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Ïðåäñêàçàí ýôôåêò ñêà÷êîâ âî âðåìåííîé çàâèñèìîñòè ýëåêòðè÷åñêîãî ïîëÿ íà ïîâåðõíîñòè
ñâåðõïðîâîäÿùåé ïëàñòèíû ñ òðàíñïîðòíûì òîêîì, ïðîèñõîäÿùèé âñëåäñòâèå âçàèìîäåéñòâèÿ
òîêà ñ ïîëåì ýëåêòðîìàãíèòíîé âîëíû. Òåîðåòè÷åñêèé àíàëèç ÿâëåíèÿ ïðîâåäåí â ðàìêàõ ïðî-
ñòîé ìîäåëè ïðè ïðîèçâîëüíîé ìîíîòîííîé çàâèñèìîñòè êðèòè÷åñêîé ïëîòíîñòè òîêà îò ìàã-
íèòíîé èíäóêöèè. Èññëåäîâàíà çàâèñèìîñòü âåëè÷èíû ñêà÷êà ýëåêòðè÷åñêîãî ïîëÿ îò àìïëèòó-
äû âîëíû è ñèëû òðàíñïîðòíîãî òîêà. Ïðåäñêàçàííûé ýôôåêò ìîæåò íàáëþäàòüñÿ ýêñïåðèìåí-
òàëüíî ñ ïîìîùüþ èçìåðåíèÿ ýäñ êàòóøêè, íàìîòàííîé íà ïëàñòèíó â ïëîñêîñòè, ïåðïåíäèêó-
ëÿðíîé âíåøíåìó ïåðåìåííîìó ìàãíèòíîìó ïîëþ.

Ïåðåäáà÷åíî åôåêò ñòðèáê³â ó ÷àñîâ³é çàëåæíîñò³ åëåêòðè÷íîãî ïîëÿ íà ïîâåðõíi íàä-
ïðîâiäíî¿ ïëàñòèíè ç òðàíñïîðòíèì ñòðóìîì, ùî â³äáóâàºòüñÿ âíàñëiäîê âçàºìîäi¿ ñòðóìó ç
ïîëåì åëåêòðîìàãíiòíî¿ õâèëi. Òåîðåòè÷íèé àíàë³ç ïðîâåäåíî â ìåæàõ ïðîñòî¿ ìîäåëi ïðè
áóäü-ÿê³é ìîíîòîíí³é çàëåæíîñò³ êðèòè÷íî¿ ãóñòèíè ñòðóìó â³ä ìàãí³òíî¿ ³íäóêö³¿. Äîñëiäæåíî
çàëåæí³ñòü âåëè÷èíè ñòðèáêà åëåêòðè÷íîãî ïîëÿ âiä àìïë³òóäè õâèë³ òà ñèëè òðàíñïîðíîãî
ñòðóìó. Ïåðåäáà÷åíèé åôåêò ìîæå ñïîñòåð³ãàòèñÿ åêñïåðèìåíòàëüíî çà äîïîìîãîþ âèì³ðþâàí-
íÿ åðñ êàòóøêè, ÿêó íàìîòàíî íà ïëàñòèíó â ïëîùèí³, ïåðïåíäèêóëÿðí³é çîâí³øíüîìó çì³ííî-
ìó ìàãí³òíîìó ïîëþ.

PACS: 74.25.Fy, 74.25 Jb

1. Ââåäåíèå

Íåëèíåéíîñòü ìàòåðèàëüíîãî óðàâíåíèÿ, êîòîðîå
ñâÿçûâàåò ïëîòíîñòü òîêà è ýëåêòðîìàãíèòíîå ïîëå
â ïðîâîäÿùåé ñðåäå, ïðèâîäèò ê íàðóøåíèþ ïðèí-
öèïà ñóïåðïîçèöèè è, ñëåäîâàòåëüíî, ê âçàèìîäåé-
ñòâèþ ýëåêòðîìàãíèòíûõ âîëí âíóòðè îáðàçöà. Ïðè
ýòîì ñïåöèôè÷åñêèé õàðàêòåð íåëèíåéíîñòè ñðåäû
ïðîÿâëÿåòñÿ â îñîáåííîñòÿõ òàêîãî âçàèìîäåéñòâèÿ.
Íàïðèìåð, â æåñòêèõ ñâåðõïðîâîäíèêàõ âçàèìîäåé-
ñòâèå âîëí ìîæåò ïðèâîäèòü ê íåîáû÷íîìó ýôôåêòó
ñêà÷êîâ âî âðåìåííîé çàâèñèìîñòè ýëåêòðè÷åñêîãî
ïîëÿ E t( ) íà ïîâåðõíîñòè îáðàçöà [1,2]. Óñëîâèÿ
âîçíèêíîâåíèÿ ñêà÷êîâ ýëåêòðè÷åñêîãî ïîëÿ, à òàê-
æå àìïëèòóäà ñêà÷êîâ E(t) çàâèñÿò îò àìïëèòóäû
âçàèìîäåéñòâóþùèõ ýëåêòðîìàãíèòíûõ âîëí, èõ ÷àñ-
òîò è îò íà÷àëüíîé ðàçíîñòè ôàç. Ñêà÷êè ýëåêòðè÷å-

ñêîãî ïîëÿ ìîæíî íàáëþäàòü â îáðàçöàõ ñ ðàçëè÷íîé
ãåîìåòðèåé. Ýòî ÿâëåíèå ýêñïåðèìåíòàëüíî íàáëþäà-
ëîñü â öèëèíäðè÷åñêèõ îáðàçöàõ YBCO [1,2].

Â íàñòîÿùåé ðàáîòå òåîðåòè÷åñêè ïîêàçàíî, ÷òî
ñêà÷êè ýëåêòðè÷åñêîãî ïîëÿ íà ïîâåðõíîñòè îáðàçöà
äîëæíû âîçíèêàòü òàêæå â äðóãèõ ýêñïåðèìåíòàëü-
íûõ óñëîâèÿõ, êîãäà ïðîèñõîäèò âçàèìîäåéñòâèå
îäíîé ìîíîõðîìàòè÷åñêîé ýëåêòðîìàãíèòíîé âîëíû
ñ òðàíñïîðòíûì òîêîì.

Ñòàòè÷åñêèå è êâàçèñòàòè÷åñêèå ýëåêòðîìàãíèò-
íûå ñâîéñòâà æåñòêèõ ñâåðõïðîâîäíèêîâ ðàññìàòðè-
âàþòñÿ îáû÷íî íà îñíîâå ìîäåëè êðèòè÷åñêîãî ñî-
ñòîÿíèÿ, ñïðàâåäëèâîé â äîñòàòî÷íî øèðîêîì èíòåð-
âàëå àìïëèòóä è ÷àñòîò, êîãäà âåäóùóþ ðîëü â ôîð-
ìèðîâàíèè òîêîíåñóùåé ñïîñîáíîñòè îáðàçöà èãðàåò
ïèííèíã ìàãíèòíîãî ïîòîêà. Â ðàìêàõ ýòîé ìîäåëè
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óðàâíåíèå Ìàêñâåëëà äëÿ ðàñïðåäåëåíèÿ ìàãíèòíîé
èíäóêöèè B â ñâåðõïðîâîäÿùåì îáðàçöå èìååò âèä

rotB
E

�
4�
c

J B
Ec( ) , (1)

ãäå J Bc( ) — êðèòè÷åñêàÿ ïëîòíîñòü òîêà. Îíî ñó-
ùåñòâåííî íåëèíåéíî. Íåëèíåéíîñòü îáóñëîâëåíà
êàê çàâèñèìîñòüþ J Bc( ), òàê è ìíîæèòåëåì E/E â
ïðàâîé ÷àñòè (1). Ïîñëåäíÿÿ ïðè÷èíà íåëèíåéíîñòè
ïðåäñòàâëÿåò îñîáûé èíòåðåñ, òàê êàê îíà èìååò
ìåñòî òîëüêî â æåñòêèõ ñâåðõïðîâîäíèêàõ è íå
âñòðå÷àåòñÿ íè â êàêèõ äðóãèõ íåëèíåéíûõ ñðåäàõ.
Ñâîåîáðàçíûé òèï íåëèíåéíîñòè æåñòêèõ ñâåðõïðî-
âîäíèêîâ ïðèâîäèò ê ðÿäó îðèãèíàëüíûõ ýôôåê-
òîâ, íàïðèìåð, ê êîëëàïñó òðàíñïîðòíîãî òîêà [3–5]
è íàìàãíè÷åííîñòè îáðàçöà [6–8]. ßâëåíèå êîëëàï-
ñà òðàíñïîðòíîãî òîêà ñîñòîèò â òîì, ÷òî ïîä äåéñò-
âèåì ïåðåìåííîãî ìàãíèòíîãî ïîëÿ êðèòè÷åñêèé
òîê, ïðîòåêàþùèé â ïðèïîâåðõíîñòíîé îáëàñòè
ñâåðõïðîâîäíèêà, âûòåñíÿåòñÿ âî âíóòðåííèå îá-
ëàñòè îáðàçöà. Ýôôåêò êîëëàïñà íàìàãíè÷åííîñòè
òàêæå ÿâëÿåòñÿ ñëåäñòâèåì äåéñòâèÿ ïåðåìåííîãî
ìàãíèòíîãî ïîëÿ. Èç-çà ñïåöèôè÷åñêèõ ýëåêòðîäè-
íàìè÷åñêèõ ñâîéñòâ æåñòêîãî ñâåðõïðîâîäíèêà ñ
óâåëè÷åíèåì àìïëèòóäû ïåðåìåííîãî ìàãíèòíîãî
ïîëÿ ñòàòè÷åñêàÿ íàìàãíè÷åííîñòü ìîæåò áûòü ïîë-
íîñòüþ ïîäàâëåíà, òî åñòü îáðàçåö ñòàíîâèòñÿ íå-
ìàãíèòíûì. Ðàññìîòðåííîå â äàííîé ðàáîòå ÿâëåíèå
ïðîèñõîäèò òàêæå âñëåäñòâèå ñâîåîáðàçíîé íåëèíåé-
íîñòè æåñòêèõ ñâåðõïðîâîäíèêîâ.

Â äàííîé ðàáîòå ñ ïîìîùüþ ìîäåëè êðèòè÷åñêîãî
ñîñòîÿíèÿ, îáîáùåííîé íà ñëó÷àé ïðîèçâîëüíîé ìî-
íîòîííîé ìàãíèòîïîëåâîé çàâèñèìîñòè êðèòè÷åñêîé
ïëîòíîñòè òîêà, ïðîâåäåíî ïîäðîáíîå òåîðåòè÷åñêîå
èññëåäîâàíèå ñêà÷êîâ ýëåêòðè÷åñêîãî ïîëÿ, ïðîèñ-
õîäÿùèõ âñëåäñòâèå âçàèìîäåéñòâèÿ òðàíñïîðòíîãî
òîêà ñ ïåðåìåííûì ìàãíèòíûì ïîëåì, à òàêæå ïðî-
àíàëèçèðîâàíû óñëîâèÿ èõ âîçíèêíîâåíèÿ. Èçó÷åíà
çàâèñèìîñòü àìïëèòóäû ñêà÷êîâ îò ïàðàìåòðîâ çàäà-
÷è, òàêèõ êàê âåëè÷èíà êðèòè÷åñêîé ïëîòíîñòè
òîêà, àìïëèòóäà âîëíû, òîëùèíà îáðàçöà è ò.ï. Â
êà÷åñòâå ïðèìåðà ðàññìîòðåíû ñêà÷êè ýëåêòðè÷å-
ñêîãî ïîëÿ â ïðåäåëüíîì ñëó÷àå îòñóòñòâèÿ çàâèñè-
ìîñòè J Bc( ).

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì áåñêîíå÷íóþ ñâåðõïðîâîäÿùóþ ïëà-
ñòèíó òîëùèíîé d, âäîëü êîòîðîé òå÷åò òðàíñïîðò-
íûé òîê I. Ñ÷èòàåì, ÷òî âñå ïîëÿ è òîêè çàâèñÿò
òîëüêî îò îäíîé ïðîñòðàíñòâåííîé êîîðäèíàòû x
âäîëü îñè, íàïðàâëåííîé ïåðïåíäèêóëÿðíî ïëàñòè-
íå. Íà÷àëî êîîðäèíàò x � 0 íàõîäèòñÿ íà îäíîé èç
ïîâåðõíîñòåé îáðàçöà. Çàäàííûé òîê I òå÷åò âäîëü

îñè y è ñîçäàåò íà ïîâåðõíîñòè îáðàçöà ìàãíèòíîå
ïîëå, îðèåíòèðîâàííîå âäîëü îñè z è ðàâíîå �HI
(H I/cDI � 2� , ãäå D — ðàçìåð îáðàçöà âäîëü ñîáñò-
âåííîãî ìàãíèòíîãî ïîëÿ òîêà).

Âíåñåì ïëàñòèíó ñ òðàíñïîðòíûì òîêîì I â ïåðå-
ìåííîå ìàãíèòíîå ïîëå H H( ) cost t� 0 � , íàïðàâ-
ëåííîå ïàðàëëåëüíî ïîâåðõíîñòè îáðàçöà âäîëü ñîá-
ñòâåííîãî ìàãíèòíîãî ïîëÿ òðàíñïîðòíîãî òîêà H I
(âäîëü îñè z). Ïåðåìåííîå ýëåêòðè÷åñêîå ïîëå, êî-
òîðîå ïðè ýòîì âîçíèêàåò, íàïðàâëåíî âäîëü îñè y
(ñì. ðèñ. 1).

Äëÿ ðåøåíèÿ çàäà÷è óäîáíî ïðåäñòàâèòü êðèòè-
÷åñêóþ ïëîòíîñòü òîêà â âèäå
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ñëóæàò ðàâåíñòâà
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B d t H t HI( , ) cos� �0 � . (5)

Çäåñü ìû ïðåíåáðåãàåì ñêà÷êîì ìàãíèòíîé èíäóê-
öèè íà ïîâåðõíîñòè îáðàçöà, ñâÿçàííûì ñ ìåéñ-
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Ðèñ. 1. Ãåîìåòðèÿ çàäà÷è.



ñíåðîâñêèìè òîêàìè. Ýòî ìîæíî äåëàòü, åñëè õà-
ðàêòåðíûå çíà÷åíèÿ ìàãíèòíûõ ïîëåé íàìíîãî
ïðåâûøàþò ïåðâîå êðèòè÷åñêîå ïîëå Hc1.

Òðàíñïîðòíûé áåçäèññèïàòèâíûé òîê â ïëàñòèíå
âñåãäà èìååò çíà÷åíèå íèæå êðèòè÷åñêîãî. Îòñþäà
ñëåäóåò, ÷òî 0 � �H HI p , ãäå Hp — òàê íàçûâàåìîå
ïîëå ïðîíèêíîâåíèÿ. Åãî ôèçè÷åñêèé ñìûñë ñîñòîèò
â ñëåäóþùåì. Ïðè àìïëèòóäå âíåøíåãî ïåðåìåííîãî
ìàãíèòíîãî ïîëÿ ðàâíîé Hp ýëåêòðîìàãíèòíàÿ âîë-
íà, ïðîíèêàþùàÿ â îáðàçåö, êàê ðàç äîñòèãàåò åãî ñå-
ðåäèíû. Âåëè÷èíà Hp ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

F H J d/cp c( ) ( )� 2 0� . (6)

Îòìåòèì, ÷òî â ñëó÷àå, êîãäà êðèòè÷åñêàÿ ïëîòíîñòü
òîêà íå çàâèñèò îò ìàãíèòíîé èíäóêöèè, ôóíêöèÿ
�( )B � 1, à F B B( ) � . Òîãäà ïîëå ïðîíèêíîâåíèÿ
ïðèíèìàåò çíà÷åíèå H H J d/cp p c� �0 2 0� ( ) .

Íèæå ìû áóäåì ðàññìàòðèâàòü òîëüêî ñëó÷àé

H HI p� , (7)

êîãäà â îáðàçöå âáëèçè åãî ñåðåäèíû èìååòñÿ îá-
ëàñòü, ñâîáîäíàÿ îò òðàíñïîðòíîãî òîêà. Êàê ïîêà-
çûâàåò ïðîâåäåííûé íèæå àíàëèç, óñëîâèå (7) ÿâ-
ëÿåòñÿ íåîáõîäèìûì äëÿ âîçíèêíîâåíèÿ ñêà÷êîâ
ýëåêòðè÷åñêîãî ïîëÿ íà ïîâåðõíîñòè ïëàñòèíû âî
âðåìåíè. Êðîìå òîãî, äëÿ âîçíèêíîâåíèÿ ñêà÷êîâ
íåîáõîäèìî, ÷òîáû àìïëèòóäà ïåðåìåííîãî ñèãíàëà
H0 ïðåâûøàëà íåêîòîðîå ïîðîãîâîå çíà÷åíèå H t

0
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H H H H Ht t
p I0 0 0� � �( ) ( ), . (8)

Äëÿ íàõîæäåíèÿ ðàñïðåäåëåíèÿ ìàãíèòíîãî è
ýëåêòðè÷åñêîãî ïîëåé â îáðàçöå óäîáíî ââåñòè áåç-
ðàçìåðíûå âåëè÷èíû:
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Ñèñòåìà óðàâíåíèé (3) è ãðàíè÷íûå óñëîâèÿ ê íåé
â íîâûõ îáîçíà÷åíèÿõ çàïèñûâàþòñÿ ñëåäóþùèì
îáðàçîì:

�

�
� �

�
�

� �
�

�

�

	





�





F b ,
e ,

e b ,

( ( ))
( ( )),

( )
;

� �

�
� �

�

� �

�

sgn

(10)

b h hI( , ) cos ,0 0� �� 


b h hI( , ) cos2 0� �� � . (11)

3. Ýâîëþöèÿ ðàñïðåäåëåíèÿ ìàãíèòíîé
èíäóêöèè â ñëó÷àå ìàëûõ àìïëèòóä

Ðàññìîòðèì ýâîëþöèþ ðàñïðåäåëåíèÿ ìàãíèòíî-
ãî ïîëÿ âíóòðè îáðàçöà. Íà÷íåì ñî ñëó÷àÿ, êîãäà
ñêà÷êè ýëåêòðè÷åñêîãî ïîëÿ íà ïîâåðõíîñòè îáðàçöà
íå âîçíèêàþò:

H H h ht t
0 0 0 0� �( ) ( ), . (12)

Ñîãëàñíî ãðàíè÷íûì óñëîâèÿì (11), â ìîìåíò
âðåìåíè � � 0 ôóíêöèÿ F b( ) íà îáåèõ ãðàíèöàõ ïëàñ-
òèíû äîñòèãàåò ìàêñèìàëüíûõ çíà÷åíèé, ðàâíûõ
F h hI( )0 � . Â ñîîòâåòñòâèè ñ ìîäåëüþ êðèòè÷åñêîãî
ñîñòîÿíèÿ â ýòîò ìîìåíò âðåìåíè ýëåêòðè÷åñêîå
ïîëå âåçäå âíóòðè ñâåðõïðîâîäíèêà ðàâíî íóëþ. Ñ
òå÷åíèåì âðåìåíè ìàãíèòíàÿ èíäóêöèÿ b( , )� � â
îáðàçöå óìåíüøàåòñÿ è â ïëàñòèíå èíäóöèðóåòñÿ
ýëåêòðè÷åñêîå ïîëå. Â îáðàçöå âîçíèêàþò äâå ïðè-
ïîâåðõíîñòíûå îáëàñòè, â êîòîðûõ ýëåêòðè÷åñêîå
ïîëå îòëè÷íî îò íóëÿ. Â ýòèõ îáëàñòÿõ çíàê ïðîèç-
âîäíîé � �b /( , )� � � îòðèöàòåëåí. Â äðóãèõ îáëàñòÿõ
ýëåêòðè÷åñêîå ïîëå îñòàåòñÿ ðàâíûì íóëþ, à ðàñ-
ïðåäåëåíèå ôóíêöèè b( , )� � ñîõðàíÿåò ôîðìó, êîòî-
ðóþ èìåëî â íà÷àëüíûé ìîìåíò âðåìåíè � � 0.

Â ìîìåíò âðåìåíè � �� âíåøíåå ìàãíèòíîå ïîëå
äîñòèãàåò ñâîåãî ìèíèìàëüíîãî çíà÷åíèÿ, ýëåêòðè-
÷åñêîå ïîëå âíóòðè ñâåðõïðîâîäíèêà ñíîâà îáðàùà-
åòñÿ â íóëü è ðàñïðåäåëåíèå F b( ( , ))� � ïðèíèìàåò
ôîðìó ëîìàíîé 3 íà ðèñ. 2,a. Çàòåì, â èíòåðâàëå
� � �� � 2 , ôóíêöèÿ F b( ( , ))� � â ïðèïîâåðõíîñòíûõ
îáëàñòÿõ ñâåðõïðîâîäíèêà óâåëè÷èâàåòñÿ ñî âðåìå-
íåì (ñì. ðèñ. 2,á). Â ìîìåíò � �� 2 âíåøíåå ìàãíèò-
íîå ïîëå ñíîâà äîñòèãàåò ìàêñèìàëüíîãî çíà÷åíèÿ.

Ðåøåíèå óðàâíåíèÿ êðèòè÷åñêîãî ñîñòîÿíèÿ (10)
ñ ãðàíè÷íûìè óñëîâèÿìè (11) äàåò ñëåäóþùèå ðå-
çóëüòàòû äëÿ ôóíêöèè F b( ( , ))� � :

F b( ( , ))� � �� � 
 const. (13)

Êîãäà âíåøíåå ìàãíèòíîå ïîëå äîñòèãàåò ìàêñè-
ìàëüíîãî çíà÷åíèÿ, ïðè

� � 0, (14)

ðàñïðåäåëåíèå ìàãíèòíîé èíäóêöèè (òî÷íåå, ôóíê-
öèÿ F b( ( , ))� � ) îïèñûâàåòñÿ âûðàæåíèåì

F b ,

F h hI

( ( ))

( ), ,

, ,

(

( )

( ) ( )

� �

� � �

� � �
�

� 
 
 � �

� �

�

0 0
2

0
2

0
3

0

0

� � � �

� �

� 
 � � � �

� 
 � 


2

2

0 0
3

0
4

0 0
4

) ( ), ,

( ) ( ),

( ) ( )

( )

F h h

F h h

I

I � �

�

	







�






 � 2.

(15)
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Ãðàôèê ðàñïðåäåëåíèÿ èìååò âèä ëèíèè 1 íà ðèñ. 2,a
ñ òðåìÿ òî÷êàìè èçëîìà:

�0
2

0
( ) ( )� 
F h hI , (16)

�0
3

02( ) ( )� 
 � �F h hI , (17)

�0
4

0 02 1 2( ) [ ( ) ( )]� 
 � � � � 
/ F h h F h hI I . (18)

Â ñëåäóþùèå ìîìåíòû âðåìåíè, ïðè

0 � �� �, (19)

ãðàôèê ðàñïðåäåëåíèÿ ïîëÿ F b( ( , ))� � , êðîìå óæå
èìåþùèõñÿ òî÷åê èçëîìà, ïðèîáðåòàåò åùå äâå:

� �0
1

0 01 2( ) [ ( ) ( cos )]� 
 � 
/ F h h F h hI I , (20)

� �0
5

0 02 1 2( ) [ ( cos ) ( )]� 
 � 
 � � 
/ F h h F h hI I ,

(21)

è ïðèíèìàåò ôîðìó ëèíèè 2 íà ðèñ. 2,a:

F b ,

F h h

F h h

I

I

( ( ))

( cos ), ,

( ),

( )

(

� �

� � � �

� �

�


 
 � �
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0 0
1

0 0

0

1
0
2

0
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0
3

0 0
3

0

2

) ( )

( ) ( )

( )

, ,

( ) ( ),

� �

� �

� � 
 � � �

� �

� � �

� � �F h hI �

� 
 � 
 � �

� � 
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�

� � � �

�

0
4

0 0
4

0
52

2

( )

( ) ( )

,

( ) ( ), ,

( ) (

F h h

F h

I

I h0 0
5 2cos ), .( )� � �� �
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(22)

Âíåøíåå ìàãíèòíîå ïîëå, à çíà÷èò, è ôóíêöèÿ
F h(( ( ))� , äîñòèãàåò ìèíèìóìà, êîãäà

� �� . (23)

Â ýòîò ìîìåíò ãðàôèê ðàñïðåäåëåíèÿ F b( ( , ))� �
èìååò ôîðìó ëèíèè 3 íà ðèñ. 2,a:

F b ,

F h h

F h h

I

I
( ( ))

( ), ,

( ),

( )

( )

� �

� � �

� � �
�


 � � �
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 �

0 0
1
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, ,

( ) ( ),F h hI
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(24)

ñ òî÷êàìè èçëîìà, êîòîðûå ìîæíî íàéòè ïî ôîðìó-
ëàì (20), (16), (17).

Â ñëåäóþùèå ìîìåíòû âðåìåíè, ïðè

� � �� � 2 , (25)

F h( ( ))� ðàñòåò íà ïîâåðõíîñòè îáðàçöà è ýëåêòðè÷å-
ñêîå ïîëå òîæå óâåëè÷èâàåòñÿ. Ãðàôèê ðàñïðåäåëå-
íèÿ F b( ( , ))� � ïðèîáðåòàåò äâà äîïîëíèòåëüíûõ èç-
ëîìà â òî÷êàõ

� �0
0

0 01 2( ) [ ( cos ) ( )]� 
 � �/ F h h F h hI I , (26)

� �0
6

0 02 1 2( ) [ ( cos ) ( )]� � � 
 � � �/ F h h F h hI I , (27)

à ñàìî ðàñïðåäåëåíèå èìååò âèä ëèíèè 2 íà ðèñ. 2,á:

F b ,

F h h

F h h

I

I

( ( ))

( cos ), ,

( ),

( )

(

� �

� � � �

� �
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0
0
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0
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0
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� � �

F h hI

)

( ) ( )

,

( ) ( ), ,

( ) ( cos
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0
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F h h

F h h
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0
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(28)

Ãðàôèê ðàñïðåäåëåíèÿ ïîëÿ â ìîìåíò âðåìåíè

Íåëèíåéíîå âçàèìîäåéñòâèå ýëåêòðîìàãíèòíîé âîëíû ñ òðàíñïîðòíûì òîêîì â æåñòêèõ ÑÏ
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�

F(b( ,� �))

0
2

�0

1

2

3

1

2

3

�

F(b( ,� �))

0 2
3

2

1

3

2

1

à

á

�0�0

�0
(2)

(5)(4)(3)

�0
(1)

�0

�0

�0

�0
(2)

(6)

(1)

(3)

�0
(0)

Ðèñ. 2. Ýâîëþöèÿ ðàñïðåäåëåíèÿ ôóíêöèè F b( ( , ))� �
âíóòðè îáðàçöà â ñëó÷àå ìàëûõ àìïëèòóä (h h t

0 0� ( )): âî
âðåìåííîì èíòåðâàëå 0 � �� � (à), ïðè � � �� � 2 (á).



� �� 2 (29)

îêàçûâàåòñÿ òàêèì æå, êàê â íà÷àëüíûé ìîìåíò
� � 0, è ñîâïàäàåò ñ ëèíèåé 1 íà ðèñ. 2,a.

4. Ýâîëþöèÿ ðàñïðåäåëåíèÿ ìàãíèòíîãî ïîëÿ â
ñëó÷àå áîëüøèõ àìïëèòóä

Â ýòîì ðàçäåëå ðàññìîòðèì íàèáîëåå èíòåðåñíûé
ñëó÷àé

H H h ht t
0 0 0 0� �( ) ( ), , (30)

êîãäà íà ïîâåðõíîñòè îáðàçöà âîçíèêàþò ñêà÷êè
ýëåêòðè÷åñêîãî ïîëÿ. Êàê áóäåò ïîêàçàíî íèæå, â
óñëîâèÿõ (30) â íåêîòîðûé ìîìåíò âðåìåíè
� �� jump ïîëîæåíèå òî÷åê, êîòîðûå îòäåëÿþò îá-
ëàñòè, ãäå � � �b /( , )� � � 0 è � � �b /( , )� � � 0, èçìåíÿåò-
ñÿ ñêà÷êîì, à çíà÷èò, ñêà÷êîì ìåíÿåòñÿ ñêîðîñòü
«âûìåòàíèÿ» ìàãíèòíîãî ïîòîêà èç îáðàçöà.

Ðåøåíèå óðàâíåíèÿ êðèòè÷åñêîãî ñîñòîÿíèÿ (10)
ñ ãðàíè÷íûìè óñëîâèÿìè (11) äàåò ñëåäóþùèå ðå-
çóëüòàòû äëÿ ðàñïðåäåëåíèÿ ìàãíèòíîé èíäóêöèè â
ðàçëè÷íûå èíòåðâàëû âðåìåíè.

Ëîìàíàÿ 1 íà ðèñ. 3,à ñõåìàòè÷åñêè èçîáðàæàåò
ðàñïðåäåëåíèå F b( ( , ))� � â ïëàñòèíå â ñòàðòîâûé ìî-
ìåíò âðåìåíè � � 0. Åäèíñòâåííàÿ òî÷êà èçëîìà íà-
õîäèòñÿ èç óðàâíåíèÿ

�0
8

0 01 1 2( ) [ ( ) ( )]� 
 
 � � 
/ F h h F h hI I , (31)

à ñàìî ðàñïðåäåëåíèå âûãëÿäèò ñëåäóþùèì îáðà-
çîì:

F b ,
F h h

F h h

I

I

( ( ))
( ), ,

( ) ( ),

( )

�
� � �

� �
0

0

2

0 0
8

0 0

�
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 � �
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 � 
 ( ) .8 2� �

�
	



�
 �

(32)

Â ñëåäóþùèå ìîìåíòû âðåìåíè, â èíòåðâàëå

0 1� �� � jump
( ) , (33)

ðàñïðåäåëåíèå F b( ( , ))� � îïèñûâàåòñÿ ôîðìóëîé

F b ,

F h h

F h h

I

I
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( cos ), ,
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� �

� � � �

� �
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0
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 h hI 0 0

5 2cos ), ( )� � �

(34)

(ñì. ëèíèþ 2 íà ðèñ. 3,à). Òî÷êè èçëîìà �0
1( ) è �0

5( ),
êîòîðûå âîçíèêàþò â ýòîì ñëó÷àå, óæå âñòðå÷àëèñü
íàì ðàíåå. Èõ çíà÷åíèÿ íàõîäÿòñÿ ïî ôîðìóëàì
(20) è (21) ñîîòâåòñòâåííî.

Â ìîìåíò âðåìåíè

� �� jump
( )1

(35)

ãðàôèê ðàñïðåäåëåíèÿ F b( ( , ))� � ïðèíèìàåò ôîðìó
ëîìàíîé 3 íà ðèñ. 3,à:

F b ,( ( ))� � jump
(1) �

�

 
 � �

� � 
 � 


� � � �

�

F h h

F h h

I

I

( cos ), ,

( ) ( co

( )
0 0

7

0

0

2

jump
(1)

s ), ( )� � �jump
(1)

0
7 2� �

�
	



�


(36)

ñ åäèíñòâåííîé òî÷êîé èçëîìà

� �0
7

0
11 2( ) ( )[ ( cos )� � 
 �/ F h hI jump

� 
 
F h hI( cos )]( )
0

1 1� jump . (37)

Ñêà÷îê ýëåêòðè÷åñêîãî ïîëÿ âîçíèêàåò â ìîìåíò
âðåìåíè, îïðåäåëÿåìûé ðàâåíñòâîì
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F(b( ,� �))

0 2
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à

á

�

F(b( ,� �))

0
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1
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2

3

4

�0�0
�0

(7) (5)(8)
�0

(1)

�0�0 �0
(9) (6)(7)

�0
(0)

Ðèñ. 3. Ýâîëþöèÿ ðàñïðåäåëåíèÿ ôóíêöèè F b( ( , ))� �
âíóòðè îáðàçöà â ñëó÷àå áîëüøèõ àìïëèòóä (h h t

0 0� ( )):
âî âðåìåííîì èíòåðâàëå 0 � �� � (à), ïðè � � �� � 2 (á).



cos { [ ( ) ] }( )� jump
1

0
1

01 2� 
 � 
�/h F F h h hI I . (38)

Çäåñü ñèìâîë F �1 îáîçíà÷àåò îáðàòíóþ ôóíêöèþ, à
[ ( ) ]F h hI 
 �0 2 — àðãóìåíò ýòîé ôóíêöèè.

Â ïîñëåäóþùèå ïðîìåæóòêè âðåìåíè, ïðè

� � �jump
( )1 � � , (39)

òî÷êà èçëîìà ñîõðàíÿåò ñâîå ïðåäûäóùåå ïîëîæå-
íèå, à ðàñïðåäåëåíèå F b( ( , ))� � ïðèíèìàåò ôîðìó
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(40)

Â ìîìåíò âðåìåíè � �� ãðàôèê ðàñïðåäåëåíèÿ
èìååò âèä ëîìàíîé 4 íà ðèñ. 3,à è îïèñûâàåòñÿ ñëå-
äóþùèì âûðàæåíèåì:
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Â ïðîìåæóòêå âðåìåíè

� � �� � jump
( )2

(42)

ðàñïðåäåëåíèå ìàãíèòíîé èíäóêöèè (òî÷íåå, ôóíêöèÿ
F b ,( ( ))� � çàäàåòñÿ ôîðìóëàìè
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 h hI 0 0
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(43)

Ãðàôèê ðàñïðåäåëåíèÿ èìååò âèä ëèíèè 2 íà ðèñ. 3,á
ñ òðåìÿ èçëîìàìè â òî÷êàõ �0

7( ), �0
0( ) è �0

6( ). Èõ ïî-
ëîæåíèÿ íàõîäÿòñÿ ïî ôîðìóëàì (37), (26) è (27)
ñîîòâåòñòâåííî.

Ïðè âûïîëíåíèè óñëîâèÿ � �� jump
( )2 , ýëåêòðè÷å-

ñêîå ïîëå íà ïîâåðõíîñòè îáðàçöà ñíîâà ïðåòåðïåâà-
åò ñêà÷îê. Ìîìåíò � jump

( )2 ìîæåò áûòü íàéäåí èç ôîð-
ìóëû

cos { [ ( ) ] }( )� jump
2

0
1

01 2� � � � ��/h F F h h hI I . (44)

Â ýòîò ìîìåíò âðåìåíè ãðàôèê ðàñïðåäåëåíèÿ
F b( ( , ))� � èçîáðàæàåòñÿ ëèíèåé 3 íà ðèñ. 3,á:

F b ,( ( ))� � jump
(2) �

�
� 
 
 � �

� 
 � 


� � � �

�

F h h

F h h

I

I

( cos ), ,

( ) ( co

( )
0 0

9

0

0

2

jump
(2)

s ), ( )� � �jump
(2)

0
9 2� �

�
	



�


(45)

ñ îäíîé òî÷êîé èçëîìà

� �0
9

01 2( ) [ ( cos )� � 
 �/ F h hI

� 
 
 
F h h hI I( cos )]0 1� . (46)

Â ïðîìåæóòêå âðåìåíè

� � �jump
( )2 2� � (47)

âíåøíåå ìàãíèòíîå ïîëå ðàñòåò äî ñâîåãî ìàêñèìàëü-
íîãî çíà÷åíèÿ. Ãðàôèê ðàñïðåäåëåíèÿ F b( ( , ))� �
«ñêîëüçèò» ââåðõ, íå ìåíÿÿ ôîðìó, à òî÷êà èçëîìà
�0

9( ) ñîõðàíÿåò ñâîå ïîëîæåíèå. Ïîñëå äîñòèæåíèÿ
ïîëåì ìàêñèìàëüíîãî çíà÷åíèÿ îïèñàííûé âûøå
öèêë ïîâòîðÿåòñÿ ñíîâà.

5. Èññëåäîâàíèå ýëåêòðè÷åñêîãî ïîëÿ íà
ïîâåðõíîñòè îáðàçöà

Â ýòîì ðàçäåëå âû÷èñëÿþòñÿ çíà÷åíèÿ ýëåêòðè÷å-
ñêîãî ïîëÿ íà ïîâåðõíîñòè ïëàñòèíû â ðàçíûå ìî-
ìåíòû âðåìåíè è âåëè÷èíû ñêà÷êîâ ýëåêòðè÷åñêîãî
ïîëÿ. Â êà÷åñòâå íàáëþäàåìîé âåëè÷èíû ðàññìîò-
ðèì ýëåêòðîäâèæóùóþ ñèëó (ýäñ) â êàòóøêå, íàìî-
òàííîé íåïîñðåäñòâåííî íà îáðàçåö (ñì. ðèñ. 1) â
ïëîñêîñòè, ïåðïåíäèêóëÿðíîé íàïðàâëåíèþ ïåðå-
ìåííîãî ìàãíèòíîãî ïîëÿ. Çíà÷åíèå ýäñ ñâÿçàíî ñ
ýëåêòðè÷åñêèì ïîëåì íà ïîâåðõíîñòè îáðàçöà ñîîò-
íîøåíèåì

� � �[ ( ) ( )]E d E Ln0 , (48)

ãäå L — äëèíà ïëàñòèíû âäîëü òîêà, n — êîëè÷åñò-
âî âèòêîâ â êàòóøêå. Â ðàññìàòðèâàåìîì ñëó÷àå ýäñ
îïèñûâàåòñÿ ôîðìóëîé

� � �
�
��

Ln
c

B
t

dx
d

0

. (49)

Ïåðåéäåì ê áåçðàçìåðíûì âåëè÷èíàì. Äëÿ ýòîãî
ïðîèçâåäåì íîðìèðîâêó ýäñ èíäóêöèè íà åå õàðàê-
òåðíîå çíà÷åíèå �0:

�
�

�0 0
0 0

� � �E Ln e
E
E

, . (50)

Òîãäà óðàâíåíèå (49) ïåðåïèøåì ñëåäóþùèì îá-
ðàçîì:
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e
b

d� �
�

��
( , )� �

�
�

0

2

. (51)

Äëÿ íàõîæäåíèÿ ýäñ èíäóêöèè ïðèìåì âî âíèìà-
íèå, ÷òî

�

�
�

�

�

F b
b

b( ( , ))
( ( , ))

( , )� �

�
� � �

� �

�
, (52)

�

�
�

�

�
� �

F b
b

b
e

( ( , ))
( ( , ))

( , )
( ( , ))

� �

�
� � �

� �

�
� �sgn . (53)

Ñíà÷àëà ðàññìîòðèì ñëó÷àé ñëàáûõ àìïëèòóä
(12), êîãäà ñêà÷êè ýëåêòðè÷åñêîãî ïîëÿ íå âîçíèêà-
þò. Òîãäà â òå÷åíèå ïåðâîãî ïîëóïåðèîäà 0 � �� �,
ò.å. ïðè ìîíîòîííîì óìåíüøåíèè âíåøíåãî ìàãíèò-
íîãî ïîëÿ, ýäñ èíäóêöèè çàäàåòñÿ âûðàæåíèåì

e h h h h h bI I� 
 � 
 
 �0 0 0
1sin [ ( cos )]( cos )( )� � � �

� � 
 � 
 �� � �( cos )( cos )( )h h h h bI I0 0
5 , (54)

ãäå b( )1 è b( )5 — çíà÷åíèÿ ìàãíèòíîé èíäóêöèè â
ñîîòâåòñòâóþùèõ òî÷êàõ èçëîìà. Îíè ìîãóò áûòü
âûðàæåíû ÷åðåç îáðàòíûå F-ôóíêöèè:

b F / F h h F h hI I
( ) { [ ( ) ( cos )]}1 1

0 01 2� 
 
 
� � ,

(55)

b F / F h h F h hI I
( ) { [ ( ) ( cos )]}5 1

0 01 2� � 
 
 � 
� � .

(56)

Âî âòîðîì ïîëóïåðèîäå � � �� � 2 , êîãäà âíåøíåå
ìàãíèòíîå ïîëå óâåëè÷èâàåòñÿ, ýäñ èíäóêöèè èìååò
âèä

e h h h h h bI I� � 
 � � � �0 0 0
6sin [ ( cos )]( cos )( )� � � �

� 
 � � 
� � �( cos )( cos )( )h h h h bI I0 0
0

(57)

ñî ñëåäóþùèìè çíà÷åíèÿìè ïîëÿ â òî÷êàõ èçëîìà:

b F / F h h F h hI I
( ) { [ ( ) ( cos )]}0 1

0 01 2� � 
 
� � , (58)

b F / F h h F h hI I
( ) { [ ( ) ( cos )]}6 1

0 01 2� � � 
 � 
� � .

(59)

Òåïåðü îáðàòèìñÿ ê ñëó÷àþ áîëüøèõ àìïëèòóä. Â
ïåðâîé ïîëîâèíå ïåðèîäà, 0 � �� �, â ïðîìåæóòêå
âðåìåíè (33) (äî ïåðâîãî ñêà÷êà) ïîâåäåíèå ýäñ
îïèñûâàåòñÿ òîé æå ôîðìóëîé (54), ÷òî è ïðè ìà-
ëûõ àìïëèòóäàõ. Â ïðîìåæóòêå (39) (ïîñëå ïåðâîãî
ñêà÷êà) ýëåêòðîäâèæóùàÿ ñèëà çàâèñèò îò âðåìåíè
ñëåäóþùèì îáðàçîì:

e h h h h h bI I� 
 � � 
 �0 0 0
7sin [ ( cos )]( cos )( )� � � �

� � 
 � 
 �� � �( cos )( cos )( )h h h h bI I0 0
7

(60)

ñî çíà÷åíèåì ïîëÿ â òî÷êå èçëîìà, êîòîðîå íàõîäèò-
ñÿ ïî ôîðìóëå

b F / F h hI
( ) { [ ( cos )7 1

01 2� � 
� � jump


 
 
F h hI( cos )] }0 1� jump . (61)

Âî âòîðîé ïîëîâèíå ïåðèîäà íàáëþäàåì êàðòèíó,
ñèììåòðè÷íóþ îïèñàííîé âûøå. Äî âòîðîãî ñêà÷êà
ýäñ èíäóêöèè îïèñûâàåòñÿ íàéäåííîé âûøå çàâèñè-
ìîñòüþ (57), à ïîñëå íåãî — ôîðìóëîé (60).

Îïðåäåëèì âåëè÷èíó ñêà÷êà ýëåêòðîäâèæóùåé
ñèëû. Äëÿ ýòîãî íàéäåì ðàçíîñòü ýäñ èíäóêöèè íå-
ïîñðåäñòâåííî äî è ïîñëå ñêà÷êà:

�e h h h b bI� 
 � �0 0
7 1sin [ ( cos )]( )( ) ( )� � �

� � 
 �� �( cos )( )( ) ( )h h b bI 0
7 5 . (62)

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ïðåäåëüíûé ñëó-
÷àé, êîãäà êðèòè÷åñêàÿ ïëîòíîñòü òîêà íå çàâèñèò îò
ïîëÿ. Òàêîé ñëó÷àé ìîæåò áûòü ðåàëèçîâàí, íà-
ïðèìåð, â ïðèñóòñòâèè äîïîëíèòåëüíîãî ñèëüíîãî
âíåøíåãî ìàãíèòíîãî ïîëÿ, çíà÷èòåëüíî ïðåâûøàþ-
ùåãî Hp . Â òàêîé ñèòóàöèè �( )b � 1, F b b( ) � . Òîãäà
óñëîâèÿ âîçíèêíîâåíèÿ ñêà÷êîâ ýäñ âûãëÿäÿò ñëå-
äóþùèì îáðàçîì:

H H H HI p
t� �, ,( )

0 0 (63)

ãäå H J d/cp c� 2� , H H Ht
p I0

( ) � � — ïîðîãîâàÿ
àìïëèòóäà ìàãíèòíîãî ïîëÿ. Ôîðìóëà äëÿ âåëè÷è-
íû ñêà÷êà ýäñ ïðèíèìàåò âèä

�e h h h hI I I� � 
 �4 1 10( )( ). (64)

Àíàëèòè÷åñêèå ðåçóëüòàòû, êîòîðûå ïîëó÷àþòñÿ
â ïðåíåáðåæåíèè ìàãíèòîïîëåâîé çàâèñèìîñòüþ
êðèòè÷åñêîé ïëîòíîñòè òîêà, óäîáíî ïðåäñòàâèòü
íàãëÿäíî â ãðàôè÷åñêîì âèäå. Íà ðèñ. 4 ïðèâåäåíû
ãðàôèêè e( )� ïðè hI � 0 5, è äâóõ ðàçíûõ àìïëèòóäàõ
ïåðåìåííîãî ïîëÿ. Âèäíî, ÷òî ñêà÷êè ýäñ ïðîÿâëÿ-
þòñÿ áîëåå îò÷åòëèâî íà ðèñ. 4,a, ò.å. ïðè íå ñëèø-
êîì ìàëûõ çíà÷åíèÿõ àìïëèòóäû. Íà ðèñ. 5,à ïðî-
äåìîíñòðèðîâàí êîðíåâîé ðîñò âåëè÷èíû ñêà÷êà ñ
ðîñòîì àìïëèòóäû ïåðåìåííîãî ìàãíèòíîãî ïîëÿ.
Íà ðèñ. 5,á èçîáðàæåíà çàâèñèìîñòü âåëè÷èíû ñêà÷-
êà îò ñèëû òîêà (îò ïàðàìåòðà hI).

Êàê âèäíî íà ðèñ. 4, ñðåäíÿÿ çà ïåðèîä âíåøíåãî
ìàãíèòíîãî ïîëÿ ýäñ â êàòóøêå, íàìîòàííîé íà îá-
ðàçåö, ðàâíà íóëþ. Â òî æå âðåìÿ â ðàáîòàõ [9,10]
áûëî ïîêàçàíî, ÷òî â äàííîé ñèòóàöèè ñðåäíåå çà ïå-
ðèîä ýëåêòðè÷åñêîå ïîëå â ïëàñòèíå îòëè÷íî îò
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íóëÿ. ×òîáû â ýòîì óáåäèòüñÿ, äîñòàòî÷íî ñ ïîìî-
ùüþ ðèñ. 2 è 3 ïðîâåñòè ïðîñòîé àíàëèç äèíàìèêè
èçìåíåíèÿ ðàñïðåäåëåíèÿ ìàãíèòíîé èíäóêöèè â îá-
ðàçöå. Î÷åâèäíî, ÷òî â òå÷åíèå êàæäîãî ïåðèîäà ïå-
ðåìåííîãî ïîëÿ ÷åðåç îáðàçåö ñëåâà íàïðàâî «ïåðå-
êà÷èâàåòñÿ» îïðåäåëåííûé ìàãíèòíûé ïîòîê, äâèæå-
íèå êîòîðîãî è ãåíåðèðóåò ïîñòîÿííóþ ñîñòàâëÿþ-
ùóþ ýëåêòðè÷åñêîãî ïîëÿ. Â ïðåäëàãàåìîì çäåñü ýêñ-
ïåðèìåíòå ïîñòîÿííàÿ ñîñòàâëÿþùàÿ ïîëÿ íå ìîæåò
áûòü çàðåãèñòðèðîâàíà, ïîòîìó ÷òî, ñîãëàñíî (48), â
êàòóøêå ôàêòè÷åñêè èçìåðÿåòñÿ ðàçíîñòü ýëåêòðè-
÷åñêèõ ïîëåé íà äâóõ ïðîòèâîïîëîæíûõ ïîâåðõíî-
ñòÿõ ïëàñòèíû.

Â çàêëþ÷åíèå ïðèâåäåì ÷èñëåííóþ îöåíêó âåëè-
÷èíû ñêà÷êà ýäñ â ïðåäïîëàãàåìîì ýêñïåðèìåíòå. Â
êàòóøêå, ñîäåðæàùåé 100 âèòêîâ, íàìîòàííîé íà êå-
ðàìè÷åñêèé îáðàçåö òîëùèíîé 1 ìì, äëèíîé è øèðè-
íîé 1 ñì, ñ êðèòè÷åñêîé ïëîòíîñòüþ òîêà 1 êÀ/ñì2

ïðè ÷àñòîòå 100 Ãö èíäóöèðóåòñÿ ñêà÷îê ýäñ âåëè÷è-
íîé ïîðÿäêà 1–2 ìÂ, êîòîðûé ìîæåò áûòü ëåãêî çà-
ðåãèñòðèðîâàí.
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Nonlinear interaction of an electromagnetic wave
with a transport current in hard superconductors

M.L. Nesterov, Ò.Ì. Slipchenko, and
V.À. Yampol’skii

An effect of jumps in the temporal depend-
ence of the electric field at the surface of a
superconducting plate with transport current is
theoretically predicted. The phenomenon results
from the interaction of transport current with

the external ac magnetic field. The theoretical
study of the effect is done within the framework
of a simple model with an arbitrary monotonous
magnetic field dependence of the critical current
density. The dependence of the magnitude of
jumps on the wave amplitude and transport cur-
rent strength is studied. The predicted effect can
be experimentally observed by measuring the
electromotive force in a coil wound directly on a
sample in the plane perpendicular to the exter-
nal ac magnetic field.
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