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1. Introduction

In quantum mechanics and in quantum field theory the Heisenberg and the
Schrodinger equations and representations are equally used and investigated. As it
is known, in the Heisenberg representation, the observables (operators) depend on
time and satisfy the Heisenberg equations while the states (wave functions) do not
depend on time. In the Schrodinger representation the states depend on time and
satisfy the Schrodinger equation while the observables do not depend on time. Both
representations are equivalent in the following sense: the averages of the observables
over states are equal in both representations and each representation can be obtained
from the other representation.

In classical and quantum statistical mechanics the main attention has been paid
to the analog of the Schrodinger representation. Namely, the states represented via
the sequences of correlation functions have been investigated. As it is known, the
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sequences of correlation functions satisfy the BBGKY hierarchy and all attention
has been paid to the investigation of this hierarchy.

Usually in nonequilibrium statistical mechanics, the physical meaning has been
given to the averages of the observables that do not depend on time over states that
depend on time or, which is the same, to the averages of the quasiobservables that
do not depend on time over sequences of correlation functions that depend on time
and are governed by the BBGKY hierarchy.

It can be shown that these averages are the same if the states or sequences of
correlation functions do not depend on time and the observables or the quasiobserv-
ables depend on time. We show that the evolution of quasiobservables is governed
by the corresponding dual hierarchy of equations to the BBGKY hierarchy that is
in some sense adjoint to the BBGKY hierarchy.

The main aim of the paper is to introduce into nonequilibrium statistical me-
chanics a new conception of an analogy of the Heisenberg representation when qua-
siobservables and observables depend on time but sequences of correlation functions
and states do not depend on time, to derive the corresponding evolution hierarchy
of equations (dual BBGKY hierarchy) for quasiobservables depending on time and
to investigate the solutions of the dual hierarchy. The BBGKY hierarchy for cor-
relation functions can be derived from the dual hierarchy for quasiobservables and
conversely [1,5].

Thus, in the paper we consider the dual hierarchy for quasiobservables as the
basis of nonequilibrium statistical mechanics and give a complete description of the
evolution of quasiobservables. Another aim is to prove that for some quasiobservables
there exist the averages over the sequences of correlation functions in the thermody-
namic limit. In the paper the existence of this limit is proved only for one-dimensional
systems of particles interacting through short-range potentials with hard cores. The
general case will be investigated in a separate paper.

A few words about the construction of the paper. In section 2 we introduce two
representations of nonequilibrium statistical mechanics — analogies of the Schro-
dinger and Heisenberg representations and derived the dual BBGKY hierarchy. The
evolution operators for quasiobservables and correlation functions are expressed by
compact and in some sense explicit formulae using an analogy of the creation and
annihilation operators of quantum field theory. In section 3 we consider the dual
BBGKY hierarchy as the basic equation for nonequilibrium statistical mechanics and
prove the existence of its solution in some Banach space. We consider the iteration
series and prove that it can be represented by the evolution operator obtained in
section 2 as adjoint to the evolution operator for sequences of correlation functions.
In section 4 we consider one-dimensional systems of particles interacting through
short-range potentials with a hard core and prove that quasiobservables have a
compact support in the configuration subspace if initial quasiobservables also have
a compact support. We use the analogy of the conception of the interaction region
introduced for the description of the evolution of sequences of correlation functions.
Results obtained in section 4 are used to prove the existence of the average values of
quasiobservables over sequences of correlation functions in the thermodynamic limit.
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2. Evolution of quasiobservables and observables. The dual
BBGKY hierarchy

2.1. Quasiobservables and observables

In this section we give a motivation of the conception of quasiobservables and
corresponding observables of many-particle systems.

Consider the sequence of symmetrical continuous real functions defined on the
phase space

g= (go,gl(:pl),...,gn(xl,...,xn),...), (2.1)

where z is a point in the v-dimensional phase space, © = (p,q) € R x R, and p is
momentum and ¢ is the position of a particle. We say that functions g, (z1,...,x,),
n > 0 are quasiobservables (go is a number).

Let us associate with the sequence g of quasiobservables (2.1) the following se-
quence of observables

G = (GQ,G1<SL’1),...,Gn(ﬂj‘l,...,l‘n),...), (22)
where
Gulr, . wn) =Y > galmiy, ). (2.3)
s=0 i1 <ig<-<is=1
The function G,,(z1, ..., x,) can be represented by a compact formula using the

operator at that is an analogy of the operator of the creation of a boson field. The
operator a* is defined on the sequence of quasiobservables as follows

(a+g)n(x1, ey Tp) = Zgn_l(xl, O, Tn), n=1, (2.4)
i=1

where sign V means that x; is omitted.
It will be proved in section 3, that the operator a™ is a bounded one (|ja™| < 1)
in the Banach space C consisting of sequences (2.1) with the norm

1
lgll = sup — sup |gn (@1, - -, @)l (2.5)
n>0 n' (ml,___’xn)eRunXRyn

It is easy to check by direct calculation that

Gn(azl,...,xn):i((aﬂn_j )n<x1,,__7xn):i i 9s(Tiy,y ooy 25,)

—_ 7!
(n J)- s=0 i1 <ig<--<ig=1
(2.6)
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and for the sequence of observables G (2.2) one obtains the following compact for-
mula

+

G=¢e"g. (2.7)

In the space of quasiobservables with norm (2.5) the operators e*” and e~®" are
bounded

le* || <e
and, thus,
=1, (2.8)

where [ is the unit operator.
It follows from (2.7) and (2.8) that quasiobservable g (2.1) can be expressed via
observable G (2.2), (2.3)

g=eaG. (2.9)

2.2. Evolution of observables and quasiobservables

We consider a nonequilibrium state defined as the following sequence

D(t) = (Do, Dy(t, 1), ..., Du(t, 1, 20, .. ), (2.10)

Dn(t, (SL’)n) =D,(t,z1,...,x,) = Sp(—t,x1,...,2,)Dp(0,21,...,2,)
= Sn( —t, (x)n) D, (0, (:L‘)n),

and D, (0, (z),) > 0is the initial state of a system. The operator S, (t) = S, (¢, (z)»)
is the evolution operator of an n-particle system

(Su(t)gn) (@1, .. 1) =
gn(Xl(t’xl"'"xn)a---aXn(t,l’la...,fL'n))v n > 1, (211)

where
{X;(t, @, .. ,xn)}?zl = {Xi(t, (x)n)}?zl = (X)u(t, (2)n), (@)= (21,...,20),
are solutions of the Hamiltonian equations with the initial data (xq,...,x,).

The state D(t) has the following, identical to (2.10), representation
D(t) = S(—t)D(0), (2.10)

where

S(t) = i ®S,(1),  Solt) = 1.
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The rigorous definitions and properties of S, () and S(¢) one can find in [1,2].
We define the average of observable G (2.1) over state D(t) (2.10) according to
the following formula

In the latter equality in (2.12) we used the Liouville theorem and suppose that
the state D(t) is normalized, i.e.,

> [ Pl @i =1

Now we introduce the following operator

(af)n(x1,... 2 /fn+1 Tl .oy Ty, x)dr. (2.13)

The operator a is defined and bounded in the Banach space L of sequences of
symmetrical integrable functions defined on the phase space

f= (fo,fl(xl),...,fn(xl,...,xn), . ) (2.14)

with the norm

|w=2/nwmam.

The operator a is an analogy of the annihilation operator of a scalar boson field
[1,2]. We have ||a|| < 1. There exist the operators e?, e™* (e%e™* = I) and it holds

le™ll <e

The operators a® and a are adjoint in the following sense

@ﬂn:§j$/@«mamnauMMun

=3 = @ (@) fa@)de) = @), @215)

n!
n=0

Le. (a)* =a™, (a™)* =a.

As it is known, the sequence of correlation functions [1,2]

F(t) = (Fo, Fy(t, 1), ..., Fu(t, 21, .., 2), ) (2.16)

243



V.l.Gerasimenko et al.

is defined through the sequence D(t) and conversely by formulae
F(t)=¢e"D(t), D(t)=e “F(t). (2.17)
From relations (2.17) we have
D(0) = e “F(0). (2.18)
Substituting relation (2.18) in (2.12) and taking into account (2.15) one obtains
(G,D(t)) = (S(t)G, D(0)) = (S(t)G,e™F(0)) = (™" S()G, F(0)).  (2.19)
Finally, using (2.7), we obtain a desired formula

(G.D(t)) = (e S(t)e" g, F(0)) = (g(t), F(0))
= (9,¢"S(=t)e "F(0)) = (9, F(1)), (2.20)

where the sequences

9(t) = (90, g1 (t, 1), .., gult, 1, ..o @), .. ),
G(t) = (Go,Gl<t7I‘1), . .,Gn<t,.’1§'1, . .7.’,13',1)7. . )

define an evolution of the quasiobservables g(¢) and observables G(t) through the
initial quasiobservables g and observables G

g(t) =e"S()G(0) = ™ S()e" g(0) = UP(t)g(0),
G(t) =5(1)G(0),

where G(0) = G, ¢(0) = g.
Let us compare formula (2.21) that define the evolution of quasiobservables with
the formula that define the evolution of a sequence of correlation functions F(t).
From (2.17), (2.18) and (2.10’) we obtain

(2.21)

F(t) = e“D(t) = e"S(—t)D(0) = e"S(—t)e *F(0) = U(t)F(0). (2.22)

Comparing (2.21) and (2.22) we see that the evolution operator UP(t) of qua-
siobservables ¢(t) has the following representation

UP(t) = e S(t)e” (2.23)

and the evolution operator U(t) of a sequence of correlation functions F'(t) has the
following representation

U(t) = e"S(—t)e ™. (2.24)

In some sense formulae (2.23) and (2.24) are the corresponding analogies of the
Heisenberg and the Schrodinger representation in quantum mechanics and quantum
field theory.

Thus, as in quantum mechanics and in quantum field theory we have two repre-
sentations in classical statistical mechanics:
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1) The analogy of the Schrodinger representation when quasiobservables and ob-
servables do not depend on time g = g(0), G = G(0) but the states D(t) and
sequences of correlation functions F'(t) depend on time

D(t) = S(-t)D(0),
F(t) = e*S(—t)e ™ F(0) = e“S(—t) D(0) = e*D(t). (2.25)

2) The analogy of the Heisenberg representation when quasiobservables and ob-
servables depend on time

g(t) = e S(t)e" g(0) = e S(H)G(0) = e G(1),
G(t) = S(t)G(0), (2.26)
but the states and sequences of correlation functions do not depend on time
D = D(0), F = F(0).

Both representations are equivalent in the following sense

(G, D(1) =(9, F(t)) = (9(t), F(0)) = (G(t), D(0)),
(G(6), D(0)) =(9(1), F(0)) = (9. F(1)) = (G, D(1)).

2.3. The dual BBGKY hierarchy for quasiobservables

Now we obtain from (2.21), (2.22) the equations that determine the evolution
in time of quasiobservables, observables and sequences of the correlation functions,
states. They are the analogy of the Heisenberg and the Schrédinger equations cor-
respondingly. We consider systems of identical particles with unit mass interacting
through pair potential ¢.

It will be rigorously shown in section 3 that from formula (2.21) one can obtain
the following evolution equation for quasiobservables g(t)

%g(t) =L%(0),  9(0)|,_,=90) =g (2.27)

or in componentwise form

8gn(t,xgt...,:cn) = (LPg(1)) . (xb.__@n)

-3 (o)~ o Z«s 5ol z)
J#z

0 i
- < —q)s = Vgna(t,m, Vo w,), =1, (2.28)
%:1 Op;
i#]

245



V.l.Gerasimenko et al.

B,y =9(0) =g,

where the angular brackets (.,.) mean the scalar product of vectors.

We will say that the chain of equations (2.28) are the dual BBGKY hierarchy
for quasiobservables. The dual BBGKY hierarchy (2.28) can also be obtained from
the BBGKY hierarchy for the sequence of correlation functions F'(t) and conversely
if one differentiates equalities (2.2) with respect to time

S0, F(0) = (L2900, FO)) = (0. L2F(0) = $(0.F®),  (229)
where
(CF0), or =3 (~ o)+ (e D)) ) Falt )

n

00(q; — qn 0
+/Z<%78—%>Fn+1(t7xlw~-7xnaxn+1)dxn+1a n>1. (2.30)

i=1
Justification of (2.28)—(2.30) can be found in books [1,2].

It is easy to check that operators £P and £® are adjoint to each other in the
following sense

(9. L°f) =
) - 9
:nzzo%/gn(m,.. ,xn)[lzl( <p“aql>
56], Z(b az»fn(xh-..,xn)
J#z

- 8¢(Qz‘—Qn+1) 0
+/ S

i=1
z:%n_/[; pi’z 8qlz¢ >)gn($1,...,xn)
J#z

U /e xn+1)dxn+1] dz,...dz,

’l

0 i
_ Z <8q @) 5,791 (o1 Vow)| e, wn)de
J

231
i£]

= (L%, /). (2:31)
For observables G(t) and states D(t) we have the equations

8Gn(t, L1,y ... ,SL’n)

a(b z_ 1 8
ot :Z( “—> Z< qaq ¥ )Gn(t,xl,...,xn)

i=1

= (LG(t))n(xl, o Tn),  (2.32)
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0D, (t,x1,...,2y) _ 0o ( qz— )0
ot :;( <pl’ + < 78pl )Dn(t7x17---7xn>

Z#J
—(LD®)) (w1, .., 20)

because
G(t) = S(t)G, D(t)=S(-t)D.
Here (EG(t))n = L,G,(t) = {H,,Gn(t)} is the Poisson bracket with the Hamilto-

nian H,, of the subsystem of n particles (of unit mass) interacting through the pair
potential ¢

H, ZPHLZ

1<j=1

In the next section we consider the dual hierarchy (2.28) independently of the
BBGKY hierarchy, we prove the existence theorem in some Banach space and con-
struct a corresponding evolution operator UP(¢) that coincides with operator (2.23).
In other words we will consider the dual hierarchy as a basic equation. The BBGKY
hierarchy can be derived from the dual hierarchy according to (2.29). In this sense
we have a complete agreement with the Heisenberg and the Schrodinger represen-
tation in quantum mechanics and quantum field theory where each representation
can be obtained from the other one.

3. Solutions of the dual BBGKY hierarchy

3.1. Representations of solutions

Consider the Cauchy problem for the dual BBGKY hierarchy g(t) = (go, g1(t, z1),
ga(t, 1, 29), .y gu(t, e, oy Ty), - )

d D
—qg(t) = t A
So(t) = £2(0) (3.1)
with an initial condition
|, = 9(0),
where
LL=c+w,
(Eg(t))n(xl, cos ) = Lpgn(t,zy, ... 1) = {Hn,gn (t,z1,. .. ,xn)}

_Z(Puaq <aq Z¢> >>gn(t T ), (32)
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0 i
(Wg(t))n(xl,..., Z < .)7£>gn,1(t,x1,.\5.,xn), n>1.
; j
oy
(3.3)

Hierarchy (3.1) is actually a recursion relation and we can construct solutions of the
hierarchy by iteration method, i.e.

o) = U (09(0) = 3 [dee [T SO [[S0WSk)s0). (34

where S(t) is the evolution operator defined above (2.11). It is clear that the formal
infinitesimal generator of S, (t) is the Poisson bracket £, g, = {H,, ga} [1,2].

There exists another representation of the solution g(t) = UP(t)g(0) of the
Cauchy problem to the dual BBGKY hierarchy. It follows from the fact that in
expression (3.4), integrations with respect to time can be explicitly performed.

Proposition 1. The following operator identity holds

d

S(—t)WS(t) = —a(S(—t)cﬁS(t)), (3.5)

where the operator a™ is defined as follows
(atg)p(z1,. .. 2 Zgn 1 :L‘l,..., n), m=1, (3.6)
(atg)o = 0.
Proof. In fact, from definition (2.11) and (3.6) we have

=Sn(—t){ (1, ), t)gn-1). (xl,.?.,xn)}

i=1

3

n

~ S0 {Hn_l(xl, L 2) (St (B)gnr) (21, .V xn)}.

=1

Identity (3.5) follows from definitions (3.2) and (3.3) by direct calculations.
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Indeed, we have

n n

{Hn(xl, Cey T, Zgn_l(xl, \Ij, xn)} — Z {Hn_l(xl, \Ij, Tn), Gn-1(T1, \k/, :L‘n)} =
k=1 k=1
— 9 8q 8q 8pl Pt n— Y yn
n 9 .
_Z [Z(Q)z;aq > < Z‘b >>gn 1(~T17.\./.,$L’n)]
k=1 =1
i#k ]#zk
_ Z( 0, 2N gur (1, ) = (Wahalans s ). (3.7)
k;z i aql 78p2 n— ) ) n n ) ) n
z;ék
Equality (3.7) means that
(Wagn) (1, ..., x,) = ([L, a*]g)n(xl, e T) (3.8)
ie. [£,a™] =W, where [, ] is a commutator. O
Proposition 2. The following operator equalities hold
[% (S(=a*5(1)), S(~t)a*S(1)| =0,
A gyt Nt n-1_ 1d A\t n
n (S(=t)a™S(t)) (S(—t)atS(t)) i (S(=t)a*S(t))". (3.9)

Proof. The proof follows directly by the action of the operators in the left-hand
side of the first equality on g. We have

[%(S(—t)cﬁé‘(t)),S(—t)a’LS(t)} = —[S(=t)WS(t), S(—t)a™S(t)]
= —S(=t)[W,a"]S(t).

In order to prove the first equality (3.9) it is sufficient to prove that

[W,a™] =0. (3.10)
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We check this equality by a direct calculation

(W.alg) (a1, == Y <M,i><a+g>n_l<xl,.?.,xn>

oy dq; Op;
0 v
-l—z Z < i);%>gn2<xla---axn)
k=1 1i#j=1 J
1,7#£k

— /9¢( i)
Z < Cg% 5‘pj>zg" e )
k;ﬁz

. i <M i>gn2<xb.@.§7%):0_

+ )
k=1 iAj=1 04 Op;
The second equality (3.9) follows directly from the first one. U

Proposition 3. The operator UP(t) has the following representation

+

UP(t) = e S(t)e . (3.11)

Proof. By using equalities (3.9) we can perform the integration with respect to
time in series (3.4) explicitly. By induction with respect to n we get

910) = S(O90) + 3 50) 3 i (S(-0a S(0) (@90

=> %(a*)”sﬁ)(a*)%(o) =" S(t)e 9(0),

ie.,

+

UP(t) = e " S(t)e"

According to definition (3.6) of the operator a™ the operator UP(¢) defined in
(3.11) has the following componentwise form:

(UD( ) ) (xl,...,xn) = Su(t,x1,. . xn)gn(Ty, ... Tp)
i1 i i1 itk i
+ Z Z k' (m — k Z Sn—k(t,x1, VoY ) Gnem (21, VY VoV xy),

m=1 k=0 (i1 Fim) C(1,sn)
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3.2. Properties of the evolution operator UP(t) of the dual BBGKY
hierarchy

We denote by C the Banach space of infinite sequences g = (go,gl(xl), ey
gn(T1, -0 x), - ) of continuous symmetrical functions g, (z1,...,x,) defined on
the phase space R x R"" of n-particle system with the norm:

1
||g|| _Sup_ sup |gn(x177lﬁ)|
n>0 n (21,00 yxn) ERVT XRY™

In what follows we shall study a system of particles interacting through the short-
range potential ¢, which is twice continuously differentiable. Then, from definition
(2.11) follows that the one-parameter family of the operators S(t), —oco < t < oo, is
defined in the space C and forms a strongly continuous isometric group [1,2].

The group property of S(t) follows from the group property of {Xi(t, (x)n)}, ie.

{XZ- (ts + ta, (x)n)} - {XZ- (t1, (X (ta, (xn)))}.

It follows from the equality
s | (Su(0)g0) ((2)n)

that HS(t)H =1.
The strong continuity of S(t) follows from the continuity of functions
(X)n(t, (x),) with respect to the time uniformly on compacta (z),. Indeed, we have

= sup
(T)n

=su 9 (X)n(t, (2)n)

lim sup ’ (Sn(t + At)gn) ((:E)n) — (Sn(t)gn) ((x)n)

At—0 (2)n
9o (X)a(t + AL, (1)) = g ((X)n(t (2)))| =0

li
= s

It is clear that the infinitesimal generator £ of the group S(t) exists, it is closed
and L£S(t) = S(t)L. On the subset C; C C of finite sequences of continuously
differentiable functions with compact support the generator £ is defined by Poisson
bracket (3.2).

The operators a* and e**" defined above by (3.6) exist and are bounded in the
space C:

) sup‘Zgn 13:1,..., Tp)
1
<Zg(s)up g1 ((@)n-1)| = ann il = llgn-all

i=1 n—1

@ g (@),

It means that

la*l <1, [l <e

. . + _qt . .
in particular, e* e® = I, where [ is the unit operator.

The properties of the operator UP(t) (3.11) are stated in the following
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Theorem 1. If the short-range interaction potential ¢ is twice continuously differ-
entiable, then the one-parameter family of operators

UP(t) = e S(t)e”
is defined and bounded in the space C for Vt € R: HUD(t)H < €%, The operators

UP(t) are strongly continuous and form a group. There exists the infinitesimal gen-
erator LP of the group UP(t). It is closed, LPUP(t) = UP(t)LP and, on Cy C C,

LP =L+ [L,a"], (3.13)

where [-,-] is a commutator, L is defined by (3.2), or, in componentwise form:

Proof. The operator UP(t) (3.6) is the product of the bounded operators e ="
S(t), e*" defined in the space C, thus

|UP ()] < €.

The group property and the strong continuity of the one-parameter family of
operators UP, t € R, follows from the strong continuity property of the group S(t)
and the boundedness of the operators e**"

Using the group properties of UP(t) = e=*" S(t)e*" and expanding the operators
e*" into series, we obtain for ¢ € Cy the following limit in sense of the strong

convergence in the space C:

lim i(UD(t + At)g — UP(t)g) = lim UD(t)ALt(UD(At) —I)g

At—0 At At=0
=07 (1) Jim (A1) — 1)g + [(S(a0) ~ 1),a"]g
+Z%[”' [(S(A) ~1).a*],..]....a*]g)
=UP(t)(Lg + [£,a*]g + Ryg), (3:.14)

where

N————

n-times

Rg:Z%[...[ﬁ,aﬂ,...},a*}g

is the remainder.

It is easy to prove that the remainder Rg is zero. Indeed, according to (3.8)
[£,a"] = W and according to (3.10) we have [W;a™] = 0 and thus Rg = 0.

Note that for g € Cy series (3.14) is a sum of a finite number of terms and it is
convergent. 0
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3.3. Existence theorem

As a consequence of theorem 1 the following existence theorem for the Cauchy
problem to the dual BBGKY hierarchy (3.1) in the space C holds

Theorem 2. If the potential ¢ satisfies the conditions formulated above, then the
Cauchy problem (3.1) has a unique, global in time solution in the space C

g(t) = UP(£)g(0) = =" S(B)e"" g (0). (3.15)
Forinitial data g(0) € Cy C C the solution is a strong one and for arbitrary g(0) € C
the solution is a generalized one.

The proof of the existence theorem 2 follows from general results of the semigroup
theory [3,4].
Remark 1. The results obtained above are also true for systems of particles interact-
ing through the pair potential that consists of the potential of hard spheres and of
some smooth short-range potential. The detailed rigorous results for the BBGKY hi-
erarchy can be found in the books [1,2]. Corresponding results for the dual BBGKY
hierarchy will be published in a separate paper.

4. Existence of the averages of quasiobservables

4.1. A representation of quasiobservables

Now we obtain a new representation of the observables that will be useful for
proving the existence of the thermodynamic limit for the following functionals

1
(gs, Fs(t)) = /gs(:cl, ooz Fs(t g, .o xg)dey . da, s> 1 (4.1)

For initial data F'(0) € L the sequence F'(t) also belongs to L and for g, € C
functionals (4.1) exist.

Using representation (2.33) of the correlation functions Fy(t, 21, ..., x) from [1,
section 2.3] we have

1
(gs, Fs(t)) = /gs(xl, o) Fs(txy, .o xg)day ... dag
1 o0
:;Z gs(z1,. .., xs)
" n=0

(_1)k s+n
X |:Z Z Sern,k(—t,.Tl,...73737372‘1,...,l‘inik)

n!
k=0 11 <<y p=5+1

X Foin(0,21, ..., Ts, Ty, - - ,an)} dry ... deydrg ... drg,

s+n

:iz%/ |:Z<_1)k Z Sernfk(tuxlw--71‘371‘1'17---71‘1'”,]6)
Tn=0 k=0

11 < <bp_p=5+1

X gs(z1, ... ,xs)}
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X Foin(0,21, .., Ts, Tty v oy Topn)day .. dogdrgyq ... dogyp.

Denote by ggn(t, X1y ooy Ty Tsqly-eny Totn) = ggi)n (t, ($)3+n) the following ex-

pression

n s+n
= Z(—l)k Z Sein—k(t, @1, o Ty Tiyy ooy T )gs(@1, .o 2g). (4.2)
k=0 i< i p=s+1

It is easy to see that expression (4.2) can be transformed under integral sign
to the expression (3.12) for g(0) = (O, ., 95((2)s),0, .. ) In this sense they are

equivalent.

As it is known, the states F'(t) from the space L describe finite systems, i.e.
systems with the finite average number of particles. In order to describe states of
infinite systems, i.e. systems with the infinite average number of particles, one must
consider the initial states F'(0) from spaces different from the space L. It is natural
to consider the initial data F'(0) as some perturbation of the equilibrium states of
particle infinite systems.

The equilibrium states of infinite particle systems belong to the space ¢ that
consists of sequences of continuous functions defined on the phase space

f=fo, f@), ..., falmi,. . 20), .. .)

with the norm

, (4.3)

§

where £ > 0, f > 0 are some parameters, which characterize equilibrium states [1].

Thus to describe the nonequilibrium states of infinite particle systems it is nec-
essary to take the initial state F'(0) from the space E¢ and consider functionals
(4.1)-(4.2) with F(0) € Eg, i.e. such that

1 u p?
171 = sup zexp |83 ] Fulan, . 20)
nZ i=1

stn 9o
s+n bi
‘Fern(Oaxla"'7x37x8+17"'7xs+n>‘ < HF<O)”§ - exXp [_6 E 5] (44)
i=1

At first sight this is impossible because the function ggi)n (t, (:U)s+n) is bounded
together with gs((a:)s) and the functions F,, (0, (:U)s+n) are bounded with respect
to positions (¢)s+, and exponentially decreasing with respect to momenta (p)gip,.
Thus, every term with the fixed index k of the sum with the given n in (4.2) diverges.

Nevertheless an arbitrary n-th term of functional (4.2)

n s+n

/ [Z(—l)k Z Sein—k(t 1, o Tsy Tiyy ooy )Gs(X1, -0, Ts)
k=0 iy <o iy _ =51
XFsin(0,21,. .., Ts, Toy1,-- - ,x8+n)} dry...deydre .. . deg, =
= /ggi)n (t, (x)s-‘rn)Fs—f—n (07 (x)s-‘rn)d(x)é‘-i-n = (ggi)n(t)v Fs—i-n(o)) (4-5)
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exists if the function gs(z1,...,zs) has a fixed bounded support with respect to
positions (¢)s4n for arbitrary momenta (p)syn, because the function ¢ (¢, (x)s1n)
has also a bounded support with respect to positions (¢q) s, for arbitrary momenta
(p)s-i-n'

Now we proceed to describe the support of ggi)n (t, (x)8+n) in the subspace of
configurations (¢)s;, and estimate its volume as a function which depends on ¢ and
(P)s4n- We need this information in order to prove that series (4.1)—(4.2)

1 & 1
(gsu S = S_ Z 77,_ gs-‘rn s+n<0>) (46)
n=0
is convergent and, thus, the functional (gs, Fs(t)) has a meaning for F'(0) € E;.

4.2. The interaction region

Consider a system of s + n particles and denote by X the initial phase points
(1,...,xs) of the 1-st, ..., s-th particles, by Y — the initial phase points of the other
s+ 1-th, ..., s+ n-th particles, and by Z the initial phase points z;,,...,z; _,. We
will denote particles with initial data X as the s-particles and those with initial data
Y — as the n-particles.

Using these denotations, formula (4.2) can be represented as follows

93, X UY) = D (~DNAIS (1, X U Z)g,(X), (4.2)
zZcy
where S(t,X U Z) = Sepn—i(t,T1, .., Ts, Tiyy oo, T )y (11 < -o0 < ipg) C (s +

i1 in—k

1,...,s+n), N(Y\ Z) = k is a number of phase points in set Y\ Z = (g1, V.V ,

.[L'S+n).
We restrict ourselves to the consideration of the one-dimensional systems of

particles. We impose the following conditions on the interaction potential ¢:

a) ¢CC?a,R], 0<a<R< oo,

b) ¢(|q|):{;m, :Z:;gi[ (4.7)

c) ¢'(a+0)=0.

It follows from (4.7) that the estimate holds

> ¢lgi—gq)| <bn, b= sup \aﬁ(Q)\({g] +1), (4.7)

1<i<j<n q€[a,R]

where [R/a] is the integer part of the number R/a.
Positions of these particles belong to the set of admissible configurations

R*\ W, = {(q), € R" | |g; — g;| > a for all pairs (i,j) :i #j=1,...,n}.
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Suppose that g(z1,...,2,) has a bounded support D) in the configuration
space (qi,...,qs) for arbitrary momenta (pi,...,ps). The domain D) consists of
intervals D with the length |D| with respect to all ¢;, i =1,...,s, i.e

D®) = (®D):.

This means that gs(z1,...,z,) =0if at least one ¢; ¢ D, i =1,...,s.

We will show that expressions (4.2) for ggi)n (t,(2)s4n) considered as a function
of s + n variables have also a certain bounded support Q. () in the configuration
space (q)sin for arbitrary fixed momenta (p)s;, and estimate the volume of the
region Q,,,(t) in the configuration space. To do this we will follow the book [1,
section 3.4], see also [2].

We associate with every i-th particle at the instant of time ¢ interval in the

configuration space of the length

R+/Ot |pi(7)|dr,

where p;(7),i=1,...,s,5+1,...,s+n, are defined from the Hamiltonian equations
with arbitrarily fixed initial positions on the admissible configurations and arbitrarily
fixed initial momenta.

Now we lay aside on the left- and the right-hand side of D the intervals of the
length R+f0t ‘pi(r)}dr, i=1,...,88+1,...,s+n. The obtained interval we denote
by lsin(t) and its length by |l ()].

The following estimate holds

s+n t
leon(®)] < 1D]+2R(s +0) + 23 [ In(rlar, (48)
i=1 /0

where we denote by |D| the length of the interval D.

It is obvious that momenta p;(7) depend on initial positions and momenta. To
obtain an estimate for |ls,,(t)| that does not depend on the initial positions we
take into account that at the collision time, particles change momenta and between
collisions their momenta and positions are determined by the Hamiltonian equations.

From the law of the conservation of the energy

s+n

s+n p2(0) s+n s+n p2(7_)
DTt D dla—g) =) 7+ Y oalr) — gi(n)
i=1 i<j=1 i=1 i<j=1
and equality (4.7")
s+n
D dla— )| <bls+n)
1<j=1
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one obtains the following estimate

s+n s+n

D BT < Y pE(0) + 4b(s 4 ).

The inequality 2|p;] < p? + 1 and the inequality obtained above yield the desired
estimate for the interval [, (t)

lern(t)] < |D| + 2R(s +n) + i (P2 + (4b+ 1)]t, (4.9)

i=1

where p; = p;(0). The obtained estimate does not depend on the initial positions.

We can give the following interpretation of estimate (4.9). Let us define the
imaginary dynamics of particles in which every particle is associated with an interval
of the length 2R + (p? + (4b+ 1))t with the centre at ¢;(0) at the instant of time ¢
for arbitrary initial position. If the -th and j-th particles have interacted, then they
are associated with a single interval with the length

AR + (p} +p3)t + 2(4b + 1)t

which is equal to the sum of the lengths of the intervals associated with i-th and

j-th particles that have interacted. If more than two particles have interacted then

they are associated again with a single interval the length of which is equal to the

sum of the lengths of the intervals associated with all these particles and so on.
Now we consider the functions

n s+n

gé?n@’ (x)SJrn) = Z(_Uk Z SSJrn*k(t’ (x)sv Liyy - - 7xin—k)gs ((SL’)S) =
k=0 1< <y =5+1
n s+n
I gs(<x<s+"*k>)s(t, ()s, Ty - - x)) n>0, (4.2")
k=0 1< <y =5+1

where (X+=R) (¢, (2),, 24y, ..., 2, ) denotes the phase point of the first s parti-
cles at time t if subsystem of s+n — k particles was at the phase point ((x)s, Tiyy e
i, ) at the initial time ¢ = 0 and this subsystem evolves during the time interval
[0,t] forward ¢t > 0.

The functions gii)n (t,(%)s4n) (4.2") are different from zero if at least some

(X(S+n_k))8(t7 (x)87 xil) te ’:L‘i"—k)

belongs to D, i.e. (QUT=M) (¢, (z)s, 2, ..., 2:, ,) C D). From this fact it fol-
lows that (q)s must belong to ., (t). Indeed, if (¢)s does not belong to ls,,(t) then
the s-particles will not be able to get to the interval D during the time interval [0, ¢].

Denote by th) the domain in the configuration space of the s particles that con-

sists of the points (Qﬁ“"*’f’ (=t (T)s4nk), - -- (s-tn—k) (—t, (;L»)ank)):(@(sjtn—k))s
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X (—t, (:L’)Hn,k) C D* with arbitrary fixed initial momenta (p)s4,_x and initial po-
sitions @11, - - -, ¢san—k, and arbitrary 0 < k < n. It is obvious that D(ft) is included
in (® ln(t))’. We identify it with (@ ly,(t))".

In what follows we will suppose that positions (q1,...,¢qs) = (q)s belong to the
domain

s

Dggt) = ( X ls-i—n(t))
and, thus, the functions ggi)n (t, (x)8+n) may be different from zero.

Let us divide the infinite interval of configuration variables of each of the n
particles into intervals of the length |ls,,(¢)| (4.9) and lay them on the left- and
right-hand side of interval [, (t).

Now we start to investigate expression (4.2). We show that expression (4.2') is
equal to zero outside a certain region €2, (¢) that is defined as follows.

Denote by Lg,,(t) the interval consisting of the interval [, (f) and two intervals
with the length |ls1,(t)| (4.9) laid aside on the left- and right-hand side of ly,(t).
The region Q,,,(t) in the configuration space of the subsystem of s + n particles
consisting of the intervals L, (t) with respect to each of all n-particles and of the
intervals I, (t) with respect to each of all s-particles is called the interaction region

n

Quin(t) = D2, @ (@ Lsyn(t)" = (@ lsyn(t))” © (@ Lypa(t))"

The following theorem holds.

Theorem 3. The functions ggi)n (t, (%)s4n) (4.2') are different from zero in the in-

teraction region Qs (t) (4.10).

(4.10)

Proof. We fix positions of s-particles (¢)s in D(_St) because if some ¢; & 54, (t),
i=1,...,s, then ggi)n(t, (2)s4n) = 0.

Consider the n-particle subsystem and assume that at the initial time, one of
the n-particles, let us say with number j, is located outside the interval L, (t), for
example to the right. Since [y, (t) is the maximum length interval such that the
n-particles located within it can interact with each other and with the s-particles,
the whole group of particles divides into at least two groups which do not interact
with each other during the time interval [0, t] and one of the groups also contains the
s-particles. It follows from the fact that it is impossible to cover an interval between
the j-th particle and the last one at the right of the s-particle, which are located on
ls1n (), using the intervals associated with the particles.

We denote by Y” the phase points of a subset of the n-particles which do not
interact with the s-particles and the rest of the n-particles with phase points Y.

Represent the sets X UY, X U Z as follows

XUY=XuYuY’" XuzZ=XuZuZz,

where Z' C Y', Z” C Y". Recall that two groups with initial phase points X UY”’
and Y"” do not interact if the intervals between those neighbouring particles from
X UY’ and Y” do not interact.
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The particles with initial phase points Z” also do not interact with particles with
phase points Z’, because the subsets Z” and Z’ are obtained from the subsets Y
and Y’ respectively by omitting some points in them. Therefore if in the subsets
X UY” and Y” we do not have enough intervals to cover the interval between X UY”’
and Y then it follows that we do not have enough intervals to cover the interval
between X U Z’ and Z”.

The above statements are expressed analytically by the formulae

St,XUY)=St, XUY")S(tY"),

4.11
Sit,XUuZz)=S(-t,Xuz)st,z", zZ'cY ,z'cY" (4.11)

Using last formulae (4.11), we show that expression (4.2) is equal to zero.

Indeed expression (4.2) now is reduced to the following one

n s+n

I gs((x<s+"*k>)s(t, (@)er @irs @i, ) =
k=0 11 < <bp_p=5+1
= Z(—l)N(Y\Z’S(t, X UZ)gs(X)
ZCY
=3 S (—)NEVIIS(, X U Z)S (1t 27)g,(X)
Z/CY/ Z//Cy//
= (D)8, X U Z)g(X) D ()N =,
Z'cYy’ Zncyr

because

> oo o

Z//CY//

Let us estimate the volume of the region ;,(t). We denote it by Vi, ().
According to (4.9), (4.10) and taking into account the definition of the interval
L, (t) one obtains

Vs+ﬂ<t> = ‘lern(t)‘s?’n‘lern(t)‘n = 3n‘ls+n<t>‘s+n
stn n-+-s
<F(CH@ronmts+ty ) (@12)

i=1

where C' = |D|, Cy, = 2R, Cy = 4b + 1.
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4.3. The basic estimate

According to theorem 3 and inequality (4.12) for functional (gs, Fy(t)) (4.2) the
following estimate holds

[e.e]

(00 )] < Lo OFON S 522 [ o [ - aépﬂ
(n+!s)! (C+ (@i + Catn + Xn: p?)", (4.13)

where we change in (4.2) the summation index: n + s — n and use the estimates

X

}Fn((),xl,...,xn)’ < Mexp [— oz;p?] HF(O) , a= g,
‘gs<07 T1y- - 73:8)‘ < Hg(S)(O)Hslv
S n n! S
o7 )| < 2 O]
The latter estimate follows directly from (4.2) or (3.12).
Taking into account that
(C+4Cﬁ+(zwn+t§:pﬁn:
i=1
—~n! =1 r 1 b (N 2\ "R
k=0 r=0 =1
and
(j{:l€>nkrexp [—-a’zsz?}sé sup (j{:lf)nkrexp [—'a’zsz?]
i=1 i=1 PL-Pn€R 5T i=1

g(éy%mxn—k—rﬂ(4w)

we can calculate in the majorant (4.13) the integrals over the momentum variables
(we suggest that o = o/ + o)

n
2

/ndpl...dpnexp{—a”ip?}: (%) : (4.16)
i=1

If we remark that
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finally estimate (4.13) can be transformed to the form

(.m0 < P00 X2 () 25 2 G

??‘

n—

X l((CIJrCz) )" (é)nk (4.17)

rl

Il
=)

T

We strengthen estimate (4.17) by replacing the constants C'; and Cy by CY and
CY defined as follows

CY = max(Cy,1), CF = max (Cz, é)
Then for arbitrary ¢ > 0 the inequalities
CY+CH>1, (CY+ cgw%' >1
hold, and hence we have
(Cy + Cat)" (é)nk < (CY + o),

Finally, using the inequalities

n!

(n—s)! s 2%
n—k .
n

> pse

r=0 '

e

k
ﬂ < eca
k=0
we obtain from (4.17) the following estimate
(9 20)| < sllgPO | FO[e” D (1) ¢) (€2 + oy, (48)

where we denote v = 24e, and according to (4.3) and (4.12)
=|D|, Cf=max(2R,1), C§=max(4b+1,(c/)7").
The series in (4.18) converges if t € [0, to[, where

1 /1 [
2
and it is obvious that the condition

al/

< (yC))! -

must be satisfied.
Thus functional (g, Fs(t)) (4.1) has a meaning for F(0) € E.
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4.4. The existence of the thermodynamic limit.

Consider the following average

1
(9 FA0) = 5 [0(@)FA(E @)Aw) A=[-LUER, (420)
where the sequence of correlation functions F*(¢) is defined by formula
FA(t) = e*S(—t)e *F*(0) (4.21)

and the initial sequence FA(0) € L N E¢. Then it is well known that FA(t) € L and
functional (4.20) has meaning for g,((z),) € C.
One can repeat all the results from section 4 and prove that series

I e=1, (
(9 FX0) = 3057 (00u(t), FI),
| & nl

is uniformly convergent with respect to time if ¢ € [0, o[, where tq is defined by
(4.19).

We suppose that the sequence F(0) € LN E; converges uniformly on compacta
in the thermodynamic limit A *R! (I = o) to a certain limit sequence F(0) € E¢

lim FAO, 21, ..., 20) = Fy(0,21, ..., 1,). 4.23
Al/%%l ( » L1, ,SL’) ( T .ﬁL’) ( )

The following theorem is valid

Theorem 4. There exists the thermodynamic limit

. A o
Jim, (g5, FXD) = (90, B (1) (4.24)
and the series
11, 0,A
E Z g (gern( )7 Fs+n) (425)
n=0

converge uniformly with respect to time t € [0,to[ to the series

1w1
n=0

The proof is based:

1) on the uniform convergence of series (4.25) and (4.26) with respect to time
t € 10, to],
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2) on the fact that the quasiobservables ggi)n (t, (x)8+n) have the compact support

Qg1 (t) with respect to (q)sin,
3) the functions Ffﬁl((x)wn) converge in the thermodynamic limit to ', .

The proof is an analogy of the proof of the existence of the thermodynamic limit
performed in the books [1,3] (for example, see the theorem 3.4.3 from section 3.4 of
the book [1]).
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EBonouis cnoctepexyBaHuUx Ta
KBa3iCrnocTtepeXyBaHUX B KNTACUYHIA CTaTUCTUYHIN

dizuvui

B.l.lepacumenko ', 0.IKoHgpatbes 123 | T.KyHa ?,
O.4.Netpuna

IHCTUTYT maTemaTtunkm HAH Ykpainu,

252601 Kuis, Byn. TepeLueHkiBCcbka, 3

IHCTUTYT NpUKNagHOi MaTeMaTmKM, YHiBepcuUTeT M. BOHH,
53115 BoHH, HimeyuunHa

HaykoBo-gocnigHuin ueHTp BiBoS, YHiBepcuteT M. Bienedena,
33615 bienedpena, HimeuunHa

OtpumanHo 17 keiTHA 2000 p.

Mwu posrnagaemo gyanbHy iepapxito BBEIKI ons keasicrnoctepexxyBaHmnx
y 6araTto4acTMHKOBMX CUCTEMaX Ik OCHOBY HEPIBHOBAXKHOT CTATUCTUYHOI
MEeXaHikn i LaEMO NOBHUI ONMNC EBONIOLIjT KBa3icepeaHix.

Kniouosi cnoBa: gyassHa iepapxis bEIKl, HepiBHOBaxxHa cTatucTudHa
mMexaHika, eBoJIIoLis KBasicepenHix
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