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Kinetic theory of electromagnetic fluctuations in turbulent plasmas in the
external magnetic field has been worked out with regard for the effect of
fluid-like random motions on fluctuation dynamics. The dielectric response
functions and correlation functions of the Langevin sources for the sys-
tem under consideration are calculated and general relations for fluctua-
tion spectra are derived. Fluctuations associated with the diffusive particle
motion across the external magnetic field are studied in detail.
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1. Introduction

Studies of density fluctuations associated with large-scale diffusive motion of
plasma particles across the external magnetic field are of great importance in view
of their application to non-contact diagnostics of fusion and geophysical plasmas.
In spite of a considerable progress in such studies, many problems of the theory of
electromagnetic fluctuations in plasmas still require their solution. First of all, this
concerns the description of fluctuations in turbulent plasmas with regard for the
effect of fluid-like random perturbations. The problem is that the traditional the-
ory of electromagnetic fluctuations in stable stationary plasmas cannot be applied in
this case. Since an appropriate generalization of the consistent theory of fluctuations
within the microscopic description has not yet been done, various phenomenological
approaches to this problem seem to be rather promising. In particular, one may
assume that the statistical dependence of microscopic and large-scale motion is neg-
ligible and perform averaging over these motions independently, using appropriate
structure factors. So, the next problem herein is to describe (or postulate) the sta-
tistical properties of turbulent perturbations. Making some assumptions regarding
the physical nature of large-scale correlations (diffusive with a convective charac-
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ter of perturbations) it is possible to introduce the structure factor for turbulent
pulsations. Such an approach was successfully applied to the interpretation of the
scattering experiments with both fusion and geophysical plasmas [1,2]. Recently, a
similar approach was used to describe the fluctuations associated with particle diffu-
sion across the external magnetic field [3]. Within such phenomenological approach
however, it is impossible to explicitly take into account the effects produced by the
diffusion in the velocity space. At the same time these effects could be the primary
reason for turbulent diffusion, since just the turbulent fields play the role of random
forces producing additional stochastization.

The purpose of our paper is to describe electromagnetic fluctuations in turbulent
plasmas in the external magnetic field treating the turbulent fields as a source of
fluid-like motions in plasmas.

2. Basic set of equations

We study a plasma with stationary turbulence assuming that the characteristic
time of turbulent field change 71 is much shorter than the correlation time for the
fluctuations under consideration. Treating turbulent fields as a source of large scale
perturbations it is possible to introduce these fields into the Langevin equations
describing random particle (volume element) motion

dr

@ -V v
d; 1 AT

_d:}f = —fiv+ ooy (Fiext + FI> + m 0Fir, (2)

where f3; is the friction coefficient for a particle moving in the i-th direction, F**
and F are the forces associated with external and intrinsic plasma fields (the latter
is smoothened over physically infinitesimal interval 7, > 7r), dFr is the Langevin
force produced by the turbulent field. Statistical properties of the Langevin sources
are given by

(0Fr) = 0, (3)
(0Fr(t)oFr(t)) = 2Dyo(t —t). (4)

Here, the angular brackets mean the statistical averaging which is equivalent to the
time averaging over the interval 7 2 7., > 7r. Introducing equation (4) we assume
that the Langevin forces are correlated within 7 < 7, only.

As was shown by Chandrasekhar [4] the Langevin equations (1)—(4) generate the
generalized Liouville equation. Using this equation it is easy to show that in the case
under consideration the equation for the microscopic phase density smoothened over
Tph Can be written as

o o 1 —\ 0 ~ 0 - ON(X,1)
— fv—+4 — (F* 4+ F)— L N(X,t) = N (X, t) + Dy—— )

{6t+V8r+m( * )8V} (X,%) ov; (ﬁlvl (X, 8) + D ov; )
(5)
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Here, N (X, t) is the smoothened microscopic phase density

T+%
~ 1
N(X,t) = — / dt'N(X, 1),
Tph
N(X,t) = —Zax Xi(t (6)

X = (r,v), Xi(t) = (ri(t),w(t)) is the phase trajectory, the quantity D;; can be
treated as a diffusion coefficient in the velocity space.

Notice, that equation (5) can be also introduced by averaging of the equation for
the microscopic phase density over 7., > 7r and using the Fokker-Planck represen-
tation for the collision term with the kinetic coefficient determined by the turbulent
field correlation function [5]. In the general case kinetic coefficient 5; and D;; should
be determined selfconsistently with regard for their temporary evolution [6]. In what
follows the kinetic coefficients are assumed to be known. In the case under consider-
ation we also suggest that the turbulence is isotropic in the directions perpendicular
to the external magnetic field and that the velocity dependence of the kinetic coef-
ficients may be neglected. Within such a model, equation (5) has the form

ToN (X, 1) + ;; % 0, (7)

here

- o, 0 o 9 9
Ly = = +v— Q D
0 HVo [V Q] o " <5||U|| + 'av|>

ot or ov
Biv, + D 0 (8)
~ v (AL Lav,
eB,
Q=(0,00), Q= m—CO; v= (v,

By, B, Dy and D, are the relevant kinetic coefficients.
Averaging equation (7) over the Liouville distribution one has

Lofxn + gD e 0

T gy OB OIN (X, 1), 9)

where
(X, )= (N(X,t)), ON(X,t)=N(X,t)— f(X,1);
SE(r,t) = E(r,t) — (E).

Equations (7), (9) generate the following linearized equations

LoSN(X,t) + %5E(r, t) % =0, (10)
div 0E(r, t) = dmen [ dv 6N (X, t). (11)

These equations describe fluctuation dynamics with regard for the influence of tur-
bulent fields producing diffusion in the velocity space.
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3. Transition probability approach to the theory of large-s cale
fluctuations

The formal solution of equation (10) consists of two parts

of(v')
ov'

5N(Xt)_5N<°(Xt——/dt/dXWXX’t—t)aE(rt) (12)

where SN© (X, t) is the fluctuation in the relevant system with no selfconsistent in-
teraction (this part is associated with general solution of the homogeneous equation),
Le.

LoSNO(X,t) =0 (13)

and the second part is the partial solution of the inhomogeneous equation written
in terms of particle transition probability satisfying the equation

LoW(X, X"t —t)=0 (14)
with the initial condition
W(X, X' 0)=4§X - X'). (15)

Substituting the solution (12) into equation (11) we obtain

/dt /dde’W(X X't —t')B(r, t)aj(;ijj/) -

4de’n

divoE(r, t) +

:47Ten/dV5N(0)(X, t). (16)
Thus we see that the quantity SNO (X, t) can be treated as the Langevin sources
of fluctuation field JE(r,¢). Correlation function for such sources can be calculated
using (13)—(15). In particular, as follows from these equations

SNO(X 1) = / AX"W(X, X" t =t ONOX" 1), t>t1, (17)

that in turn gives

(SNO(X, 1) s NO(X',¢) = / AX"W(X, X" t =t (ONOX" e NO(X', )

with regard for the fact that

(GNO(X, )N (X' ) = %f(X, 1)o(X — X') +g(X, X', 1), (19)
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where g(X, X’ t) is the static binary correlation function of physically infinitesimal
volume element,

(ONO(X, t)dNO(X' ) = % {F(X WX, X't —t)O(t —t)
+ (X)W (X, Xt — 1)t —t)}
+ / AX"{W (X, X" t — g X", X' . t)O(t —t')
+ WX, X" ¢ —t)g(X, X", )0t —1t)}. (20)
If (X, X', t) could be neglected
GNOX, SN0 (X, 1)) = % (FX W (X, X't — )6t — 1)
+ (X, )W (X', X, ¢ —t)0t' —t)}. (21)

In the case of spatially homogeneous stationary turbulence in the k; w-representation
equations (16), (21) have the form

ike(k,w)0Ey, = mﬁlﬁg, (22)
(GNOW), 0N (V) = 5f(v)Wkw(v,v’)+f(v)Wkw(v’,v), (23)

where

ek,w) = 1+Z x(k,w)

Jdmen 0
xkw) = —i 5 /dv/dV/Wkw(V,v’)k£,
Wiw(v, V) = / dr / dR e BT (X X7 7). (24)

0

Equations (22)—(24) give the solution of the problem under consideration. Using
these equations it is possible to calculate correlation functions of any electromagnetic
quantities. For example,

1 +X1(k W) 2, (0) Xe(kvw) ’ 2y (0)
I e I R R Y
where
kw—en/dv/dekaV (V) +cc. . (26)

Equation (25) has the same form as that for fluctuation spectra in a stable plasma
(see, for example, [7]), however, the quantities £(k, w) and <5n2)f{03 are determined by
the renormalized transition probability W (X, X’ ) calculated based on the equa-
tion (7) with regard for the action of turbulent fields on particle dynamics. Thus,
the next problem in our calculations is to find this quantity in explicit form.
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4. Renormalized transition probability for a plasma in an ex ter-
nal magnetic field

Taking into account the spatial symmetry properties of the operator EO (in par-
ticular, independency of the motions along and across the external magnetic field)
the solution of equation (14) with the initial condition (15) can be represented in
the following form

W(X’X',T):WL(XL7XIL?T)VV||(X||7X|,|>T)7 (27)
where W (X, X' ,7) and W (X, X|, 7) are the probabilities of particle transition
across and along the external magnetic field, respectively, X | = (ry,vy), X =

(z,v)). As it is easy to show, these transition probabilities satisfy the equations

0 0 0 d
{aﬂfu@—% <5|U|+D||8—U”)}W|(X||7X|/|ST):O’ (28)

0 0 0 0 0
{E "—UJ_E + VX Q] o — o <BLVL + Dl%) } Wi (X1, X;7)=0
(29)

with the initial conditions of the type (15).
Solution of equation (28) was done by Chandrasekhar in the well-known paper
[4]. This solution is as follows

AT 1 9 9
Wi (Xi, X 7) = R exp {—m [af + by P + 2hy oy P } o (30)

where

pr=e"y —vj, By=z-2+51,
2D 2D , 2D ,
ap=Z7 b= (T =1), by =F(1-eMT). (31)

As regards equation (29), the way of obtaining its solution is given below. Let
us start from the integration of the equation of motion for charged particle moving
in viscous media across the external magnetic field

= — Bri =1, = —Qd— By =0, (32)

These equations can be easily integrated. The integrals of motion of equations (32)
are

pr = €7 (v, cos QT — v, sin Q1) — v,
pa = €7 (v sin Q7 + v, cos QT) — 0,
po_ x_x/jLﬁl(vm—v;)jLQ(vy—v;)
B1(vy —vl) — Qv, — )
P, = y—y + Y Qy2+5§ . (33)
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In terms of the variables p, and P, the equation for the function
w(X 1, X, 1) =e PTW (X, X, T),

has the form

1 ow Pw  O*w 2ePL7 0? 0?
N Qr—Qsin Q)
Door ~ ¢ o ey Ty (FreosrminGr) <8pmapﬁapy8Py)“’
2e/17 0? 0?
— in Q2742 cos () — 4
+ S (8L sin Q7+ cos Q1) (apaﬁPy apyapx) w (34)

with the initial condition

w(p,,P1,0)=d(p,)5(P). (35)

Now let us recollect the lemma 11 from the Chandrasekhar’s paper [4]. According
to this lemma the solution of the equation

oF  , O°F PF  , PF
- ~ - 49 -
ot — ¢ Wz 2000t 5+ v (055 (36)

with the initial condition
F(x,y,0) = 6(x)d(y) (37)
and arbitrary (t) and ¥(t) is given by

1 1
F(z,y) = WGXP{—E(M2+2W?/+5?JZ)}, (38)

where

t t t
A =ab— h? a:/ dty?(t), h= —2/ dt o(t)y(t), b:2/ dtp(t). (39)
0 0 0
As is seen, the power of exponent in equation (38) reproduced the structure of the
right-hand part of equation (36). Using the analogy we can write the solution of
equation (34) in the form

1 1
P =— — 24+ b, P2 +2h,p P, —2qe.[p, P
w(p, Py, 7) =y eXp{ 5A l[arpl + 0. P +2h.p P, —2qie.]p, iﬂ}
(40)
where
2DJ_T 2DJ_
Al =aib —h — ¢ =, b="—"—(*"-1
1L =a101 1—9, ai Qi‘i‘ﬁi’ 1 B, (e )7
2Dl QDL .
h = ——-—+ l—eﬁchosQT, ql:—ieﬁﬁsmﬂr 41
o ) o+ ”

301



A.Zagorodny, 1.Holod

Thus the solution of equation (29) can be written as

WL(XL,X,L,T) =

e26LT

1
- _47T2AI exp {_—QAL [aLPi + bLPi +2h,p, PL —2q e, [plPl]] } (42)

Together with equation (30) this equation gives the generalization of the Chan-
drasekhar’s solution to the case of a charged particle moving in an external magnetic
field.

Using equation (42) it is possible to calculate a mean and a mean-square particle
displacements across the external magnetic field

(Ar]), = /dAu/dAVL/dVLAFiWL (ri+Ary, v+ Ary,ry, vy, 7) f(on)

D, 1 L
= —— (1= BT
QZ+62{T+25¢( ¢ )
2
v [ﬁl — e P17(By cos QT — QsinQT)] }
2
+ QQ<U+l>62 [(1 —e 77 cos QT)Q + e 24T sin QT] , (43)

08 = [ avid fen).
In the case of the Maxwellian velocity distribution
(v1) =2(T/m) =251,  D.=S51B1 (44)

and equation (43) reduced to the result obtained in [3]

S7 o - p 28,0
72 = L —BiT —D1T L3
(Ary), = P15 {5M‘+ 02 3 (1 —e COSQT) — +626 p SIHQT}.
(45)
5. Dielectric response function and correlation functions of the

Langevin sources for a plasma in an external magnetic field

Using general relations (24), (26) and an explicit expression for the transition
probability (equations (27), (30), (42)) it is possible to calculate the response func-
tions and correlation functions of the Langevin sources for a plasma in an external
magnetic field with regard for large-scale diffusive motions.

What is important is that we have no restrictions regarding the values of kinetic
coefficients and characteristic fluctuation times. This mean that we can apply the
obtained relations for the description of fluctuations and electromagnetic properties
of plasmas in various regimes, in particular to study the effects of diffusion in velocity
and real spaces.
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For example, in the general case

x(k,w) = —1— dT/dVZJ {

0 0
+ ik, sinW,’n(ﬁ)] % + Jm <£>k|&f”}

k2D, ’szn )
xexpd — | ——®, (1) + (1)
’ { ( 5 5” v

+1 [(w — mQ)T — k'ﬁ% (1- eﬁT)} } : (46)

G0 = n / dr / SOBHORNGILS

K K )
X exp { — O, (7 )+—2<I>H(T)
{ < B

— cos I, (§)

where

O (r)=7+ 1 (1 _e—%ﬁ) — i [5L — e P (B cos QT — QsinQT)] ,

20 L 0?2
1 2
O)(r) =7+ oTn (1—e?7) - 3 [1—e ],

Q : AL

Vo T

§= klj)l, g: —klvl e PLT,

Q Q

02 =02+ 3%, costp=

(48)

Equations (46)—(48) make it possible to recover various particular cases. For in-
stance, for Dy = D, = 0, 3 = B. = 0 one has the well-known results for the
Vlasov plasma. For 8, ~ f ~ 0 (minor friction) and D = 0 (no diffusion along the
magnetic field)

w2 7 v ek
k :_p \'m d 2 [n _O v Ov] ’U“ _ 49
ke =530 [avron(5) s @
where
- k* D
Vg = JQQL.
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In the case §; =0, D =0 and 3, > w equations (46), (47) give

ko) — % 4 Jo(&)ky g + 155+ T3 (€) 5.1 50)
= k? M w — kv + iv ’
~ k2D
(o)), = n/dVMJrc.c., po= L (51)
’ w — kHU” + 1w 02

In many cases of scattering experiments it is necessary to consider the limit
k) = 0. Assuming that the velocity distribution is the Maxwellian distribution, it is
possible to show that in the above limit

2

xkw) = i “p /000 dr § "5 (1Hee) {mQ[m (Ee*ﬁn>

k2S?% -
+ 1By (1), (Be?m) e r — 1, (Be ) |}
2
X exp {—klﬁlzl O, (1) +i(w— mQ)T} , (52)
<5n2>§33 _ n/ dTZIm (Be—ﬁﬂ') e*§(1+e—%ﬂ7)
0 m
k*D
xexp{— BQL(IJL(T)Jri(w—mQ)T}, (53)
where
> _ kLSt
B = o

In the diffusive regime (5, > w) these equations give

2 _B 2
w k3D,
x(k,w) =1 EBL e. 22 =ij—2 5
02 w+ikiD, w ~+1k7 D,
2k%D, 5
R S e ——— (54)
lw + k% D,
Here,
D3, Are’n 5
D, = 57 kL = T z.
6. Fluctuations associated with particle diffusion across an ex-

ternal magnetic field in the system of interacting particles

According to equation (14) the transition probability W (X, X' 7) describes par-
ticle motion (in particular, particle diffusion at S > 1) disregarding the interaction
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between charged particles through a selfconsistent electric field. This means that the
correlation functions of the type (23), (26) as well as the mean-square particle dis-
placement can be used for describing the fluctuations and wave scattering in the
cases of negligible effect of particle interaction only. In order to take into account
collective effects it is necessary to use a general relation for the correlation function
(25).

Let us consider some consequences of the combined interaction in the diffusion
limit. In this case we can use equations (54) that leads to

(k2D + kD) :
k ~ < L k*D
ekw) = D@+ Dy & TP
ik2D
k = —2 >
Xa(k,w) w+ik2D,’
k*D
sn2)0 = My ————————. 55
< a)kw | w+ik2Da|2 ( )
Here, we introduce the notation
dmen, D, (k? + k2)D.D;
k}QEkQ: a’ta D. =D :~04 D = e i el.
a Da Ta ) a ro Qg{ ) A k:gDe + k:lle (56)
After substitution into (25) one has
k*Dy kD + kXD
0N = 2ne s : 57
{0n¢he n w+ik2DA? (k2 + kE2)(k2D, + k2 D; (57)
| A| e i e i
In the equilibrium case (T, = T;) equation (57) reduces to
k2D
0Ny = Ne——————.. 58
Similarly, it is easy to show that
k*D kD + kD,
(072} = 2 A it R (59)

e L ik2Dal” (k2 + k2)(k2D, + K2Dy)’

Thus, we see that particle interaction leads to renormalization of the diffusion
coefficients and to equalizing of the diffusive fluxes for particles of different species.

In the case of a strong magnetic field (2, > f,,) the ionic diffusion coefficient
is much larger than the electronic one. It follows from the above relation that

Dy~ D, < Dy,

i.e. combined interaction suppresses the ionic diffusion.
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NGt e

BenukomacwTtabHi ¢pnykTyauii Ta andys3is 4HacTUHOK
nonepek 30BHILWHbOIro MarHiTHOro NoJsis B
TYpOyneHTHi nnasmi

A.3aropogHin, I.fonopg

IHCTUTYT TeopeTnyHoi Pi3ukm im. M.M.Boronto6osa HAH YkpaiHu,
03143 Kuis, Byn.MeTtponoriyHa, 14-6

OtpumanHo 17 kBiTHa 2000 p.

Po3p0ob6neHo KiHeTUYHY Teopito eNlekTpoMarHiTHUX GyKTyaLii y Typoy-
JIEHTHI Nna3mi 3a HassBHOCTI 30BHILLHBLOI0 MarHiTHOrO NOJIS 3 ypaxyBaH-
HAM BIJIMBY BUNAAKOBUX MAPOANHAMIYHUX PYXIB HA OAMHAMIKY IyKTY-
auin. O6uyncneHo GYHKU|i OienekTPMYHOro BiAryky i KopensiuiiHi yHk-
LT naHXEeBEHOBUNX OKepen Ta OTPMMAHO 3arasibHi BUpasu aas CrnekTpis
dnykTyauin. JetanbHO BUBYEHO dykTyaLii noB’a3aHi 3 AndyasinHnm py-
XOM YaCTMHOK NOMNEePEK 30BHILLIHLOrO MarHiTHOro Nons.
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