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Weighted sharp inequality for vector-valued
multilinear commutator of strongly
singular integral operator
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Abstract. In this paper, a sharp inequality for the vector-valued mul-
tilinear commutator of strongly singular integral operator are obtained.
By using this inequality, we prove the weighted LP-norm inequality for
the multilinear commutator.
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1. Introduction and Theorems

As the development of Calderén—Zygmund singular integral opera-
tors, the commutators of the singular integral operators have been well
studied (see |7-11]). In this paper, we study the vector-valued multilin-
ear commutator of strongly singular integral operator which is defined as
following.

Let 0 < b < 1 and 0(&) be a smooth radial cut-off function on R™ such
that 0(¢) = 1if [¢] > 1 and 0(§) = 0 if || < 1/2. The strongly singular
integral operator is a multiplier operator which is defined by

| &b
. cilel?

(T())E) = 9(§)Wf(f)-

The kernel K for T is very singular. Roughly speaking, it looks like
K(z) = 9(x)el!™™" /|z|", where b’ = b/(1 — b) and supp ¥ C {z € R" :
|z| < 2}. In fact, we know that
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T(f)(x) = po. / K(z - y)f(y)dy
Rn

and for |z| > 2|y| (see [1])
K (x —y) = K(x)| < Cly|l«| """,

Let bj(j = 1,...,m) be the fixed locally integrable functions on R". For
1 < s < o0, the vector-valued multilinear commutator related to T is

defined by

) 1/s
T3() (@)]s = <Z|Tg(fi)(93)ls> ,
=1

where

1)@ = po | (H(bm:) - bj<y>>)K<:c ) dy.

We also denote

1/s

() )]s = (i IT(fi)(w)ls>l/s and |f(2)]s = (i )

The strongly singular integral operator has been studied by several
authors (see [1,4,5,13]). In [2], the weighted norm inequality for the
commutator of strongly singular integral operator is obtained by using a
sharp estimate. Note that when by = - - - = by,, |Tj]s is just the m order
vector-valued commutator (see, for example, [6,10] and [11]). In [11],
Perez and Trujillo-Gonzalez prove a sharp estimate for the vector-valued
commutator of Calderon—Zygmund singular integral operator. The main
purpose of this paper is to prove a sharp inequality for the vector-valued
multilinear commutator of strongly singular integral operator. As an ap-
plication, we obtain the weighted LP-norm inequality for the multilinear
commutator.

First, let us introduce some notations. Throughout this paper, Q) =
Q(z,r) will denote a cube of R™ centered at = and sidelength r with
sides parallel to the axes. For any locally integrable function f, the sharp
function of f is defined by
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#(z) = d
b 3;2|Q|/|f — foldy,

where, and in what follows, fo = |Q|™? fQ x)dz. It is well-known that
(see, for example, [3| and [12])

f#(x) = sup inf @/\f ) — c|dy.

Qo c€C

We say that f belongs to BMO(R"™) if f# belongs to L>°(R") and
| fllmo = ||f#|le. Given the functions b;j(j = 1,...,m) and 0 <
q < 00, denote that

) = s o /H 1b;() — by ()11 £ ()] dy.

Q>

We write Cg(f) = C5(f) if ¢ = 1. Let M be the Hardy-Littlewood
maximal operator defined by

M) = s Q1 1/|f )| dy.

We write M,(f) = (M(f?))"/? for 0 < p < oco. Given a positive in-
teger m and 1 < j < m, we denote by C7" the family of all finite
subsets o = {J(l),...,d(j)} of {1,...,m} of j different elements. For
o € C7", denote that o¢ = {1,...,m} \ o; For b= (b1,...,by) and o =
{g(l), ( )} € C™, denote b (bg(l)i...,bg(j)), by = ba(l)"-ba(j)
bllBro = ||51||BM0 o NbmllBro and |bs|lBro = boyllBrro - -+ X
160yl Baro- We denote the Muckenhoupt weights by A, for 1 < p < oo
(see [3]), that is

and
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Ay ={w: M(w)(z) < Cw(x),a.e.}.
We shall prove the following theorems.

Theorem 1.1. Let 1 < s < o0, bj € BMO(R") forj=1,...,m. Then
there exists a constant C > 0 such that for any f € C§°(R"), 1 <r < o0
and T € R™,

(IT5(Nls)*(7) < C(WIIBMoMr(IfIs)(:E) + M((C(If1)V7) (@)

+3°  lellanod (1T (D)@

j=1 JEC’]’-"

Theorem 1.2. Let 1 < s < o0, bj € BMO(R") for j =1,...,m and
w € Ap, 1 <p<oo. Then |T;|s is bounded on LP(w), that is

NT5(Asllzrewy < CHFLslze(w)-

2. Proof of the main results

To prove the theorems, we need the following lemmas.

Lemma 2.1 ([1]). Let T be the strongly singular integral operator and
1 <s<oo. Then |T|s is bounded on LP(w) for w € A, and 1 < p < oo.

Lemma 2.2 ([1]). Let0 <b< 1,0 =b/(1-b), 1 <p < oo, 1/p+1/p =
1, 240V)/p<1,1<s<o0 and

. b
sile]

(z) = PR

Then
K [ flslle < Cl 1 flsll o -

Lemma 2.3 ([3]). Suppose that 1 < s < 00, 1 < r < p < o0 and
w e Ap. Then

M- (|f 1) e (w)y < CIf sl pp w)-

Lemma 2.4 ([2]). Suppose thatb; € BMO(R")(j=1,...,m), 1 <s<
00,1 <g<o00,1<p<ooandwec A, Then

G (1) o) < ClS 1l pe(w)-



410 WEIGHTED SHARP INEQUALITY...

The Proofs of Lemma 2.1, 2.3 and 2.4 is similar to the proofs in [1-3],
we omit the detail.

Proof of Theorem 1.1. It suffices to prove for f € C§°(R™) and some
constant Cj, the following inequality holds:

1
el ! | T5(F) (@) — Col de

< c(HéuBMoMAf\s)(@) M)

3 lellmaodt (1T, (1)(@)).

j=loeCy

Fix a cube Q = Q(x¢, d) such that & € Q. Let dy be a positive number
satisfying 4dy = d(l]/(Hb) and Q = Q(zo,d"/(*Y)). Let us first consider
the case m = 1. In this time, we will prove the following inequality

1
ol Q/ | To(f) ()]s — Col da

< (M (1f15)(@) + M(CE(FINY)(@) + Mo(IT(f)]5)(%))-

Consider the following two cases:

Case 1. d < dy. For each i € N, we split f; = fi1 + fl2 + ff, where
I = fixags J2 = fixguao and f2 = fixgm g and we define f0) = {7}
for j = 1,2,3. By Minkowski’ inequality and taking Cy = |Tl;(f(3))(x0)|s,
we have

. i e — [T (£FONY (2 .
|Q|Q/||Tb(f)( s — T3 (F®) (o) 5| d

L 00 N () T (Y g 1/s N
< |Q|Q/(;|Tb<fz>< ) - Ty o>r) d
<

1
o Z Ib(@) — bag] IT(F)(@)] da

1

1 _ WY (). d
+|QQ/1T<<b bao) FO) (@) d
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2) s i
|Q,/|T — byg) fP) ()] d

+ ﬁQ/ T((b— bQQ)f(?)))(x) —T((b— b2Q)f(3))(CCO)|s d

=L+ 1L+ I3+ 14

Let us now estimate I, I, I3 and Iy, respectively. By applying Hélder’s
inequality and Lemma 2.1, we get

1/r
r L _ r’
I <C<\Qy /|T )" dm) <‘2Q’2£|b(x) baol d:c)

< Cllbll Bao M (IT(f)]s)(Z)-

1/r

Now we proceed to estimate Is. If 1 < p < r, from Lemma 2.1, we obtain

1/p
I < C(ﬁﬂ! IT((b— bag) fN) () ()2 dl’)

1/p
1
< (Q R/ b(z) —b2c2!p|f(1)($)\€dfﬁ>
1/r (r—p)/pr
R r e o pr/(r—p)
_c<‘2Q, /2Q|f(x)lsdw> <|2Q,2£ b() — bag dx)

< CHbHBMOMrUf’s)(i')-

To estimate I3, we follow Chanillo’s argument (see [1]). Then we choose
r > 1 such that (2+ ")/ <1 to get

T((b— b2o) f7 ()

— y)etlr— yl=* 1
/ |x y|n (2+b') /7 <|JI _ y|n(1—(2+b’)/r’)

2
!360 — y|n(1- (2+b)/w)><b(y) —ba) f5 (y) dy

Z\x yl b 1
- 2
/ = y‘n(2+b’)/r |x0 _ y|n (2+b")/r") (b(y) bZQ)fl (y) dy
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=1{"(2) + 1P (x).

Note that |bag — bar+1g| < K||bl| Baro, then, by Minkowski’ inequality,

(gyéW@Ows

<32 g [ 0= bl

2k+1Q

00 1 1/r
—k r
< 0321 2 (M / |f ()5 d$>

2k+1Q

1/r
1 /

2k+1Q

00 1/r
L 1 .
SCHbHBMOZkQ k(m / |f(2)[s dm)
k=1

2k+1Q

Taking ko such that 2¥d < dU/A+t) < gkotlg by Lemma 2.2 and
Minkowski’ inequality, we get

1 ( o | (2) s>1/8
— L7 (z) dx

Sqqlw< by) — bagl"11 <ud>w

|$ y’nr (2+0")/r")
R"

ko
—1/7’ n(r— / 1
< C‘Q| 1/ <Z(2k’d) ( 1)(1+b)’2k+1Q’
k=1
1/r
x /\ﬂwmww—mmwa

2k+1Q
ko

C —1/r 9k g n(r—1)(1+d') 1 / 1
< ’Q‘ (Z( ) [|2Q‘2Q (’21@—1—1@‘

k=1
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1/r r\ 1/r
<[ |f<yﬂ;umy>——b<z>rdy> dz] )

2k+1Q

< OM((CL(IfINY7) (@)

Thus
Iy < C(||bllzaro My (| 1) (E) + M((CE (| £12) ) (E))

For Iy, note that |z —y| ~ |zo — y| for z € Q and y € R"™\ Q, we obtain,
by the condition on K,

To
fi= C|Q| // |zo y|n+l|>/+1 !f(g)(y)!slb(y) — baq| dy dux

o
’Q\ /Z / |n£b’+1 |f(W)]s]b(y) — bagl dy dx
2k+1Q\2kQ
G 1
<cC 27]6 A s b —b d
2k+1Q\2kQ
=¢ — /<2kQ‘/|f ||b )_b( )Idy>dz
N Q QkQ

< OM(Cy([f15))(E)-

Case 2. d > dy. We do not subtract the constant Cy. Let | = 4d 1
and fi(4) = fixiq, by the location of the support of K, we have T;(f;) =
7, (f™), thus

m/w o)ls dw
sﬁﬂm%%wmem
Q

!QI/‘T (b= big) fV)(@)|sdx = Jy + Ja.

Similar to the proof of I1 and I for case 1, we get

1/r 1/r'
. 1 o
<‘Q|/\T o) dx) <—HQ’Z|Z)($) bol dm)
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1/r 1/r'
1 . 1 ”
< C<ml!|f($)|sd$) (w@/%(ﬂ?) — big de)

< Clbll BMo M, (| fs)(®);

1 1/p
— _ (4) P
Jo §C<|Q|R[|T((b big) f )(x)lsd»T)
1 1/p
_ _ p| £(4) P
SC<|Q,R[|5(1‘) big|"| f (:v)lsdw>
1/r (r—p)/pr
1 r 1 o pr/—p)
_C<lQl£|f(:v)lsdl‘) <“Q'l£|b(x) bio d:c>

< C|lbll oM, (| fls)(2),

which proves the case 1.

Now we turn to the case m > 2. Also consider the following two
cases:

Case 1. d < dy. Following [10], we write

m

1) = [ (TT0s0) = b3 ) K~ ) i) dy

gn J=1
= (b1(z) = (b1)2@) - - (b () — (bm)2@)T'(fi)(2)
+ (=1)™T((br — (b1)2q) - - - (bm — (bm)2q) fi) (2)

j:1 O‘GCJ"L Rn

= (b1(2) = (b1)2@) - - - (bm(2) — (bm)2Q)T'(fi)(x)
+ (=0T (b1 = (b1)2q) - -+ (bm = (bim)2) fi) ()

Z Z Cm,j(b )20)a Ty, . (f2) (@),
j=1 seC

thus, for fU) = {ff} for j =1,2,3 with f! = fixag, f? = fz‘XQ\4Q and
fz3 = fiXRn\Qa
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ﬁ / T35 (F) ()]s — 1T (b1 = (b1)20) - - (b — (bm)20)) F ) (o) dax

]Q| / (b1(z) = (01)2q) - - (b () — (bm)2Q) T (f)(2)]s d

\Q!/ DL Q)T (f)(@)]s dz

j=1 oeC"

’Q\ /’T = (b1)20) (b — (bim)2) S V) ()] da
1ql /'T = (b1)2g) -+~ (b — (bm)2) f @) ()]s dew

|Qr/ (b1 = (b)20) +++ (b — (bun)20) ) ()

- T((b1 (b1)2q) -+ (b — (bm)2q) f @) (w0)|s dz
=L1+ Lo+ L+ Lg+ Ls.

Similar to the proof of m = 1, we get, for 1 < pq,..., Pm < 00,1 <p<r,
1<q,..., m <oo, 1/r+1/p1+---+1/pp=1and p/r+1/q¢ + -+

1/171
1 .
L1§C<|Q|Q/IT( > <|Q|/|b1 ~ (b)so] dx)
1/pm
Pm
<\2Q!/|b m)2al dfff)

< CH 16511 Baro My (IT(f)]s) (2);

J=1

m—1
L, <C Z Z HEUHBMOMT(‘TBUC(f)’s)(f);

j=1cecy

1/p
<|@|/ T((br = (b1)20) <bm—<bm>2Q>f<”><x>|€d$>
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1 1/p
= O<|Q’ /(|b1( ) — (b1)2g] - - |bm(z) — (bm)20| |f(1)($)|)p d:z:)

1/PCI1
1 . 1
§C<m2£|f(ﬂf)|sd > <2Q’/|b1 — (b1)20]" dx)
1/pgm
pQ'm,

< CH ||b]||BMOMr(|f‘s)(j)

Jj=1

Similarly, for L4, we get, for 1 < pi,...,pm <ocand 1/r+1/p1 +---+
1/pm: 1a

19(z — y)|eilz—vI ™"
= Q |$_y|n (2+b) /1

1 1
thywa<mwvm 20 — y[P(- G0/

X H 1b;(y) — (b))20! | £ (v)|s dy dz
\19 x — y)|ett— ul™ 1
Q y‘n (2+b") /7’ |£C() _ y’n (2+b")/r")
XH\b bi)2ql IF® ()]s dy da

<CZQ_ |2k+1Q’ / H‘b bj)2qllf (y)ls dy

2k+1Q Jj=1
e T s > ¢ el 172 ) v

1/r
< 022_ ( 2k+1Q) / |f(@)ls dx)

2k+1Q
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1/pj
<2k+1Q| / |bj(x 2Q|p] dx)

2k+1Q
(S o e 1y1) L
—1/r n(r—1)(1+b"
+ C|Q)| <Z(2 d) 12F+1Q]
=1

m 1/r
X / \f(y)\QH\bj(y)—(bj)zQ\rdy>
j=1

2k+1Q

1/r
<CHHb !!BMOkaQ k<2’“+1Q| / ke )

2k+1Q
1/r! S n(r—1)(1+v) | 1 1
+ CQ)| (;(2 d) [’2Q|2£ (‘2k+1@|
Ur g 1r
X / yTHyb ]Tdy> dz])

2k+1Q

< c( TT 1650 M (1£15) (&) + M<<cg<|f|;>>1/’"><f>>.

j=1

For Ls, we get

— x| 3)
b <C’|Q| // EN y!”+b'+1 £ |SH|b bj)aqldy dz

x0|
< 5/2 / |x0_y’n+b’+l ‘SHVJ bj)2ql dy

Q F=O9k119\2¢0

. 1
oyt [ lerb by)aaldy
k=0

2kH1Q\2+Q

> *ki L m | o
< C;Q 20 (,21@‘ / \f(y)\sjnle(y) b](z)\dy) @
2Q 20

< CM(Cy([f1:))(Z).

IN
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Similarly, for case 2 d > dy, we get

Tclzr Q/ Ty() @)y dz < C T 105l maro M (1£15) (3)

j=1

m—1
O S bnllmoM(IT;,. (£)1)(@).

j=1 aeCJ’.”
These complete the proof of Theorem 1.1. O

Proof of Theorem 1.2. We choose 1 < r < p in Theorem 1.1, and by
using Lemma 2.3, 2.4 and induction on m, we get

T3 (A)lsll oy < CHITE(As)F oy < CULFLsl o uw)-
This finishes the proof. O

Remark 2.1. The Theorem 1.1 and 1.2 also hold for b; € Oscey, 175 (R™),
where Oscey, 17 (R™) is defined in [10]. It is obvious that Oscexp - (R™) C
BMO(R"™) and OScexp - (R™) coincides with the BAMO(R™) space if r=1.
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