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Based on the method of collective variables (CV) with a reference system, the exact expression for the func-
tional of the grand partition function of a m-component ionic model with charge and size asymmetry is found.
Particular attention is paid to the nth particle correlation functions of the reference system which is presented
as a m-component system of “colour” hard spheres of the same diameter. A two-component model is consi-
dered in more detail. In this case the recurrence formulas for the correlation functions are found. A general
case of a m-component inhomogeneous system of the “colour” hard spheres is also analysed.
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1. Introduction

In recent years much attention has been focused on an issue of the phase transitions in multi-
component fluid mixtures, especially in ionic fluids. In spite of significant progress in this field, such
systems are far from being completely understood. The investigation of complex models is of great
importance in understanding the nature of critical and phase behavior of real ionic fluids which
demonstrate both the charge and size asymmetry. The powerful tools for the study of multicom-
ponent continuous systems are those based on the functional methods. One of such approaches is
the method of collective variables (CVs). The method, proposed initially in the 1950s [1-3] for the
description of the classical charged many particle systems and developed later for the needs of the
phase transition theory [4-7], was in fact one of the first successful attempts to attack the problems
of statistical physics using the functional integral representation. Nearly at the same time other
functional approaches based on the Stratonovich-Hubbard transformation [8,9] were originated. As
was shown recently [10] both groups of theories are in fact in close relation.

The CV method is based on: (i) the concept of collective coordinates being appropriate for the
physics of the system considered (see, for instance, [11]) and (ii) the integral identity allowing to
derive an exact functional representation for the configurational Boltzmann factor. Being applied
to the continuous system the CV method uses the idea of the reference system (RS), one of the
basic ideas of the liquid state theory [12]. The idea consists in the splitting of an interparticle
interaction potential into two parts

uap(r) = d0p(r) + dap(r),

where ¢°, 8 (r) is a potential of a short-range repulsion which describes the mutual impenetrability
of the particles, while ¢,(r), on the contrary, mainly describes the behaviour at moderate and
large distances. The equilibrium properties of the system interacting via the potential qﬁgﬁ (r) are
assumed to be known. Therefore, this system can be regarded as the “reference” system. Within
the framework of the CV method the interaction connected with potential ¢ng(r) is described in
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the phase space of CVs. The fluid of hard spheres is most frequently used as the RS in the liquid
state theory since its thermodynamic and structural properties are well known. It is worth noting
that the concept of the RS was also applied to the study of quasispin systems with short- and
long-range interactions [13].

In this paper we derive the functional representation for the grand canonical partition function
of a multicomponent fluid which includes both short-range and long-range interactions. A particular
attention is focused on an issue of the correlation functions of the RS of a charge asymmetric
continuous binary model of an ionic fluid. The paper is organized as follows. In section 1 we obtain
the exact expression for the functional of the grand partition function of a multicomponent mixture.
The case of an asymmetric ionic model is considered in more detail. Section 2 is devoted to the study
of the correlation functions of a m-component hard sphere system of the same diameter (system
of “colour” hard spheres). This system forms a basis for further applications of standard methods
in the study of many particle interacting systems. The recurrence formulas for the correlation
functions of the two-component system of “colour” hard spheres are found here.

2. Method

2.1. General relations fora m-component system

Let us consider a classical m-component system consisting of N particles among which there

exist Ny particles of species 1, Ny particles of species 2, ... and N, particles of species m. The
pair interaction potential is assumed to be of the form:
Uap(r) = ¢ag(r) + dap(r) + oa5(r), (1)

where ¢2§(r) is the interaction potential between the two additive hard spheres of diameters
Oaa and ogg. We call the m-component hard sphere system a reference system (RS). d)gﬁ(r) is the
Coulomb potential. The solution is made of both positive and negative ions so that electroneutrality
is satisfied, Y| gaca = 0, and ¢, is concentration of the species . The ions of the ath species
are characterized by their hard sphere diameter o,, and their electrostatic charge q,. Here we
consider the case when the hard spheres differ little in their diameters. Then we can present the
potential of short-range interaction ¢3%(r) as a sum of the two terms: ¢35 (r) = ¢f5(r) + ¢25(r),
where gbfﬁ (r) is used to mimic the soft core asymmetric repulsive interaction, ¢} 5( ) is assumed to
have a Fourier transform. qﬁgﬁ(r) describes a van der Waals like attraction. The above assumption
about hard sphere diameters allows us to employ hereafter a one-component hard sphere system
as the RS for the study of a multicomponent mixture.

We consider the grand partition function (GPF) of the system which can be presented in the

form:
Elva) = Z H exp( Va = /(dF exp ——ZZUa@ rij) | - (2)

N1,N2,...,N,, a=1 a3 ij

Here the following notations are used: v, = Bpua + In[(2mmaB~1)3/2/h%) is the dimensionless
chemical potential, i, is the chemical potential of the ath species, 3 is the reciprocal temperature,
(dI") is the element of the configurational space of N particles.

Let us introduce operators

Proa = Zexp(—ikrf‘), (3)

which are the Fourier transforms of the microscopic number density of the species a. In this case
we can present the part of the Boltzmann factor in (2) which does not include the RS interaction
in the form:

exp [0 30 Wanlrsg) — 55| = exp |2 33" Bas(h) (paposes — Nodos)| . (4

a,B i,j a8 k
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where

0(

) = 0Cs(k) + @o5(K)

a(k
and we use the notations éfﬁ (k) = gqg - (k), (ZSXﬁ(k‘) is the Fourier transform of the corre-
sponding interaction potential.
In order to introduce the collective variables (CVs) we use the identity

exp —% Z Z ®o5(k)pr,ah—x,p =/ dp) H 0F[Pr,a — Pr,a] €XP|—5 Z Z Papprap—xs| 5 (5)

a3 k aﬁ k

where 07 [pk,o — Pk.o] denotes the functional delta function

dr[Pk,0 — Pra) = /(dw)exp [izwk(Pk,a - ﬁk,a)‘| )
k

Pk,a = Pl.o — 1Pk o 18 the CV which describes the value of the k-th fluctuation mode of the density
of the ath species particles. (dp) is a volume element of the CV phase space:

H de D‘H dpk adpk a-
k#0

The prime means that the product over k is performed in the upper semi-space. The indices ¢ and
s denote the real and imaginary parts of pk .
Taking into account (4)—(5), we can present (2) in the form:

Zlva) = [ (d0)(dw) exp (~Hlva po]) (6)
where
1 - . - _ .
H[Von Pas woz - 5 Z Z q)aﬁ (k)pk,ap—k,ﬁ —1 Z Z Wk,aPk,a — In :‘HS[VQ; _lwa]~ (7)
/3 k « k

EH5[Va; —iw,] is the GPF of a m-component system of the bare hard spheres with the renor-
malized chemical potential 7, in the presence of the local field ¥, (r;)

N
Eusl..]= Z H exp(ya No) /(dF exp _722@15 Tij —l—zzwa(ri) , ()

N1,Na,..., Ny a=1 a,B 1]

_ 1 ~
Vg = Vo + 5 Z (baoz(k)v (9)
k
Yo (ri) = —iwa(r3). (10)
Mean-field approximation. The mean-field approximation of functional (6) is defined by
EMF[Va] = exp(—H[ua, pom@a])a (11)

where p, and @, are the solutions of the saddle point equations:

6H[Voupaawa] _ 5H[Va7pa7wa]

=0.
6,0k,oc

5wk,o¢ (ﬁa":"a)

(Pas@a)
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We obtain for p, and @,

Pa = Prg[Va — ial, Wo = —1 ﬁa(i)aa (0) + Z ﬁﬁ(i)aﬂ(o) (12)
B(#a)

and p%g[Va — iw,] denotes the number density of the ath species of the hard sphere fluid with
chemical potential 7, — .
Substituting (12) in (11) we obtain

= B o - o
SMF = €Xp {5 ZPHSP?{SQM[J(O)} Ens[Va; —iwa].

Taking into account fluctuations. In order to take into account fluctuations we present CVs
Pk,a and wi  in the form:

Pk,a = Padk + 0Pk a5 Wk,a = Walk + 0wk, a,

where the quantities with a bar are given by (12).
The function InZ Hs[ﬂa; —iwy] in (7) can be presented in the form of the cumulant expansion

Z Z Ma,s o, (k1o n)0Wies g - - - 0wk, vy Oty otk s (13)

n>=0 o k..

IHEHs[.. ]

where My, . o, (k1,...,kn) is the nth cumulant which is defined by

0" In EHS[~ . ]
a&wkhal PN 86wk

mozl...ozn(kla R kn) = |5wk7‘,v°¢i:0' (14)

n,qxn

After the integration in (6) over dw, o, we obtain for Z[v,]

E[va] :EMFE’/(dép exp{ ZZLW )0pK,a0p— kﬁ"‘ZH 5,%)} (15)

T3 k n>3

Gaussian approximation. In the Gaussian approximation, which corresponds to taking into
account in (15) only the terms with n < 2 (H,, = 0), we have Log(k) = Cqp(k), where Cop(k)
are the Fourier transforms of the partial direct correlation functions. After integrating in (15) we
arrive at the GPF of a m-component system in the random phase approximation (RPA).

2.2. Atwo-component system of charged particles

Let us consider now in more detail the particular case of a two-component system consisting
of Ni particles of species 1 and N, particles of species 2. The particles of the species a = 1 are
characterized by their hard sphere diameter o1, and their electrostatic charge +¢ and those of
species o = 2, characterized by diameter o295, bear opposite charge —zq. It is worth noting that
such a model is of particular interest from the point of view of the phase transitions study in real
ionic fluids.

For the model, equations (6) and (7) can be presented in the form:

Zlval = [ (@9)(dAQ) (o) ) exp (- Hlva. . Qo). (16)
and
HlVa, p, Q,w,7] = % > [@nn (k) prp—k + 2o (k) QuQ—i + 22N (k)
k
Xpr@Q k] — iZ(WkPk +WwQx) — InEps[Va; —iw, —iga7], (17)
k

662



Functional representation for the grand partition function of a multicomponent system

where CVs px and Qy describe fluctuations of the total number density and charge density, re-
spectively
= Pear Q=1 daPka-
(0% (0%

For &)AB(k) (A, B = N, Q) we have the following expressions

bank) = o [PH) + 22600 + S0
boolt) = oy B - 2850 + B (0] + 50,
Bralh) = o (B0 + (1 - 9B — B0 (15)

Ens[Va; —iw, —iga7] is the GPF of a two-component system of the bare hard spheres with the
renormalized chemical potential

o I ¢ oasr 4 iC
Va—ya+§z¢aa(k)+?z<1> (k) (19)
k k
in the presence of the local field

wa<ri) = _iw(Ti) - iQaW’(Ti% (20)

where w = (zw1 + w2)/(1 + 2) and v = (w1 — w2)/q(1 + 2).
In this case the saddle point equations yield

p = pHsVa; —iw, —igaY], Q=0, @ = —ip®yn(0), 7 = —ipPng(0) (21)

and we obtain for the GPF in the mean field approximation

— 154 = — e
ZMF = €Xp [gp%s‘bmv(o)} :Hs[Va§ —lw, —1%7]~

The cumulant expansion for InZEgg]. . ] in terms of variables dv, and dwy have the form:
- (=)™ i
In :Hs[. . ] = Z ol Z Z Dﬁ%”)(kl, ey kn)57k1 . 5’ykin 5wkin+1 . 5wkn5kl+~~-+kn7 (22)
n>0 in20Kky,... kn

where the nth cumulant is defined by

_ a" IHEHs[. . ] | 3 3 (23)
D0, - - 00, D, _, - Db, <000

1 n

M (k- k)

and index i, is used to indicate the number of variables d7y in the cumulant expansion.

As was shown [14], the free energy obtained in the RPA for such a model is independent of
the charge asymmetry factor z. Therefore, the study of the effect of the charge asymmetry on the
phase behaviour requires taking into account the cumulants of the order higher than the second
order. In this relation it is important to have got the explicit expressions for the cumulants with
n > 2. The next section is devoted to this issue.

3. Reference system

3.1. A m-component mixture of “colour” hard spheres

Let us consider a general case of a m-component inhomogeneous system of hard spheres with
the local chemical potential v%(r). We start with expression (8) under conditions that all the hard
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spheres have the same diameter o and v} (1) = Vo + o (7). In this case (8) can be presented in the
form:

N N
= . 1 . g
Eps|Zt] = Z ﬁ/drldrg...drNHZ (rj)exp _§Z¢HS(Tij) , (24)
N>0 j=1 i
where
Z(r;) =) Za(r;) (25)
and

Zy(rj) = expry(rj) = Ze exp(—iwa(5)), Zo = exp(Tq). (26)

Our goal is to derive explicit expressions for the cumulants
May .0, (1,2,...,n) defined by

1 0" In EHs[Z*]
(—1)" dwa, (1)dwa, (2) ... 0wy, (n) e, (i)0 )

May.a,(1,2,...,0) = (27)

where, for notational convenience, a position vector r; is presented simply by 3.
First we start with some important relations. We introduce the density distribution function
pn(1,2,...,n) and the correlation function pl(1,2,...,n) [15]:

pn(1,2,...,m) _ 1 o= (28)
Z*(1)Z*(2)...Z*(n) E§Z*(1)6Z*(2)...6Z*(n)’
pr(1,2,...,n) _ 1 0" In= (29)
Z*(1)Z*(2)...Z*(n)  E06Z*(1)62*(2)...0Z%(n) "
We also have the relation for the function h,(1,2,...,n)
T
h(1,2, .. ) = —Lob2eem) (30)

C o n(1)p1(2) . pa(1)

Expressions (28)—(30) can be easily generalized for the case of a m-component mixture replacing
pn(1,2,...,n) bY pay..an(1,2,...,n) and pL(1,2,...,n) by p% . (1,2,...,n), etc. As a result,
we obtain for 9M,, (1)

Zk,
Zx(1)

Mo, (1) = pi (1) = pas (1), (31)

where we take into account that

pi (i) = pr(3), ZZ*%) = /Z((Z)), p1(i) = Zpa(i).

As is readily seen, the first expression follows from (28)—(29) and the second one follows from
(24)—(25).
The higher order cumulants (up to n = 4) can be written as

Marar(1,2) = pay (D)[pay(2)ha(1,2) + 6a1a,6(1,2)]; (32)
Marazas(1,2,3) = pay (D]Pas (2)pas (3)h3(1,2,3) + pay (2)ha(1, 2)daz0,0(2,3)
+Pas (2)h2(1,2)001050(1,3) + pay (3)ha(1, 3)0a,0,0(1,2)

+ayas001059(1,2)0(1,3)], (33)
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Marasazas(1,2,3,4) = pay(1)[paz(2)pas (3)pas (4)ha(1,2,3,4) 4 3pa, (2)pas (3)
xh3(1,2,3)(0a50,0(3,4) + 0050,0(2,4) + 60y0,0(1,4))
+2p0¢2 (2)p0¢4 (4)h3(1a 2, 4) (50!20&36(2’ 3) + 60410435(1’ 3))
FPas (3)pa4 (4)h3(17 3, 4)50410625(1’ 2) + 4p0¢2 (2)h2(17 2)
X (OogrsOgrs (25, 3)0(2,4) + dagas Iy s 0(2,3)5(1,4)
+60¢2a460¢1a35(2’ 4>6(17 3) + 6ala36a1a46(1’ 3)6(17 4))
+2pa;y (3)h2(1,3) (0azas0a10:6(3,4)0(1,2) + bayasbaras
X6(1,4)8(1,2)) + poy (D2 (1, 0y aa00sz (1, 3)3(1, 2)
+001 00001 030y g 0(1,2)3(1, 3)5(1, 4)]. (34)
In (32)—(34) hy(1,2,...,n) is the correlation function of a one-component hard sphere system with
Z*(i) given by (25).
Formulas (32)—(34) are valid for an inhomogeneous system of equal diameter hard spheres in the
external local field. Expressions (32)—(33) are of the same form as those recently obtained within
the framework of the statistical field theory based on the Hubbard-Stratonovich transformation
[16] (see (7.8) in [16]). Expression (34) is important in context of applying the approach proposed
here for the study of phase transitions.
For a homogeneous system p,(i) = po, where p, is the number density of hard spheres of
the ath species. In the case of model (1) describing a system of charged particles constrained by

the condition of global electroneutrality, the expressions for the cumulants Ma, a0, (1,2,..., 1)
should be supplemented by the two relations for partial densities p,, namely

an =1, anca =0, Coa = Pa/p- (35)

3.2. Two-component system of charged hard spheres

Let us consider the particular case of a two-component model of charged hard spheres of the
same diameter with the local chemical potential v} (i) = Dy + 9o(i), where 7, and 1), are given by

(19)—(20). First we consider cumulants DJTS”)(L ...,n) (see (23)) for the case of an inhomogeneous
system. ‘
It is convenient to present mi ")(1, ...,n) in terms of the truncated (or connected) correlation

functions G, (1,2,...,n) defined by [15]

0" log=
Gn(1,2,...,n) = : 36
( ") = S @) ) (36)
As a result, we obtain the following expressions for the cumulants of the first order
MY (1) = Gi(1), MY (L) = gaca(1)G1(1), (37)

where ¢, (i) = pa(i)/p(i) and summation over repeated indices is meant. For the cumulants of the
second order we get

MY (1,2) = Gao(1,2),  M(L,2) = gaca(2)Ga(1,2),
M (1,2) = q2ea(1)G1(1)5(1,2) + gaca(D)ases(2)[Ga(1,2) — G1(1)6(1,2)].  (38)

mgz'n)(l’ 2,3) with 4,, = 0,1,2,3 have the form:

MmO (1,2,3) = G3(1,2,3),  MP(1,2,3) = quca(1)Gs(1,2,3), (39)
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mgz)(1>273) = qaca(l)ngﬁ(2)[ (17273)_
+q2ca(1)G2(2,3)6(1,3),

mP(1,2,3) =

Finally, we obtain for Smff")(l, 2,3,4)

mA(LO)(lv 2, 354) = G4(1, 2, 374)7

M (1,2,3,4) = gaca(l)gses(2)[G

+qgca(1)G3(2;3,4) (1 2)
M (1,2,3,4) = gaca()gscs(2)g,c,(3)[G

+2G2(3,4)0(1,4)0(2,

mY(1,2,3,4) =

Gaca(1)gpes(2)gycy(3)[G3(1,2,3) —
+2G1(1)8(1,3)8(2,3)] 4 32ca(1)gpes(2)]
2)16(1,3) + gica(1)G1(1)8(1

4(1,2,3,4) — Gs(2,

( 3)] + 3qcal(l
—G2(3,4)6(2,4)]0(1,3) + qoca(1)G2(3,4)8(1,
Gaca(1)gpcs(2)gycy (3)geec(4)[Ga(1,2,3,4) — 6G3(1,2,3)0(1,4)
+11G(1,2)5(2,3)5(1, 4) — 6G1(1)5(2, 3)5(1,

G2(2,3)4(1, 3)]

3G (1,2)8(2,3)

G2(1,2)
,2)8(2,3). (41)

mé(ll)(1727374) = QQC(X(I)G4(1727374)’ (42)

3,4)0(1,4)]

4(1,2,3,4) — 3G5(2,3,4)5(1,4)

qpc5(2)[Gs(2,3,4)

2)4(2,3), (44)

4)6(1,2)]

+642ca(1)aaca(2),04(3)G3(2.3,4)6(1,4) + dgdca(1)gacs(2)

x[G2(2,3) -

x[G2(2,3) —
x8(1,2)8(2,3)5(3,4).

Homogeneous case

G1(2)8(2,3)18(1,3)8(3,4) + 35 ca(1)aies(2)
G1(2)8(2,3)6(1,3)8(2,4) + gaca(4)G1(1)

(45)

For the homogeneous system, ¢, (i) = ¢, where ¢, is the concentration

of the ath species. In this case expressions (37)—(45) reduce due to the electroneutrality condi-
tion. As a result, we get the following recurrence formulas for the cumulants in the Fourier space

representation
MO (ky, ko, ..., kn) Gn(ki, ks, ... kn),
MY (ki ks, ... k,) = 0,
M (ky, ko, ... kn) = q2caGn_i(kiko,...,
M) (k1 ks, ... kn) = ¢2caGn_s(ki, ks, ...
MD (ky, ko, .. k) = 3[¢2ca]” Guos(ki ks, ...,

where én(kl, ko,...

Ky 5+ ...

knfl + kn>7
9 kn—2 + kn—l + kn)>
kn—2 + kn—l + kn) +

-3 [Qica} 2) én—?)(kla ko,...,

(dhca
+kn), (46)

,ky,) is the Fourier transform of the n-particle truncated correlation function

of a one-component hard sphere system with the density p defined by (12).

It is worth noting that 9S> (k1, ks), ML (k1. ko, ks) and M (ky, ...

the expressions obtained in [16] (see (7.8) in [16]).

,k4) can be reduced to

For the case of the restricted primitive model (RPM), a charge symmetric model with z = 1,

the above expressions can be rewritten as

mH = o, m = Gps,
me = o, MDD = ¢*(3G,_a —

2én—3)'

666



Functional representation for the grand partition function of a multicomponent system

Putting ¢ = 1 in (47) we arrive at recurrence relations for the cumulants of a mixture of neutral
hard spheres with concentration ¢, = 1/2 [17]).

4. Conclusions

Based on the method of CVs we obtain the exact expression for the functional of the GPF for
a m-component model of an ionic fluid with size and charge asymmetry. The functional integral is
written in terms of CVs py o (e =1,2,...,m) describing the density fluctuations of the ath species.
The expression includes the logarithm of the GPF of the reference system which can be presented
as a cumulant expansion. We pay special attention to the correlation functions of the reference
system. The reference system for the model under consideration is a m-component system of equal
diameter hard spheres with the local chemical potentials v (r). We call such a model a system
of “colour” hard spheres. We obtain explicit expressions for the partial cumulants, the partial n
particle truncated (connected) correlation functions (n < 4) of an inhomogeneous “colour” hard
sphere system.

We consider the particular case of a two-component model. Here we introduce the two sets of
CVs: px and Qy describing the fluctuations of the total number density and the charge density,
respectively. We choose the reference system as a two-component hard sphere system of equal
diameters with the local chemical potentials which include the charges and reflect the fact that the
Coulomb interactions are available in the full system. For the homogeneous ionic model we derive
the recurrence formulas which relate the cumulants of the initial two-component reference system
with the truncated correlation functions of a one-component hard sphere system. The relations will
be used in our study of the phase behaviour of an ionic fluid with the charge and size asymmetry.
The results will be published elsewhere.
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dyHKUiOHaNbHe NpeACcTaB/IeHHS BeJIMKOI CTaTUCTUYHOT CyMU
Anga 6araToKOMMNOHEHTHOI CUCTEMU 3apPAAKEHUX YAaCTUHOK:
KopensauinHi GyHKLUIT cuctemm Bigniky

O.B.MauaraH, I.M.Mpwurnog,

IHCTUTYT di3nkm KoHaeHcoBaHMx cucteM HAH Ykpainum, Byn. CeHuiupkoro, 1, 79011 JlbBis

OTpumaHo 27 moTtoro 2006 p., B ocTatodyHOMY BUaai — 29 yepsHa 2006 p.

Ha ocHOBI MeTOLYy KONEKTUBHUX 3MIHHUX 3 CUCTEMOIO BiZLiKy, OTPMMAHO TOYHWUI BUPA3 st PyHKLioHany
BEJIMKOI CTATUCTUYHOT CYMWN m-KOMMOHEHTHOI IOHHOI MOZeni 3 acMMeTpielo po3mipiB Ta 3apsagis. Ocobnu-
Ba yBara npuainseTbCs n-4aCTUHKOBUM KOPENALINHUM QYHKLIAM CUCTEMU BiAJiKy, Ska NPeaCcTaBNSIeETbLCS
AIK M-KOMMOHEHTHA cucTeMa “KoJIbOPOBMX” TBEPANX cdep OAHAKOBOro aiameTpy. JeTanbHOo po3risHyTO
BMMNAZ0K ABOKOMMOHEHTHOI MOAenNi, 419 IKOi OTPUMAHO peKypeHTHI GopMynu Anst KOPensuinHUX QyHKLLRA.
Takox npoaHanizoBaHo BMNaAoK m-KOMMNOHEHTHOI HEOAHOPIAHOI CMCTEMM “KONbOPOBUX” TBEPAMX cdep.

KniouoBi cnoBa: ¢yHkLioHanbHI meToan, cuctema Bigiky, METOL KOJIEKTUBHUX 3MIHHUX, aCUMETPUYHA
ioHHa Mogesb, cuctema “kosibopoBux” TBEPANX chep

PACS: 05.70.Fh, 05.70.Jk, 65.10.+h
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