functional £(t), ¢ > 0, & > 0 on R? in the series scheme
with small series parameter ¢ — 0, (¢ > 0) are defined by the stochastic
additive functional (|6, Section 3.3.1])

t
€)= & + / i (ds; 2(s/2)). (2.1)
0
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The family of the Markov jump processes with locally independent
increments n°(t;x), t > 0, € E on RY, is defined by the generators
[6, Section 3.3.1] (see also [7])

T (a)oln) = [lptu+v) = ol (udvia), s B, (22
Rd

or, equivalently

D(a)ip(u) = b (s ) (u) + = 2) ()
+ [ [t ) = o) - v () = S )T s s ),
Rd

where be(u;x) = [pavT¢(u,dviz), co(uiz) = [pavv*Te(u,dv;x), and
I'¢(u, dv; ) is the intensity kernel.

The switching semi-Markov process x(t),t > 0 on the standard phase
space (F, &), is defined by the semi-Markov kernel

Q(z,B,t) = P(x,B)F,(t), x ¢ E,B€ &, t >0,
which defines the associated Markov renewal process ., 7,,n > O:
Q(x’B’t) = P($n+1 € B, 9n+1 <t ’IEn = ‘T)
= P(xpy1 € Bl ay =2)P(Opy1 <t|zp, =1x).
Let the following conditions hold.

C1: The semi-Markov process z(t), ¢ > 0 is uniformly ergodic with the
stationary distribution

m(dz)q(z) = gp(dx),  q(z):=1/m(z),  q:=1/m,

m(z) =B, = 7E(t) dt, mi= [ pldoym(a),
0

E
p(B) = [ plde)P(a.B).  pl(B)=1.
FE

C2: Lévy approximation. The family of processes with locally indepen-
dent increments n°(t;x), t > 0, = € E satisfies the Lévy approxi-
mation conditions |6, Section 9.2|.
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L1: Approximation of the mean values:
be(u; ) = /vfa(u,dv; x) = eby (u; ) + €2 [b(u; x) + 65 (u; x)],
R4
and
ce(uyz) = /UU*FE(U, dv; x) = %[e(u; ) + 05 (u; ).
Rd
L2: Poisson approximation condition for intensity kernel
Ly (uz) = /g(v)Fg(u,dv; z) = [Ty (u; ) + 05 (u; )]
Rd

for all g € C3(R?), and the kernel I',(u; x) is bounded for all
g € C3(R%), that is,

u;x)| < a constant depending on g),
T, <T, dependj

where the kernel T'(u, dv; z) is defined on the class C3(R?) by
the relation

i) = [ gl dvia), g Co®?),
R4
The above negligible terms 67, 07, 0 satisfy the condition

sup |6 (u; )] — 0, € — 0.
zeE

L3: Balance condition.

/,o(dx)bl(u;x) =0.
E

L4: Initial value condition

sup Bl&5] < C < oo
e>0

and
& = &o-

In addition the following conditions are used:
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C3: Uniform square-integrability:

lim sup / v I(u, dv;z) = 0.
€70 zeE
lv|>c¢

C4: Linear growth: there exists a positive constant L such that
[b(us 2)] < L1+ Jul), and |e(u;2)| < L(1 + [ul?),

and for any real-valued non-negative function f(v),v € R, such
that fRd\{o}(l + f(v)|v|? dv < oo, we have

[A(u, v;2)] < Lf(v)(1+ [u]),

where A(u,v; x) is the Radon—Nikodym derivative of I'(u, B; x) with
respect to Lebesgue measure dv in R, that is,

[(u, dv;z) = Au,v;z) dv.

The main result of our work is the following.

Theorem 2.1. Under conditions C1—-C4 the weak convergence

Et) =€), =0

takes place.
The limit process £°(t), t > 0 is a Lévy process defined by the gener-
ator L as follows

o~

Lio(u) = (b(u) — Bo(u))@'(w) + ~o2(u)¢" (u)

2
+ A(u) /[ap(u +v) — o(u)]I(u, dv), (2.3)
R4
where: ~ R
) =g [ pdouia). Bofw) = [ ol (o),
E E
I(u,dv) = q/p(dx)I’(u,dv;:z:),
E
B (u) = q/p(dw)bf(w v),  bi(uz) = /P z, dy)br (u; ),
E E
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co(u;x) = /vv*F(u,dv;x),

E

o) =2 [ () (s ) Rob ) + el n) — coluwi)]) — Bw)
E

o?(u) >0
Au) = D(u,RY), I, dv) = T'(u, dv) /A(u),
here Ry is the potential operator of embedded Markov chain (see (3.9)).

Remark 2.1. The limit Lévy process consists of three parts: determin-
istic drift, diffusion part and Poisson part.
There are some possible cases:

1. If the condition 2 flv|>5 y’Ié(z,dy) — 0, ¢ — 0, V6 > 0 (see
Theorem 4.21 in [5, p. 558]), then the limit process does not have
Poisson part.

2. If b(u)—bo(u) = 0 then the limit process does not have deterministic
drift.

3. If 02(u) = 0 then the limit process does not have diffusion part.
As a variant of this case we note that if ¢(u; x) = ¢o(u; ) then also
b1 (u; ) = 0 and we obtain the conditions of Poisson approximation
after re-normation €2 = £ (see, for example Chapter 7 in [6]).

Remark 2.2. In the work [6, Theorem 9.3] an analogical result was
obtained for impulsive process with Markov switching. If we study an
ordinary impulsive process without switching, we should obtain o2 =
E(af)?—(E(af))? = (c—co) — b}. This result correlates with the similar
results from [5]. In case of our Theorem this may be easily shown, but
in [6, Theorem 9.3] it is not obvious.

The difference is that we used Eg — the potential operator of em-
bedded Markov chain instead of Ry — the potential operator of Markov
process. Due to this, our result obviously correlates with other well-
known result.

Remark 2.3. Asymptotic of the second moment in the condition L1
contains second modified characteristics c(u; z) (see correlation 4.2 in [5,
p. 555]). This characteristics in limit contains both second moment of
Poisson part and dispersion of diffusion part, namely ¢ = cg + o2.
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3. Proof of Theorem 2.1

The proof of Theorem 2.1 is based on the semimartingale represen-

tation of the additive functional process (2.1). We split the proof in the
following two steps.
Step 1. In this step we establish the relative compactness of the family
of processes £°(t), t > 0, € > 0 by using the approach developed in [8].
Let us remind that the space of all probability measures defined on the
standard space (E,£) is also a Polish space; so the relative compactness
and tightness are equivalent.

First we need the following lemma.

Lemma 3.1. Under assumption C4 there exists a constant k > 0, inde-
pendent of € and dependent on T, such that

E sup \ﬁg(t)P < kr.
1<T

Corollary 3.1. Under assumption C4, the following compact contain-
ment condition (CCC) holds:

lim sup P{sup 1E5()| > ¢} = 0.

70 e<gg

Proof. The proof of this corollary follows from Kolmogorov’s inequality
by using the estimation of Lemma 3.1. U

Proof of Lemma 3.1 (following [8]). The semimartingale (2.1) has the
following representation

£ (t) =u+ A7 + My, (3.1)
where u = £(0); Af is the predictable drift (see [4]):

A = / /1 5), dvi2%) ds + 65(1)

0 Re\{0}
t

t
s/mg& ,Sds+s2/b§f ), %) ds + 65 (t)
0

0
=: Bi(t) + B(t) + 05 (1),

and M7 is the locally square integrable martingale

My = / / p(ds, dv; x5) — T(E°(s), dv; %) ds] + 65(¢),

0 re\{0}
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and for every finite T' > 0

sup |6°(t)] — 0, & — 0.
0<t<T

To verify compactness of the process £°(t) we split it at two parts.
The first part of order ¢

Bi(t) =« / bi(€5(s), 2%) ds,
0

can be characterized by the compensating operator
Lop(u; ) = e 2q(2)[Bi (2) P — I]io(u; ),

where BS(2)¢(u) = o(u + eby(u; x)) = eby (u; )’ (u) + £6° () p(u).
After simple calculations we may rewrite the operator:

L =e72Q+¢c 'Bi(z)P + 6",

here By (z)p(u) = eby(u; z)¢’ (u).
Corresponding martingale characterization is the following

t
i = (B0, 0) + ¢ (B 0).05) — [ Lo (Bi (), ) s,
0

where x5 := z(t/e?).
Thus (see, for example Theorem 1.2 in [6]), it has quadratic charac-
teristic

(1) = / (L7 (% (B (s), 7)) — 20°(Bi(s), w5)Le¢" (Bi(s), 25)] ds.
0

Applying the operator L¢ = ¢72Q + ¢ !By (z)P + 6° to test-function
©° = + €1 we obtain the integrand of the view

Qpl — 201Qp1 + 0°¢".

Thus the integrand is limited. The boundedness of the quadratic

characteristic provides zif is compact. Thus, ¢(Bf(t)) is compact too and

bounded uniformly by . By the results from [3] we obtain compactness of

B;(t), because the test-function ¢(u) belongs to the measure-determining
class.
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Now we should study the second part of order 2.

For a process y(t), t > 0, let us define the process y:{ = sup,<; [y(s)l,

then from (3.1) we have

(€)1 < 3[u? + ((ADN? + ((M7)T)?]. (32)
Condition C4 implies that

(Bo)f = 2 / b (5), 2(5/<?)) ds
0

t/e? t/e?
=2 €(s),x(s)) ds g2 1) ds. .
- 0/b<s<>, (s))ds < L 0/(1+(£s))d (3.3)

Now, by Doob’s inequality (see, e.g., [9, Theorem 1.9.2]),
E((M;)T)? < A[E(Me),,
and condition C4 we obtain

/t / vv*T(€°(s), dv; 25) ds

0 Re\{0}

t t/e?
=12 [ ¢ s Y121 ¢s. .
0/ ) ds| < Le? 0/[1+<<ss>>1d (3.4)

Inequalities (3.2)— ( ) and Cauchy-Bunyakovsky—Schwarz inequal-
: i
ity, ([fo (s)ds]* < t [ ¢*(s) ds), imply

t/e? t
E((E)1)? < k1 + koc? / E((€5)1)2 ds = k1 + ks / E((¢5)1)? ds,
0 0

where k1 and ks are positive constants independent of e.
By Gronwall inequality (see, e.g., [3, p. 498]), we obtain

E((&)N)? < k1 exp(kat).
Hence the lemma is proved. n

Lemma 3.2. Under assumption C4 there exists a constant k > 0, inde-
pendent of € such that

E[&°(t) — & (s)* < klt — 5.
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Proof. In the same manner with (3.2), we may write
[€°(t) — €°(s)” < 2047 — AT +2|My — MZ .
By using Doob’s inequality, we obtain
E|¢°(t) — € (s)|* < 2B{|A] — A* + 8[(M®); — (MF),[}.
Now (3.3), (3.4), and assumption C5 imply
A7 — AZP? + 8I(M=)e — (MF)s] < ks[L+ ((€2)1)2)1t — s,

where k3 is a positive constant independent of e:

From the last inequality and Lemma 3.1 the desired conclusion is
obtained. O

The conditions proved in Corollary 3.1 and Lemma 3.2 are neces-
sary and sufficient for the compactness of the family of processes £%(t),
t>0, ¢>0.

Step 2. At the next step of proof we apply the problem of singular
perturbation to the generator of the process £°(t). To do this, we mention
the following theorem.

C2(R?x E) is the space of real-valued twice continuously differentiable
functions on the first argument, defined on R?¢ x E and vanishing at
infinity, and C(R? x E) is the space of real-valued continuous bounded
functions defined on R?% x E.

Theorem 3.1 ([6, Theorem 6.3]). Let the following conditions hold
for a family of coupled Markov processes £°(t), z°(t), t >0, € > 0:

CD1: There exists a family of test functions ¢°(u,z) in C2(R? x E),
such that
lim ¢°(u, x) = p(u),

e—0
uniformly on u,x.
CD2: The following convergence holds
liH(l) Lf¢ (u,z) = Lo(u),
E—>

uniformly on u,x. The family of functions Lp®, ¢ > 0 is uniformly

bounded, and Lp(u) and LE@® belong to C(R? x E).
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CD3: The quadratic characteristics of the martingales that character-
ize a coupled Markov process £5(t), z°(t), t > 0, € > 0 have
the representation (u), = fg C%(s)ds, where the random functions
(%, € > 0, satisfy the condition

sup E|(°(s)| < ¢ < 4o0.
0<s<T

CD4: The convergence of the initial values holds and

supE|¢?(0)] < C < +o0.
e>0

Then the weak convergence

&) =<t), €—0,
takes place.

We consider the the extended Markov renewal process

c,xy, 7o, n >0, (3.5)

n’ n’

where @f, = (7). @*(t) = w(t/e?), € = (%) and 75,y = 7 +
205, n >0, and

P04 <tlay, = x) = Fi(t) = P(6 < 1).

Definition 3.1 ([11]). The compensating operator L of the Markov
renewal process (3.5) is defined by the following relation

Lsso(é(%? Z0, TO) = Q(QUO)E[SO(fi X1, Tl) - 90(5(5)7 X0, TO)|f0]7

where
Fi = 0(&(s), 2°(s), 7°(s); 0 <s<t).

Using Lemma 9.1 from [6] we obtain that the compensating operator
of the extended Markov renewal process from Definition 3.1 can be defined
by the relation (see also Section 2.8 in [6])

Leo(u,v; )

= e %q(x)

/P(az7 dy)/I’E(u, dz;x)e(u+ z,v;y) — p(u,v;x) . (3.6)
E R4

By analogy with |6, Lemma 9.2| we may prove the following result:
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Lemma 3.3. The main part in the asymptotic representation of the com-
pensating operator (3.6) is as follows

LE(P(“’? va) = €_2Q90('7 ~,$)
+ e by (u; ) Qo (u, -, +) + [b(us ) — bo(u; )] Qopl (u, -, )

+ 5 1o ) = eo(w; ) Qo () + PuaQoplus ) (3.7

where

Qoel) = q(x) / P, dy)p(y), T aplu)

E

= / lp(u+ 2) — (W) (u, dz; 2),

R4

bo(u;z) = /vI‘(u,dv;x), co(u; ) = /vv*F(u, dv; x).
E E

Proof. We may rewrite (3.6) in the view:

LE@(”? v, x) = 572(1(%)90('7 E .73)

T e 2() / Pz, dy) / ot z,v1y) — p(u, v )T, dz2). (3.8)
E R4

We have for the operator

[letuz.00) - ol vsa)|E . dzi )
Rd

= [{[otu+ 2= ot - =) = 2= L o)
R
+ [zgo'(u) + zz*@} I (u,dz; x)}
= (due to conditions L1, L2 and as soon as
plu+2) = plu) = 29/ (u) — 22" 55" € Cy(RY)
=¢? </ [gp(u +2) — o(u) — 2¢'(u) — zz*@} I'(u,dz; )

]Rd

[ s ) b 2)] () + el x)w"(u))
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= ¢? </[90(u +2) — ()]l (u, dz; x) + b (us )¢ (u)

Rd

+ [b(u; 2) — bo(u; )]’ (u) + %[C(U; ) — co(u; af)]@”(ﬂ))-

Putting this representation into (3.8), we obtain (3.7). O

The solution of the singular perturbation problem at the test functions
0 (u, ) = p(u) + ep1(u, z) + 2@ (u, ) in the form

Lfp® =Ly + 6%

can be found in the same manner with Lemma 9.3 in [6].

To simplify the formula, we refer to the embedded Markov chain.
Corresponding generator Q := P — I, and the potential operator satisfies
the correlation

Ro(P—1)=T1—1. (3.9)
From (3.7) we obtain _
Qp =0,
Q1 + By (z)Pp =0,
Qg2 + Bi(z)Pyo1 + (B(z) + C(2) + Gue) Py = m(z)Lep,

where
B(z)p(u) = [b(u; x) — bo(u; 2)]¢' (u),
Bi(2)p(u) := bi(u; )¢ (u),

Ola) 1= gle(us ) — co(u; )]l (u).

From the second equation we obtain ¢ = ]?ZoBl(az)cp, and substituting it
into the last equation we have:

Qe + Bi(z) PRoB1(2)¢ + (B(x) + C(2) + Gua)p = m(z)Lep.
As soon as Péo = éo + 11— I we finally obtain
¢ 'L =[(B(z) + C(z) + Gu.) + Bi(2)RoBi (z) — B3(2)]II.  (3.10)

Simple calculations give us (2.3) from (3.10).

Now Theorem 3.1 can be applied.

We see from (3.6) and (3.10) that the solution of singular perturba-
tion problem for Lfp®(u, v; x) satisfies the conditions CD1, CD2. Con-
dition CD3 of this theorem implies that the quadratic characteristics of
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the martingale, corresponding to a coupled Markov process, is relatively
compact. The same result follows from the CCC (see Corollary 3.1 and
Lemma 3.2) by [5]. Thus, the condition CD3 follows from the Corol-
lary 3.1 and Lemma 3.2. Due to L4 we see that the condition CD4 is
also satisfied. Thus, all the conditions of above Theorem 3.1 are satisfied,
so the weak convergence £°(t) = ¢°(t) takes place.

Theorem 2.1 is proved.
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