Condensed Matter Physics, 2005, Vol. 8, No. 4(44), pp. 801-812 CoNLENSED
WMATTER
PRVYSKES

A generating functional approach to the
sd-model with strong correlations

Yu.A.lzyumov, N.I.Chaschin, D.S.Alexeev

Institute for Metal Physics of the RAS, Ural Division
620219 Ekaterinburg, Russia

Received July 18, 2005, in final form October 18, 2005

A Kadanoff-Baym-type generating functional approach, earlier developed
by the authors to strongly correlated systems, is applied to the sd-model
with strong sd-coupling. Formalism of the Hubbard X -operators was used,
and equation for electron Green’s function was derived with functional de-
rivatives over external fluctuating fields. Iterations in this equation generate
a perturbation theory near the atomic limit. Hartree-Fock type approxima-
tion is developed within the framework of this theory, and the problem of a
metal—-insulator phase transition in sd-model is discussed.
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1. Introduction

In a series of papers [1-3] we suggested the generating functional approach (GFA)
for the basic models of strongly correlated systems: the Hubbard model, tJ-model,
periodic Anderson model. The GFA is actually a generalization of a well-known
Kadanoff and Baym [4] approach, suggested for the conventional fermi-systems, to
more complicated models with Hamiltonians written in terms of the spin- or the
Hubbard X-operators. The above mentioned models are just the models for which
GFA is to be effectively applied.

The idea of the method is based on introducing the generalization of the partition
function Z to the systems in external fields fluctuating in time and space. Z is
a functional of these fields. Different Green’s functions (GF) of a system can be
presented as functional derivatives over such fields. It is possible for each model to
derive equations for basic GFs in terms of the functional derivatives. It turns out
that for different models of strongly correlated systems these equations have a similar
structure, which indicates the tight relations between them. It is remarkable that
iterations in these equations generate a perturbation theory near the atomic limit.

The GFA and its applications to different models were discussed in detail in a
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review [5] and a monograph [6], and here we briefly reproduce the main steps of the
method. The generating functional is determined by relation

ZIV] =Tr(e™Te V) = ™V, (1.1)

where H is Hamiltonian of the system, V' is an operator of interaction with external
fields, T" is a symbol of the ordering on the thermodynamic times —3 < 7 < § =
1/kT; trace is taken over all variables of the system. V-operator is a linear com-
bination of the spin- or the X-operators and the coefficients in these combinations
are just the fluctuating fields. It is clear that functional derivatives over these fields
generate statistical averages of T-product of spin- or X-operators, which are just
different GFs of the system.

In this paper we develop GFA for sd-exchange model described by Hamiltonian

H = Ztijc;-zcw — %Z(Szaz) . (12)

ijo

Here the first term presents electron hopping on the lattice and the second one
describes interaction of a localized spin S; with electron spin o7 /2, where o is vector
with Pauli matrices. Under strong sd-coupling J 2 W, W is a width of the band, the
sd-exchange can be treated as Hamiltonian of zero approximation, and hopping as
a perturbation. Practical realization of the perturbation theory over the parameter
W/J is based on the fact that sd-exchange Hamiltonian is the one-site one.

Eigen functions of sd-exchange Hamiltonian —(S;o7;) - J/2 are known; there are
four of them [7]:

[M0) = |M)[0),
[M2) = [M)]2),
(M +) = un|M = 3)| 1) + oM +3) 1),
(M~ =) = vy |M =) 1) —un|M +3)] 1)

SRS

A~~~ A/~ A/~
—_ = = =
~— ~— ~— ~—

Here [0)], 1), | 1)], 2) describe the states without an electron, having a one electron
with spin ¢ =T, |, and with two electrons on a site, respectively; |M) is a wave
function of an ion with spin projection M = —S,—S + 1,...,5; uy and vy, are
Klebsh-Gordan coefficients:

S+M+13
25+1 7

S—M+3

591 ui, + vl =1. (1.7)

iy = oy =
The wave functions |M™) and |M~) describe a state of an ion with total spin
S+1/2 and S — 1/2 and its projection may be equal to

— S+ < <M< < (S+ D) j=S+3 (18)
—(S-YH < <M << (S-1) j=8S-3[ '
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In the basis of functions (1.3)—(1.6) sd-exchange Hamiltonian is diagonalized, and
two eigen-energies are equal to

1 .
Ef=—2JS ., j=5+;
1 | 1 (1.9)
We will denote relations (1.5), (1.6) as
M a) = 07 (M®)|M* - 5) ct[0) (1.10)

where

S+JM+— S—oM+1
O’+ _ 2
© \/ 25 +1 >_U\/ 25+1 (1.11)

2. Introducing X-operators

Arbitrary one-site operator E, can be decomposed over the system of X-operators,
determined based on the wave functions |p). By definitions

XP1 = |p){al- (2.1)
This decomposition is
A= (plAlgy X7 (2.2)
pq

In the basis of functions (1.3)—(1.6) we have the following representation for electron
operator [8]

) X (M=5)e M2 (2.3)

_ g
2

Cig = Z[@aa(M + %)XMO;(MJr%)a + O@&a(M

Ma

We have a similar representation for operator of total spin Sio; = S + %0' on a
site [8]:

S (i) ZVS [ ZM+n)0 MO +Xi(M+n)2;M2} I Z Vg—i—%(Ma)Xi(MO‘-&-??)a;Maa’
aMe

(2.4)
524 (i) ZM[ XMOMO gy MEMR] g N e x Mttt (2.5)

7
aM«

Here instead of two operators S* and S~ we introduce one operator 57 = 1//2-
(S* +1inSY), n = +1. We also use a notation

VI(M) = %\/(s—nM)(s+nM+ 0. (2.6)
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One can see that the electron operator ¢;, is presented by X-operators changing
the number of electrons on a site by 1. They are Fermi-like X-operators, obeying
anticommutation permutative relations. The both spin operators S; and S? are
presented by X-operators, changing electron number by 0 or 2. They are considered
to be Bose-like X-operators. The completeness condition should be fulfilled

SO0 M)y §7 M 27)

M aM«

One-site part H; of the Hamiltonian (with magnetic field) can be written as

Hi=> [Z (E%XZ»MO;MO + E?WXZMQ?MQ) +y E;QQX%%“M"“} , o (28)
i M aM«

where eigen-energies of site states are equal [7]

EY, = —hM, E} = —hM —2u, (2.9)
EYe = —hM* — p+ E* (2.10)

(E“ is determined in (1.9), h — magnetic field). In the expression for H; we added
a term —u/N with chemical potential.

To present a two-site part of the Hamiltonian Hy = > tijc;;cjo it is worth intro-
ijo
ducing two-component spinors composed of Fermi-like X-operators:

? (2

U (oaM)= <X§M+g)a;Mo UXMQ;(M—%)a> (2.11)
and column ¥; composed of conjugated X-operators. Then Hs is written as

Ho=> ti > U (1)T(u1)¥(1), (2.12)

ij LIy
where

ONN (M + F)07292 (My + %) 7 (M + F)07292(My— %)

T(1ls) = Opy0m
7 (M, — )07 (My + %) ©71 1 (M, — F)072°2(My— %)
(2:13)
Here we introduced a combined index 1 = (¢ Mav), where v = 1,2 numerates the
components of the spinor. Relations (2.8) and (2.12) present Hamiltonian of the sd-
model in terms of X-operators. The motion between two different sites is described

by one-particle electron GF.

3. Equation of motion for electron Green'’s function

Let us introduce one-particle electron GF

(TO ()W (1), (T (1) (12)),,
Lio(1n,1) = — ’ (3.1)
(W ()W (1)), (T (1) (12)),,
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where (T'...)y means a statistical average of the system in the fluctuating fields V/,
that is

(T... )y = Z[V]Tr(e—ﬁHT...e‘V)_ (3.2)

Integer index is a combined one including a site number ¢ and time 7, for example
1= (il, 7'1).

We have to write the equation of motion for each matrix element in (3.1). For
matrix element “11” one can use the identity

a% (T (1) = 3(n — ) ([0 (0), % (1))

+ ((TLPNIQWJ(@))) — (T (1), V]_¥5 (12))) . (3.3)
Here we use a short notation:

(T...) =Tr(e"T...e7"). (3.4)

Now we must determine the operator V', describing the interaction with fluctu-
ating fields. According to general conception of GFA, now we take V' in the form:

M!0; M0 M!0; M0 M2, M2 M!2; M!2
V — Ulll 1 Xl/ 1 1 + /Ulll 1 Xll 1 1

M!0; M{2 ~M|2; M!0 M!{2; M0 ~M!0; M!2
+U1/1 1 Xll 1 1 + Ulll 1 Xl/l 1

/ / ! !/
M{+72)ady ;s (M) +T0) o) (M +T0) a5 (M) +22)
+U§/1 2)2( 1 2)1X1(/1 2)1( 1 2)2' (35)

Here summation over all repeated primed indexes is implied.
As it is seen, we have to calculate first anticommutators of ¥-operators. We have

o(m — ) [Wl(ll),LP;(IQ)LF = 019F (11,12)
d(m — ) [Wfr(ll),%(lg)Lr = 015 F T (1n,1,)

(3.6)
6(7—1 - 7—2) [w1(11)7¢2<12)}+ = 612@(11712)
o(m1 — 72) [Wl—‘r(h% W;_(I?)]Jr = 512Q+(I1 12)
Here F and Q are 2 x 2 matrices:
M0 ; M:
5‘110‘25M1+%,M2+072X1 10 20
0
Foagy Xy
Tl = M2 a2 |
0-10-26511@251\/[2—072,]\/[1_“71)(1 24; M1
0
T Ve (Mo— 22V
—|—0102(5M1,M2X1(M1 2 ) (M= )az
(3.7)
0 025M1+%1,M2_"22 Xf\/hO;MzZ
Ql(ll,lz) = . (38)
015M2+"2—2,M1_"71X1M20;M12 0
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Matricies F* and Q* are Hermitian conjugated to matrices F and Q.
We also need equations of motion for operators ¥ and ¥™.

(1) = —E1)T (V) — FL(0)T 1y (v, 1) (17) + Q1 (1L,1)T 1o (v, 1) &5 (1), (3.9)
(1) = £ (1) = QF (1,1)T 19 (v, 17)Wy (1) 4+ Fy (1,0) T 10 (v, 1) W55 (17) . (3.10)

In this equations we use the notation

712(11,12) = T(Il ,Ig)tiliQCS(Tl — 7'2) s (311)
EY—pu 0
8(11,12) == . (312)
0 —FE*—pu

Now we substitute the results (3.9), (3.11), (3.6) in equation (3.3) and in the similar
equation for three other matrix elements of (3.1). As a result we come to the following
equation for the matrix GF L:

(L) 1 (11) = (ABY)p(1.1) = (A )yue(1.1)| Lz 1) = (Ap®)(1.1). (3.13)

Here A is a matrix

R ﬁl(I,I’) @1(1,1')
Aga(1,1) = 012 , (3.14)

~

Qf (L) Ff(ur)

where quantities F and @1 (and their conjugated ones) are given by matrixes (3.7)
and (3.8), in which X-operators should be replaced by the corresponding functional
derivatives according to a receipt

)

Thus matrix A is composed of the expressions, including functional derivatives. This
is marked by cups over the letters.
Quantity Y is the following 2 x 2 matrix

712(171’) 0
Yio(1,1) = . (3.16)
0 —Tlg(l,l’)

Finally, the quantity La‘} is also 2 x 2 matrix

(Gg‘})lll (I,I’) (511/W102<LI/)

(Lov)yy (1.1) = . . . (3.17)
=6 Wi (1) (Gov)u, (1,r)
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Here
_1 0
(Lov)n/(l’ll) = E(SH’ + Eibwr | 011 — 0 WA (L), (3.18)
1
where
_501025(11&21}{\/]10;]\410_{'
0
_|_U(M1+UT2)012§(M1+071)041
Wi(u,v) = Oy ) M2idz_ | (3.19)
or102%an
0
_Ung—%l)au(Ml—%Q)az
W102<1171/) = 5M1,M2661026a1a2v{v[10;M12 (_01 é) . (320)

So, all quantities in equation (3.13) have been determined. Remind that in this
equation the summation over all repeated primed indexes is implied. Separate terms
in the equation have the following physical meaning. The first term is a reversed GF
of zero approximation (respectively hopping), but including the fluctuating fields.
The second term determines Hartree-Fock correction due to hopping, and the third
term includes the functional derivatives acting on the GF L. In the right hand side
there is A® quantity, which includes some averages of X-operators.

The form of equation (3.13) coincides with the form of equation for GF in the
Hubbard model [9]. The only difference is in the form of matrices 121\, Y and Ly as
well as in the structure of the combined index 1. The Hubbard model 1 includes spin
o and spinor index v, while the sd-model 1 = (¢ M av) includes two more indexes M
and a.

_ We present an explicit form of matrix F and Q, determining the operator matrix
A. For simplicity we write them only in a particular but important case, when
o1 =09 =0.

S0
a1 51}{\/[10;M10 0
i 0
~ Mi+2)az; (M1+2)a
f(h,lz) — —(5M1,M2 (S’U( rHgleni i, ) ’ (321)
5a1azm
0 !
+5U(M17%)a1;(M1*%)a2
R 0 5M1M2+070W
o) = —0o 1 . (3.22
(512 5M1—M2—oom 0 ( )
Couy T
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4. The Hubbard-I type approximation

Consider a simple approximation, when in the basic equation (3.13) the term with
functional derivatives of GF L is neglected. We rewrite the approximate equation
with short notation

Lot(11) — (ADY)(117)| L(172) = (AD)(12), (4.1)

where underlined indexes mean: 1 = (i), etc. In a normal phase off-diagonal ele-
ments of matrix (3.1) vanish. Let us denote a diagonal element £!! = G, then from
the matrix equation (4.1) one can write an equation for GF G:

G(12) = Gr)A('2), (4.2)
where G(12) is a propagator part of G, obeying the Dyson equation
G7(12) = Gop(12) = 2(12), (4.3)
and the terminal part R
AQ12) = (A®)(12). (4.4)

The self-energy part in our approximation is equal to
N(12) = (ADY)"(12) = t1o(FTO) (1 .1,) . (4.5)

Quantities 7 and T are determined by equation(3.21) and (2.13), respectively. The
matrix, standing in equation(4.5) is factorized, which means that it can be written
in the form

(FIT®)(1,12) = Ag(1)0(1, ) TO(52) (4.6)
Here T is a 2 x 2 matrix with all matrix elements equal to 1.
(0)7*(M) 0

A0<I> = B ) (47>

0 (2)7(M)

67 (M + §) 0
1) = . (4.8)

0 07 (M — %)

Here we introduce the notation

oo _ /v MoO; MO (M+9)a; (M+%)a
(0)7 (M) = (XMO50) 4 (x(Or+ B 00+ >}_ w9

<2>aa(M) — <XM2;M2> + <X(M—%)a;(M—%)a>
The factorization (4.6) allows one to resolve the matrix equation (4.3). After Fourier
transformation over the variable (1 — 2) we obtain an equation for G(1,,1.) and

Gr(1,1) = Gr(1,1)A(12).
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We present a solution of the obtained equation in the form:

Gr(1,12) = Gor(1)01, 1, + Gok (11)0(1. )D(k)TO(12 ) G (12).- (4.10)
Here
_(0)7(M) 0
Gorlr) = | lwn— BT HH @rean | (4.11)
! o FE 7
D(k) = |[1—er > TO0)Gor(1)0(1)| . (4.12)

Notice that all quantities involved in equation (4.10) and equation (4.12) are 2 x 2
matrices.
For further analysis it is useful to determine a quantity

612 = Ze(ll)g12(11,12)0(12> ) (413)

LI,
being a GF determined on electronic operators ¢; = »_ ¢;,, which are devided into

g
two values: ¢; = g;+ h;, where g; includes only the first term in equation (2.3), but h;
— the second one, is connected with on-site transitions from double occupied states.
It is easy to derive the following expression for it

G = S 00)Gor (100 D(K) (4.14)

After multiplying the matrices in the expressions (4.14) and (4.12) we obtain

(o))
Y 00)Gummam) =3 | W T BT (4.15)
: : 0 1wn—|—E°‘—|—,u
0°(2)) (1)
1 1—¢ EinL—FEz“nLM 1wn—E2"—|—,u
D(k) = ) - - , (4.16)
R GC ) I M ()0

= iw, + B+ Foiw, — ET+ 1

where

o6 (@)
dk)=1-— . 4.17
(k) SkEI: iwn—Ea+u+iwn+E°‘+,u ( )
Expressions (4.14)—(4.17) determine the matrix electron GF in the Hubbard-I ap-
proximation. All expressions include averaged values of diagonal X-operators deter-
mined by relations (4.9). In order to calculate them one has to know the electron
GF, constructed on X-operators for each expression (4.10).
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The poles of electron GF Gi(1,1,) and Gy are determined by zeroes of quantity
d(k). Since « takes two values, it is clear that dispersion relation d(k) = 0 has
four solutions unlike the Hubbard model, where two solutions exist, corresponding
to lower and upper Hubbard subbands. The doubling of the solution numbers is
connected with the fact that in sd-model, on each site there are two allowed states
characterized by the value of total spin j =S +1/2, j =5 —1/2.

5. Limit of classical spin

In the limit S — oo |ET| = |E~|, and the dispersion relation of the fourth
order reduces to a square equation, determining two subbands FEjx and Fsg. In
paramagnetic phase the solution of equation d(k) = 0 in the limit S — oo gives two
roots:

SJ
Fior =cr F Qk, Qr = (2) + 2. (5.1)

Calculation using the equations (4.14)—(4.17) leads to the result for matrix elements

of GF G(k); (Q = iw, + p):
P, P

(1
G (k) = £K(Q) + O E.  0_ By (5.2)
where
() = 0)2) | — 1 5.3
N SJ SJ ’
Q— Q+ =5~
Sign “+” in (5.2) stands for diagonal matrix elements7 and “—" stands for off diag-
onal ones, and
Eiog (SJ)2 (0)(2) ek )
Pil 0)—— £+ — + 2(0)(2) —
12 = F0) Rk 2 ) QrEizk ()¢ >Qk
Eiok (SJ)2 (0)(2) Ck
73 =F2)——+ (| — | =——=——£2(0)(2)— 5.4
B =T b 05 (54)
ST\ (0)(2) £k
Pi2, = P2 —:F(_) 02 o gy 22
12k — 712k 9 QkEl,Qk < >< >Qk )
We have to know the electron GF, constructed on Fermi-operators
G(k) = —(Tered ) = > G (k). (5.5)
0

Substituting here the relations (5.4) and taking the equality (0) + (2) = 1 (due to
the completeness condition (2.7)) we find

€k 1 1
G(k) = (1 — @) 0B + (1 + @> OB (5.6)
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It is remarkable that in the Hubbard-I type approximation statistical weights
of the quasiparticle states do not depend on the electron concentration n; it enters
only in the chemical potential . However, at finite S it should not be so, and it is
necessary to solve the equation d(k) = 0 of fourth order to define the quasiparticle
energies.

An expression of the type (5.6) was obtained in [11] by decoupling the double-
time GF's in the first step. Obviously, the result (5.6) cannot give a metal-insulator
phase transition because two subbands of quasiparticles with energies (5.1) are sep-
arated and should not be overlapped at any values of parameters. In the next step
the authors [11] took into account the static contribution of spin fluctuations to the
self-energy and show that it can lead to such a phase transition at some reasonable
relations J.S ~ W between the parameters. However, there is some violation of sum
rules for GFs, that demands a more precise approximation.

A final aim of our work is to study phase-transitions in the sd-model when
dynamical fluctuations in the system are included. For this purpose the first order
corrections over W/SJ in the terminal part A; and the second order in the self-energy
Y5 over hopping will be calculated elsewhere. Similarly to what was done by us for
the Hubbard model [9] we extract from ¥, a static contribution with some adjustive
parameters, which are determined from fundamental conditions for electron GF [10].
Preliminary analysis shows that quasiparticle subbands can be overlapped which
leads to a metal-insulator phase transition. Details of such a transition should be
determined by interaction of quasiparticles with dynamical fluctuations. All these
discussions will be a subject of next publication.

Authors thank Russian Foundation of Support of Science Schools, grant NS—
747.2003.2 and Division of Physical Sciences of the RAS, grant N 10104-71/OFN-
03/032-348/140705-126/01.06.2005.
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Miaxia Ha ocHOBI reHepylo4yoro dyHkKUioHany oo
sd-mopeni 3 CUJIbHUMM Kopensauiasmm

lO0.A.13tomoB, H.l.4awiiH, [1.C.Anekceen

IHCTUTYT Pisukn meTanie PAH, Ypanbcbke BigaineHHs
620219 ExaTepunHbypr, Pocia

OTpumaHo 18 nunHs, 2005, B ocTaTOMHOMY BapiaHTi — 18 XOBTHS,
2005

Mioxio reHepytoyoro ¢yHkuioHany tuny KapgaHoda-banma, pospobne-
HOro paHile aBTopamMu A CUAbHO CKOPENbOBaHMX CUCTEM, 3aCTOCO-
BYETbCA OO0 sd-mopgeni 3 cunbHo sd-B3aemMogielo. BukopuctosyBascs
dopmaniam X -onepatopis M6GOapaa, i 6yno oTpUMaHO PIBHAHHA O
eNeKTPOHHMX PYHKLUIM piHa 3 PyHKLIOHANBHUMK NOXIAHUMM NO 30BHiLL-
HiX QNyKTYIOIUYMX NONSX. ITepauii B LbOMY PiBHSIHHI FreHepyIoTb Teopito
36ypeHb 6ins atomHoi rpaHuui. B pamkax ujei Teopii po3pobnseTbes
HabNMXeHHs TNy XapTpi-Poka, i 06roBopoeTbcs Npobdnema Ga3oBoro
nepexony Metan-gienekTpuk B sd-mogeni.

KniouoBi cnoBa: Teopii i mogeni 6aratoenekTpoHHUX cuctem, moaesi
rparkoBoro pepmMioHy, CUIIbHO CKOPEIbOBAHI €/IEKTPOHHI CUCTEMU

PACS: 71.10.-w, 71.10.Fd, 71.27.+a
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