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1.5-multiplicity molecular light scattering in fluids?
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The third-order thermodynamic moment of the density fluctuations is shown to contribute notably to the molec-
ular light scattering in a single-component fluid. The relevant 1.5-scattering is expected to affect the depolari-
zation ratio of the scattered light as the scattering is studied near the critical isochore and for the temperature
interval where nonlocal correlation between fluctuations is relatively weak. The experimental data in support
of this conclusion are quoted.
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1. Introduction

The analysis of the molecular light scattering data for fluids near the critical point is usually
carried out in terms of the single and double scattering mechanisms. Systematic studies of the
latter were initiated by different authors [1–5] three decades ago and soon resulted in its major
features being well-established (see, for instance, a comprehensive review [6]). In addition, the
triple scattering effects were also reported to be observed [7].

Since the appearance of [6], the basic approach to the problem has virtually remained intact.
The attention is focused on the true double scattering caused by successive single scatterings off
atoms or density fluctuations that are separated by macroscopic distances r � λ & rc, λ and
rc being the wavelength in the medium and the correlation length respectively. This wave-zone
condition enables one to use the asymptotes [8,9] for the four-point correlation functions and con-
centrate on evaluating the “ladder term” yielding the dominant contribution. As for the so-called
1.5-scattering, the known estimations with the help of similar approximations (such as [1,2], where
the Kirkwood superposition approximation and asymptotes [8] were employed) have led to the
commonly accepted conclusion that it is impossible to detect.

In this paper, we report the results and further development of our attacks [10,11] on the 1.5-
scattering mechanism, which were made without referring to any uncouplings. We believe that the
use of different uncouplings for the three- and four-point correlation functions is equivalent to the
adoption of a Gaussian-like model, where 1.5-scattering is negligible and no new information of
higher-order correlation functions is available. It follows that only those three-point configurations
where all the scattering centres are the distances r . rc < λ apart from one another (so that
the three-point correlation functions cannot be uncoupled) may contribute significantly to the
scattering. It should be noted that this condition corresponds to the temperature interval τ ≡
|T − Tc| / Tc & 10−5, typical of actual experiment.

Our approach can be summarized as follows. We use a macroscopic description and analyze the
short-range singularities of the electromagnetic field propagator to extract the leading compact-
group contributions to the total polarized scattering intensity I from each member of the iteration
series for the scattered field. In the immediate vicinity of the critical point, the expression for I is in
accordance with the hypothesis of the algebra of fluctuating quantities [12]. At a certain distance
from the critical point, where nonlocal correlation between fluctuations is weak, the individual
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members in the series for I are expressed through the second and higher-order thermodynamic
moments of density fluctuations. In particular, the 1.5-scattering contribution is related to the
third (non-Gaussian) moment.

The analysis with the use of the grand canonical ensemble and the van der Waals equation
reveals that the contribution to the permittivity fluctuations from this moment may exceed that
from the Gaussian part of the fourth moment. The temperature and density ranges are determined
where the 1.5-scattering is of the largest relative value and can exceed the true double scattering.
The fact that the 1.5-scattering intensity has a negative sign for positive values of the parameter
ω ≡ ρ/ρc − 1, describing the deviation of the density ρ from the critical value ρc, favours its
separation from the total scattering intensity. In particular, the 1.5-scattering is expected to affect
the depolarization ratio of the scattered light. The experimental data in support of our predictions
are quoted.

2. General formulae

The concept of multiplicity arises in the theory of molecular light scattering whenever the
iteration procedure is used to solve the integral equation describing the electromagnetic wave
propagation in a statistically inhomogeneous medium. In the case of a fluid whose inhomogeneity
is caused by the permittivity fluctuations δε(r) = ε(r) − ε0 about the equilibrium value ε0, this
equation takes the form

E(R) = E0(R) − k2
0

∫

V

drT̂ (R − r)δε(r)E(r), (1)

where E(r) is the electric field at point r of the fluid, E0(r) = e0E0 exp(ik · r) is the electric field
of the incident wave, e0 is the unit polarization vector, k0 = 2π/λ0 is the wave number in vacuum,
k = k0

√
ε0 is the wave number in the fluid, and

Tαβ(r) = −
(
k2δαβ + ∇α∇β

) eikr

4πk2r
(2)

stands for the electromagnetic field propagator; δαβ is the Kronecker delta. The time dependence
in the above formulae is omitted, for we restrict ourselves to the static picture of scattering.

The application of the iteration procedure to equation (1) leads to the series

E
′(R) = E

(1)(R) + E
(2)(R) + E

(3)(R) + · · · (3)

for the scattered field E′(R), where the first three members are

E
(1)(R) = −k2

0

∫

V

dr1T̂ (R − r1)δε(r1)E0(r1), (4)

E(2)(R) = k4
0

∫

V

dr2

∫

V

dr1T̂ (R − r2)T̂ (r2 − r1)δε(r2)δε(r1)E0(r1), (5)

E
(3)(R) = −k6

0

∫

V

dr3

∫

V

dr2

∫

V

dr1T̂ (R − r3)T̂ (r3 − r2)T̂ (r2 − r1)

× δε(r3)δε(r2)δε(r1)E0(r1). (6)

The meaning of the individual member E(n) is easy to grasp if we represent (3) graphically, as
in figure 1.
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Figure 1. Graphic representation of the scattered fi-
eld. The rightmost line corresponds to the incident fi-
eld E0(r1) at point r1 where the first scattering event
occurs. The leftmost line represents the propagator�
T (R − rn) describing the wave propagation from
point rn, at which the (last) nth scattering event
occurs, to the observation point R. The segments
between neighboring vertexes ri+1 , ri stand for the
internal propagators

�
T (ri+1 − ri) that describe the

wave propagation from point ri to point ri+1 within
the system. The vertex ri is assigned the multiplier
−k

2
0δε(ri), and the integrals are taken over all ri.

It is seen that E
(1) is the contribution to

the overall scattered field due to a single
scattering event, E

(2) describes the con-
tribution from two successive scattering
events, etc.

In view of the representation (3), the
study of the scattering intensity reduces
to that of the tensor

Iαβ =
∑

n,m>1

Inm
αβ , (7)

where the correlators

Inm
αβ ∝

〈
E

(n)
α (R) · E(m)∗

β (R)
〉

(8)

are defined as the intensities of the scattering effects of multiplicities (n+m)/2, and the subscripts
α and β determine the polarization states under study. The angle brackets in (8) denote averaging
over the statistic of fluctuations δε.

The term I11
αβ is the single scattering intensity, and the terms Inm

αβ with n 6= m describe the so-

called interference effects. In particular, the terms I12
αβ , I21

αβ are responsible for the 1.5-multiplicity
effects, the main subject of our discussion. In order to estimate them, we should, taking into account
the aforesaid, concentrate on the short-range contributions to the intensities Inm

αβ . These are caused
by: (1) successive re-emission events within a group of closely situated scattering centres, with all
the centre-to-centre distances |ri − rj | . rc � λ (such a group is referred to as compact); (2)
short-range correlation effects between close pairs of compact groups.

3. Short-range effects

3.1. Short-range re-emission events

Within a macroscopic approach, a compact group of fluctuations can be treated as a single
fluctuation heterogeneity characterized by an effective permittivity δεαβ(r). Andreev [13] took
advantage of this idea to develop the light depolarization mechanism due to the fluctuations of the
thermal fluctuation distribution function. The effective permittivity was found in [13] by averaging

(direct integrating) the electric field over a macroscopic volume U of linear size U
1/3 � λ, in the

same way as the permittivity of a slightly heterogeneous suspension is found [14], and then the
Gaussian statistic for the order-parameter fluctuations was employed to calculate the depolarized
scattering intensity. It was shown later [3,15–17] in the context of the multiple scattering theory
that the Andreev mechanism is basically associated with the scattering by compact pairs of the
order-parameter fluctuations. This means that those domains of the integration variables ri come
into play where the arguments of the internal propagators T̂ (|ri+1 − ri|) are small, so that these
propagators exhibit singular behaviour.

The latter fact underlies our approach to the analysis of short-range re-emission contributions.
The idea is to make use of the methods of the theory of generalized function in order to single out
the leading short-range re-emission contributions in the iteration series (3). For this purpose, we
prove [11] that for the set of smooth functions ϕ(r) that are constant at zero and are such that ϕ(r),
∂ϕ(r)/∂r, and r∂ϕ(r)∂r all vanish as r → ∞, the propagator Tαβ(r) admits the representation

T̃αβ(r) =
1

3k2
δ(r)δαβeikr +

1

4πk2

(
1

r3
− ik

r2

)
(δαβ − 3eαeβ) eikr − 1

4πr
(δαβ − eαeβ) eikr, (9)
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where δ(r) is the Dirac delta function, and eα is the α component of the unit vector e = r/r. This
representation should be understood in the sense that the equality

∫

V

drTαβ(r)ϕ(r) =

∫

V

drT̃αβ(r)ϕ(r) (10)

is valid for any ϕ(r).
The last term in (9) corresponds to distant re-emissions between the scattering centres; it

is responsible for the true multiple scattering effects. The other terms describe the short-range
behaviour of the propagator. Of these, the second one remains nonzero at α 6= β and can therefore
result in the depolarization of the scattered light. Our attention, however, is directed to the first
term in (9), which is the most singular and affects only polarized scattering.

Replacing the internal propagators with their most singular parts, we find

E(n)(R) = −k2
0

∫

V

dr1T̂ (R − r1)

(
− 1

3ε0

)n−1

(δε(r1))
n
E0(r1). (11)

It follows immediately that the leading contribution made by short-range re-emissions within an
n-member compact group to the scalar part of the effective permittivity is

δε
(n)
αβ (r) =

(
− 1

3ε0

)n−1

(δε(r))
n

δαβ . (12)

)(RE = + 2 +              3             +    …

Figure 2. Short-range re-emission contributi-
ons to the scattered field. An i-numbered circle
represents the contribution due to re-emissions
within the compact group of i scattering centres;

it is assigned the multiplier
�
−

1

3ε0 �i−1

(δε(r1))
i.

The other rules are the same as in figure 1.

The relevant part of the scattered field is
depicted in figure 2.

It is given by a series similar to (3), in which

the term E
(n) ( n > 2) now represents the

contribution (11) from short-range re-emissions
within an n-member compact group. Physical-
ly, scattering by such a group is single.

Replacing the propagator T̂ (R−rn) with its
wave-zone asymptote, we find in the standard
way [14] that only polarized scattering occurs (the polarization subscripts α and β are both equal
to that in the incident wave). The corresponding scattering intensity takes the form

I =
∑

n,m>1

Inm, (13)

Inm ∝
(
− 1

3ε0

)n+m−2 ∫

V

dr 〈(δε(r))n
(δε(0))

m〉 e−iq·r. (14)

Here, q is the change in the wave-number vector due to the scattering, the subscripts α, β are
omitted, and the proportionality coefficient is

I0
k4
0V

16π2R2

[
1 −

(
R̂ · e0

)2
]

,

where I0 is the intensity of the incident light, V is the scattering volume, and R̂ = R / R is the
unit vector toward the observation point R.

It is not difficult to see that the intensity of scattering by compact groups can be expressed in
terms of the spatial Fourier transforms of the irreducible (fluctuation) correlators 〈〈εn(r)εm(0)〉〉.
In the immediate vicinity of the critical point, where the permittivity fluctuations δε(r) reduce to
the order-parameter fluctuations δϕ(r) by δε(r) = (∂ε/∂ϕ)δϕ(r), these correlators reduce to the
irreducible (fluctuation) correlators of quantities ϕn(r). The fact of the existence of such a set of
fluctuating quantities in the problem of molecular light scattering in fluids near the critical point
is in complete agreement with the local-algebra hypothesis [12]. But it is the region of short-range
correlations between the compact groups to which we turn our attention.
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3.2. Short-range correlation contributions

At a certain distance from the critical point, where non-local correlation between fluctuations
is relatively weak, the intensities Inm are determined by the (n+m)-order moments 〈(∆ε)n+m〉 of
thermodynamic permittivity fluctuations [11]:

Inm ∝
(
− 1

3ε0

)n+m−2

Ṽ 〈(∆ε)n+m〉, (15)

where Ṽ is a macroscopic volume over which the averaging is carried out.
In order to prove this fact, we note that the integrals (14) are actually taken over the regions

of linear size r . rc � λ, so that the exponential factor can be set to unity. Then we define the
thermodynamic contributions to the fluctuations of the quantities εn(r) by

∆(ε)n = εn − εn =
1

Ṽ

∫

�
V

drδ (εn(r)) (16)

and rewrite the integrals in (14) as

1

Ṽ

∫

�
V

∫

�
V

dr1dr2 〈(δε(r1))
n (δε(r2))

m〉 ,

whence formula (15) follows after some manipulations. We exemplify those by considering the
intensity I31. The pertinent correlator can be written as

〈(δε(r1))
3δε(r2)〉 = 〈δ(ε3(r1))δε(r2)〉 − 3ε〈δ(ε2(r1))δε(r2)〉 + 3ε2〈δε(r1))δε(r2)〉.

If we now integrate it over r1 and r2 and then divide it by Ṽ 2, it transforms, in view of formula
(16), to

ε4 − 4ε3ε + 6ε2ε2 − 3ε4 =
〈
(∆ε)4

〉
,

the above result.
Far away from the critical point, the linear size Ṽ 1/3 should considerably exceed the radius of

action of intermolecular force and yet it can remain much smaller than λ [14]. In our estimates

[11], we took Ṽ to be equal to 2.5×10−19 cm3 for correlation lengths rc . 4×10−7 cm; in the case
of xenon, the latter correspond to reduced temperatures τ & 1× 10−2. In principle, as the further

analysis reveals, this value of Ṽ can safely be increased by an order of magnitude, the new value
to be used for rc . 8.5 × 10−7 cm (τ & 3 × 10−3 for xenon).

The value of Ṽ becomes more definite as the critical point is approached: with the correlation
length becoming much greater than any linear size characterizing the interaction of the particles
in the system, we can set Ṽ ≈ 4πr3

c/3 [12].
In a single-component fluid, the permittivity fluctuations are mainly due to the thermody-

namic fluctuations of density: ∆ε = (∂ε/∂ρ)∆ρ. In this case, the problem reduces to finding the
higher-order moments of the thermodynamic density fluctuations. In particular, the 1.5-scattering
intensity is determined by the third-order moment

〈
(∆ρ)3

〉
.

The formal expressions for the third (non-Gaussian) and fourth-order moments of the density
fluctuation can be found using the grand canonical ensemble. Then, retaining in series (13) the
terms of up to the fourth order in ∆ρ, and taking into account that the non-Gaussian contribution
to the latter moment remains negligible at temperatures currently reachable [2,10], we obtain [11]:

I1 ≡ I11 ∝
(

ρ
∂ε

∂ρ

)2

kBTβ, (17)

I1.5 ≡ I12 + I21 ∝ − 2

3ε0

(
ρ
∂ε

∂ρ

)3
k2
BT 2

Ṽ

[
2β2 +

(
∂β

∂P

)

T,V

]
, (18)

I2 ≡ I13 + I22 + I31 ∝ 1

ε2
0

(
ρ
∂ε

∂ρ

)4
k2
BT 2

Ṽ
β2, (19)
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where kB is the Boltzmann constant, P is the pressure, and β is the isothermal compressibility of
the fluid.

In the above formulae, I1 is the intensity of single scattering, I1.5 gives the intensity of 1.5-
multiplicity scattering, and I2 represents the contribution to the double scattering from four closely
situated scattering centres. Far enough from the critical point, where Ṽ can be taken to be constant,
I2 increases as β2 ∝ r4

c , that is, by the same law as the intensities of the true-double polarized (Id)
and depolarized (Idd) scatterings do [6,15]:

Id ∝ 1

15π

(
ρ
∂ε

∂ρ

)4

Lk4
0k

2
BT 2β2, Idd ∼ 1

8
Id, (20)

where L is the linear size of the system in cm. With Ṽ increasing as r3
c , we obtain the result of the

Gaussian model for order-parament fluctuations [3,16]: I2 ∝ rc.
Further analysis requires the knowledge of the explicit form for the derivative of β with respect

to pressure, which is not available at present. Nonetheless, we can infer a number of useful functional
relationships and quantitative estimates by restricting ourselves to consideration of its functional
structure in the gas phase. For this purpose, taking into account the temperature interval involved,
we can try to employ the well-known van der Waals equation of state.

4. Estimates with the Van der Waals model

Within the framework of the van der Waals model, we find

(
∂β

∂P

)

T,V

= −2β2 +
3ω

3ω + 2

[
β2 +

6Pc

(1 + ω)2
β3

]
, (21)

where ω ≡ ρc/ρ− 1 is the deviation of the density from the critical value ρc, and Pc is the critical
pressure. Correspondingly, for small deviations ω � 1, taking into account that β > (6Pcτ)−1, we
have the estimate

I1.5 ∝ − 1

ε0

(
ρ
∂ε

∂ρ

)3
k2
BT 2

Ṽ
· 6Pcωβ3. (22)

On the critical isochore I1.5 = 0, which is in accord with the conformal invariance condition
[19]. The 1.5-scattering comes into play under the condition of deviating from the critical isochore

(ω 6= 0). If so, then far away from the critical point, where we expect Ṽ to be slightly dependent on
the temperature, the 1.5-scattering intensity increases in absolute value as β3 as the critical point is
approached. When τ becomes less than 3×10−3 and, according to our assumption, Ṽ ∝ r3

c ∝ β3/2,
the temperature dependence of I1.5 is given by

I1.5 ∝ −ωβ3/2. (23)

Then, in view of formulae (17), (19), (20), and (22), the relative magnitude of I1.5, as compared
to those of I1, I2, and Id, changes with temperature as

|I1.5|
I1

∝ |ω|β1/2,
|I1.5|
I2

∝ |ω|β,
|I1.5|
Id

∝ |ω|β−1/2. (24)

To estimate the numerical values of the proportionality coefficients, we take advantage of the
data [18] for xenon: ε0 ≈ 1.3, ρ∂ε/∂ρ ≈ 0.33, Pc = 5.84 × 107 dyn · cm−2, ρc = 188.2 Amagat,
Tc = 289.765 K, kBT ≈ 4× 10−14 erg, the correlation length amplitude r0 ≈ 2.2× 10−8 cm. Using
now the value 0.5 for the critical exponent ν in the scaling law rc = r0τ

−ν , for λ ≈ 4.28× 10−5 cm
and L = 0.547 cm we obtain:

|I1.5|
I1

≈ 0.65|ω|τ−1/2,
|I1.5|
I2

≈ 3.9|ω|τ−1,
|I1.5|
Id

≈ 1.6 × 104|ω|τ1/2. (25)
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The most significant result of these rather rough estimates is as follows: near the critical iso-
chore, there may exist temperature and density ranges where the 1.5-scattering exceeds the true
double scattering and is therefore measurable. In particular, along the isochore ρ = 186.93 Amagat
(ω = 6.8 × 10−3), experimental data for which are available in [18], the ratio |I1.5|/I1 increases
from 0.14 to 0.44, the ratio |I1.5|/Id decreases from 3.4 to 1.1, and the term I2 is negligible as
compared to |I1.5| as τ decreases from 1 × 10−3 to 1 × 10−4; the true double scattering starts
dominating over the 1.5-scattering at τ ≈ 8.4× 10−5. The relative magnitude of the 1.5-scattering
can be increased by increasing ω and reducing L. The fact that I1.5 < 0 for ω > 0 (as we shift
from the critical isochore to lower densities) becomes of crucial importance for its separation from
the total scattering.

5. Experimental data analysis

To our knowledge, no specially designed experiment has ever been done on the 1.5-scattering.
Nonetheless, our predictions can be tested to a certain extent if we process the data available on the
depolarization ratio ∆ of the scattered light. We refer to the experiment by Trappeniers et al. [18]

who studied in detail the dependence of ∆ upon the parameter D = k−4
0 [(ε0 − 1)(ε0 + 2)/12π]

−2

× (kBTβ)−1 for xenon.
In accordance with the preceding consideration, we can write

∆ =
Ia + Idd

I1 + I1.5 + Id
, (26)

where Ia denotes the intensity of scattering due to the anisotropy fluctuations (Ia is relatively small
in simple fluids and is virtually insensitive to the critical point); the contribution I22 is omitted.
From (26), we can pass to the relation

Idd

I1∆
=

1 + I1.5I
−1
1 + IdI

−1
1

1 + IaI−1
dd

. (27)

In view of formulas (17), (19), (20), (22), and the positivity of the contributions I1, Id, Idd, and
Ia, its structure is

(kBTβ)

∆
∝ 1 − aωṼ −1

(
kBTβ2

)
+ b (kBTβ)

1 + c (kBTβ)
−2 , (28)

where a, b, and c are positive constants.

1)(D

1
D

0.01 0.1 1 10 100 1 10
30

100
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A
B
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Figure 3. (D∆)−1 versus D
−1 along the ω =

6.8×10−3 isochore for xenon as τ decreases from
7.8× 10−2 to 3.5× 10−5, according to data [18].
The maximum and minimum occur at τ = 4.1×
10−3 and 1.8×10−4 respectively. Three segments
A, B, and C are clearly distinguished.

In the absence of the 1.5-scattering (a = 0),
the left side (kBTβ)/∆ ∝ (D∆)−1 is a mono-
tonically increasing function of (kBTβ) ∝ D−1

that rapidly becomes linear as the denomina-
tor decreases. In the close vicinity of the critical
point, where non-local correlation between fluc-
tuations becomes of importance and the growth
of the single and the true double scatterings
slow down, this function levels off. The presence
of the 1.5-scattering (a 6= 0) must result in this
monotonic behaviour being violated for ω > 0:
after the initial increase, the (D∆)−1 versus
D−1 dependence is expected to pass through
a maximum, then decrease, reach a minimum,
then increase again, and eventually level off.

As figure 3 reveals, the qualitative be-
haviour of the experimentally-based plot and
parameters of its characteristic points are in
good agreement with our predictions.
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Figure 4. (D∆) versus D
2 for segment A. From

right to left, τ decreases from 7.8×10−2 to 4.1×
10−3.

Segments A, B, and C in figure 3 can further
be scrutinized as follows.

As long as the terms |I1.5|/I1 and Id/I1 are
negligible in comparison with unity, and the
sharp growth in (kBTβ)/∆ is indeed caused by
the denominator, formula (28) can be rewrit-

ten as ∆/(kBTβ) ∝ const + (kBTβ)
−2

. So, a
linear dependence of (D∆) on D2 is expected
for segment A (see figure 4).

If we ignore Ia/Idd and Id/I1 for tempera-
tures 6.5 × 10−4 . τ . 1.8 × 10−4, where the
decrease in (kBTβ)/∆ is possibly due to the

1.5-scattering and Ṽ ∝ r3
c ∝ β3/2, then for-

mula (28) yields β/∆ ∝ const − β1/2. A linear
dependence of (D∆)−1 on −D−1/2 is expected
for this part of segment B (see figure 5).

Finally, with the true double scattering prevailing over the 1.5 scattering, (28) changes to
β/∆ ∝ const + β. A linear dependence of (D∆)−1 upon D−1 is expected for segment C (see
figure 6).
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Figure 5. (D∆)−1 versus D
−1/2 for the porti-

on of segment B where τ decreases rightwards
from 6.5×10−4 to 1.8×10−4. Take note of the
negative slope.

Figure 6. (D∆)−1 versus D
−1 for segment C .

From left to right, τ decreases from 8.6×10−5

to 3.5 × 10−5.

As figures 4, 5, and 6 reveal, all the three linear relationships seem to occur.

6. Conclusion

The presence of the 1.5-scattering should significantly enrich and complicate the overall scatteri-
ng pattern in fluids near the critical point. Several other effects can be shown to become possible
in addition to those mentioned above: (1) far enough from the critical point, the 1.5-scattering
alone causes the depolarization ratio to increase with temperature by the law ∆ ∝ β, typical of the
true double scattering mechanism; (2) the joint action of the 1.5-scattering and the true double
scattering mechanisms causes the divergence of ∆ with β to become stronger in the temperature
range τ . 10−3 (such an increase was observed in [7], but was attributed to triple light scattering);
(3) subsequently, the increase of ∆ may change to a decrease at τ . 10−4 (such a decrease was
indeed observed in [20], but was subjected to question). The details of the pertinent analysis will
be published elsewhere.
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We hope that the theoretical findings and experimental facts presented in this report are strong
enough to lend impetus to specially planned experiments on the 1.5-scattering effects. The confir-
mation of our conclusions would signify that the method of molecular spectroscopy offers a certain
opportunity of measuring the third-order fluctuation moments and related parameters of the fluid.
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