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For theoretical description of pseudospin systems with essential short-
range and long-range interactions we use the method based on calcula-
tions of the free energy functional taking into account the short-range in-
teractions within the reference approach in cluster approximation. We pro-
pose a consistent formulation of the cluster expansion method for quantum
pseudospin systems. We develop a method allowing one to obtain within
the cluster approximation an Ornstein-Zernike type equation for reference
cumulant Green function of an arbitrary order. In the two-particle cluster
approximation we derived an explicit expression for pair temperature cumu-
lant Green function of the reference system. In the cluster random phase
approximation we calculated and studied thermodynamic characteristics,
elementary excitation spectrum, and integral intensities of the Ising model
in transverse field.
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1. Introduction

Modern statistical theory of condensed media pays a great attention to the stud-
ies of ferroelectric and magnetic materials, described by pseudospin models with
essential short-range and a long-range interactions, especially of hydrogen-bonded
ferroelectrics [1-12] and low-dimensional magnets [13,14]. For an adequate descrip-
tion of these objects, such an approach is required that would allow to use different
techniques to take into account a short-range and a long-range interaction. This is
a typical mathematical problem in theories of multiparticle systems. It has been
successfully solved in the studies of equilibrium properties of classical systems [15—
21] and metals [21-25] using the approach proposed in [15-18,22,24,25]. Within
this approach, the long-range and short-range interactions are described in phase
spaces of collective variables and individual coordinates, respectively. The system
with short-range interaction is called then the reference system.
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Using the idea of separating the reference system [15-18], in [26-30] a method
was proposed for description of pseudospin systems with essential short-range and
long-range interactions. This method is based on the calculation of the free energy
functional taking into account the short-range interactions within the reference ap-
proach. In [26,27,30] expansions of the free energy functional and functionals of the
temperature cumulant Green functions (CGF) in the inverse long-range interaction
radius were studied. For the first time there has been performed a total summation
of the reducible in blocks diagrams in the free energy functional and of non-compact
diagrams in functionals of CGF's for quantum pseudospin models. Expressions for
the free energy and temperature CGF's of the considered systems were obtained. It
was shown how to obtain consistent approximations for their thermodynamic and
dynamic characteristics, using classification of the approximations for free energy
functional according to loop diagrams.

It should be noted that the general expressions for thermodynamic and dynamic
characteristics of pseudospin systems with short-range and long-range interactions
obtained in [26-30] contain thermodynamic and correlation functions of the refer-
ence system. Hence, to solve a general problem one needs to solve a reference one,
that is, to calculate free energy and CGFs of the reference system. The maximal
order of the reference CGF's depends on the order of the approximation for the long-
range interactions. Depending on the reference Hamiltonian, the reference problem
can be solved exactly (see, for instance, [14,31-36]) or approximately, taking into
account peculiarities of the reference system. The best description of the reference
system for a wide class of pseudospin models can be obtained based on the clus-
ter expansions method (see [1-12,37-39]). In some papers [40-43] this method was
successfully used to study disordered magnetic and ferroelectric materials. Unfor-
tunately, the cluster method was correctly developed only for Hamiltonians with
commuting single-particle (describing the interaction of pseudospins with external
and internal fields) and multiparticle parts (describing the interaction between pseu-
dospins). It was mostly used to calculate thermodynamic characteristics of pseu-
dospin models. In [44-46] a problem of calculating the distribution functions for
Ising models within the cluster approach was considered but not solved completely.
Equations for pair correlation functions of the reference system (Ornstein-Zernike
type equation) in [44,45] were not derived consistently but constructed artificially.
The problem of calculating the quasimomentum-dependent pair correlation func-
tions was also considered in [46] within the cluster approach. The results obtained
are valid in paraphase only. Later, a method was proposed [47,48], which allows one
to obtain Ornstein-Zernike type equations for arbitrary order correlation functions
of Ising models. These equations for pair and three-particle correlation functions
were derived and solved within the two-particle cluster approximation (TPCA). It
was shown that the cluster approach to the calculation of correlation functions of
the reference Ising models proposed in [47,48] yields the known exact results [31,32]
for pair and three-particle correlation functions of the one-dimensional Ising model.

In [48,49], using the four-particle cluster approximation, pair ¢-dependent cor-
relation functions of deuterons were calculated for KD,PO, type ferroelectrics and
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ND4DyPO, type antiferroelectrics. Dynamics of hydrogen-bonded ferroelectrics tak-
ing into account the tunnelling effects was considered in [50-52] within the orig-
inal approach proposed in [50]. For the first time it has been shown, that in the
reference approach, with the short-range interactions and tunnelling taken into ac-
count in cluster approximation, the dynamic properties of the studied systems are
to a great extent determined by an effective tunnelling parameter, renormalized by
the short-range interactions. Later, this peculiarity of the dynamic properties of
hydrogen-bonded compounds was also noticed in [53]. Unfortunately, expressions
for dynamic (at ¢ =0 and F = 0) and static characteristics, calculated in [50-52],
turned out to be inconsistent. That results from the fact, that dynamic character-
istics were obtained using the method of two-time temperature Green functions,
equations for which were decoupled in the spirit of Tyablikov approximation. Thus,
the intracluster Green functions of the reference system were connected only via the
long-range interactions, whereas the short-range correlations were not taken into
account. Thus, the method has not been developed, which would allow one to con-
sistently describe thermodynamic and dynamic characteristics of reference quantum
pseudospin models.

In the present paper, for a theoretical description of pseudospin systems with
essential short-range and long-range interactions we shall use the self-consistent
reference approach developed in [26-30]. In section 2 we shall briefly consider the
main results obtained within this approach. Then, a consistent formulation of cluster
expansion method for reference quantum pseudospin systems will be given for the
first time. We shall propose a method, allowing to obtain Ornstein-Zernike type
equations for reference temperature cumulant Green functions of an arbitrary order
within a cluster approximation. An Ornstein-Zernike type equation for the pair
correlator will be derived and solved in the two-particle cluster approximation. The
last section is devoted to the investigation of the Ising model in transverse field
(IMTF) within the cluster random phase approximation (CRPA) using the results
obtained in this paper.

2. Theory of pseudospin system with short-range interactio ns
taken into account in reference approach

We consider pseudospin systems with short-range and long-range interactions,
described by the Hamiltonian

H({T}) = —fH = Z Z PoSe+ 33 Y KSISh s+ 1> ) Juhsesh . (2.1)

v,0 a,b v, a,b

Here K% and JﬁZ are the short-range and the long-range parts of the pair inter-
actions. S¢ (a = z,y,z or +,—, z) are components of a normalized (S* = —1,1)
spin S. H({T'}) means H({T'}) = H(T%, e DL TP L TR, T, TR, ). Hereafter,
the argument {I'} will be frequently omitted. The factor 5 = 1/(kgT), occurring in
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I', K, and J (in the above presented form of the Hamiltonian H'), will be written
explicitly only in some of the final expressions.

After an identity transformation of the operators S¢ = (S%) + AS? in the last
term of Hamiltonian (2.1), which describes the long-range interactions between pseu-
dospins, we obtain

HHETY) = *H1({>}) ——ZZJ“*’ (Sey(Shy + 1 ZZJagAsg.Asg. (2.2)

The first term in (2.2) describes the short-range interactions between pseudospins
placed in a field created by the long-range interactions and by I'¢

MU({}) = —BFH({3}) = szgsg+§ZZKabsaSb+5; (2.3)

v=1 a v,0 a,b
" —ruZZﬁb (Sh. (2.4)

The Hamiltonian *H ({sc}) is called the reference Hamiltonian [26]. The argument
{3¢} will be often dropped. Let us note that in the mean field approximation (MFA)
over the long-range interactions, the last term in (2.2) is neglected.

Our main task is to calculate the free energy

FUTY) = —ksTlZ{T}),  Z{T}) = Sp o (2.5)

and pair temperature cumulant Green functions

B (LN 2n) = (T S52 () SE2 () (26)
for the models, described by Hamiltonian (2.1). Here
gﬁ(T) =e TS (2.7)

the averaging is performed with the density matrix

p = p({T}) = [Z{TH " - . (2.8)

For the sake of convenience, in our calculations we do not use the free energy F'({I'})
but the F({I'})-function (logarithm of the partition function).

According to the theory proposed in [26], to solve the formulated problem, one
should calculate the *F-function

SF({s}) =n*Z({5});  "Z({3})=Spe™ (2.9)
and CGFs
DO A\ i2 o\ A\ o\) = MT S5 (1) Sz (7). S5 (m) s (2.10)

Si(r) = e T SL ey = (o)) = FZ({eh)] T e ™ (2.11)

v
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of the reference system (2.3). In the present paper the *F-function and pair CGFs
will be calculated within the two-particle cluster approximation.

Assuming that the reference problem is solved in [26] the expansion of the free
energy functional in the inverse radius of the long-range interactions was studied,
for the systems described by the Hamiltonian (2.1) and expressions for temperature
Green functions were obtained. Here we present only some of their results for non-
uniform fields (I'% = I'*) up to 75, in the long-range interactions.

The F-function of the considered system reads

FETY) = F () — Z (5%),(S") ——Zlndet[ ’@@)@wnﬂ(j)], (2.12)

where

TP =JMG=0), =T 4> IS, (2.13)
b

kg@)(cf, wp) and J (¢) are matrices 3 x 3 in the indices a, b; their elements are

Fourier transforms *b(2) (22 ) and J®(g) of the pair CGFs of the reference system
@ ’ -\ ) and of the long-range interactions J, (for uniform fields (s¢f = *)).

For the pair CGFs b (2 - Zm\) in the frequency-momentum space, the following
relation [26] holds

0O (G wn) = |1 = M(@wn)T(@)] M(@wn). (2.14)
Here we use the notation

ab k (2 ab 1 k (3 a1 az
M<(T7w") b q7w" _'_ 2N Z Z b VOvTO q17Wn1 qZ,WnQ\)
{a,b} {Giwn; }

k 3) b b b b
o (Voffo\ 1@1,—wn1\ —2527—0%2\ )R(iltfl ,l—wnl )R(G;QJQ?_an )

X0(7+ 1 + @2)0(wn + wny + wny)
1 k1.(4) (a b a a a1 a
+W Z Z b( )(V07T0 —q,—wn qi,wnl _2617_Wn1\ )R(_lqlf_wnl ) ’ (215)

41,02 q1,Wny

where

R(@wn) = (@)1 = B@w)T@)] (0 =0, 7 =0, w, =2mn5™") (216)

is the Fourier transform of the effective interaction in the considered system, whereas

k1 (3) ai a2 kp(4) (a b ai a2 :
b (5 & oy 527wn2\) and b (%70 L imwn\ oy \ (Thwnl\) are Fourier transforms
of the three and four-particle CGFs of the reference system, respectively.

We also present here an expression for the order parameter [26]
(%) = (5%, = "5V, + 2y > DB\ \ % L IR, ) (217)
a1,a2 q,wn

Hence, we have general expressions for the free energy (F = —kgT'F) and pair
CGF's, and the equation for the order parameter in the rg 4 approximation. These
expressions contain the free energy and correlation functions of the reference system.
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3. Two-particle cluster approximation for short-range
Interactions

3.1. Problem formulation

Our task in this section is to obtain the *F ({s})-function, parameters <S“) and
pair cumulant Green functions 63 (% \ um\) of the reference pseudospin system,

V,T1
described by Hamiltonian *H ({s¢}) (2.3), in the two-particle cluster approximation
in the short-range interactions.

Let us define the functional of the partition function logarithm (the *F({e})-

functional) of the reference model as [26]

F({e} {oeh) =" Z({e}. {5} ;
Z({=}, {3}) = Sp ™D T, exp ( /0 dr U, {)] . (3.1)

where
{%} ZZ%STSST+%ZZKabSa SU+5T7 (32)
a v=1 a,b v,0
N
H{e) =Y H(e);  He) = zg,, o A= HED gD (33)
v=1

Dependence s, on 7 here is necessary to perform functional differentiation with
respect to s [26]. It should be noted, that since spin operators at different sites
commute, and 3% is a scalar, the quantity A, (if A = S% or »%) can be written as

A’T — e_THV({‘SV}) A eTHl’({a’)}) X
Starting from (3.1), we introduce functionals of CGFs of the reference system

B0 N2\ A\ ) = HT- S, 562, 5

C
V1,71 \ V2,72 V1,71 T V2,72 v, Tz> o{e}) ;

Fo({e :—1 e ex 1 T *H (T, {5
M) = o[ [arinenn]. e

They will be found using
4] o (-
bOC N\ A e} = g Fleh ) (35)

According to [26], the following relations between the *F({s})-function (2.9) and
temperature CGFs (2.10) and their functionals hold

F({oeh) ="Feh o) g s (3.6)

a
€2=0

OGN\ AN = O N NN M e e - (BT

“ 0

d 311 T 5%322 T2
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That is, calculation of the *F({s})-function and temperature CGFs is reduced to
calculation of the *F({e}, {5})-functional.

3.2. Cluster approximation. Free energy

Let us calculate now the *F({e}, {5c})-functional in the two-particle cluster ap-
proximation. We perform a cluster expansion, with the lattice being divided into
the two-particle clusters [47,54,55]. As > "y} S7 we denote an operator of the

v, T

effective field created by the site r and acting on the site v, provided that the site
r is the nearest neighbour of the site v (r € m,). Obviously, the number of fields

acting on an arbitrary site v
PO PCALS

refly a
is z (z is the nearest neighbours number). After an identity transformation, the
reference Hamiltonian (3.2) takes the form

7, {3, p}) = E Ho(r {33) + > U, {70,."0,}) , (3.8)
(v,r)
where

{%V} Z ka SST ) %S,T = %S,T + Z r(pg;r ) (39)

refly

Unn(7, {70, "0, }) = Z( "0 S —”soﬁﬁswzwbssfs&) . (310)

a

H, (7, {3,}) means H, = H, (3"
will be frequently omitted.

Let us present the *F({e})-functional (3.1) as

"F({e}, {»,0}) =
N 1
zlnSp{eH({E})TT eXp[Z/ dr H, (1 eXp Z/ dr U, (1
v=1 0

(v,r)

VT) Hereafter, the arguments {3, }, {"p,}

VT’ VT’

= Z.Fy({f‘?l,}, {30,}) + In(T}; exp (Z/ dr Z/{W(T)>>p0({€}) : (3.11)
v (v,r) Y

Here F,({e,}) is the so-called single-particle intracluster F({e})-functional

F.{e} {3}) =InZ,({e.}, {3}) ; (3.12)
Z,({a}. (36) = Sps, {0 T, exp | /O arH(r 2]} 313)

and averaging is performed with the functional of the density matrix

pole) =11 r e (3.14)

po{en)) =

Zy({gy}l’ gy D e | /O s Ha(r Nl (3.15)
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We restrict our consideration by the first order of the cluster expansion [47,54,
55]; this corresponds to the two-particle cluster approximation. Then the *F({e})-
functional becomes a sum of the single- and two-particle intracluster F({e})-fun-
ctionals

(ACREIES SEACGHENES B exp( / druw<r>)>po<{e}>

(v,r)

(1-=z Z F({e}, {5a)) + wa {ev, ey {75, 52,}) . (3.16)
The two-particle F,,({¢,, €,} )-functional reads
Forl{ev, e}, {5, %} )= In Z,,,({e,, e.}, {5, 5. }); (3.17)
1
Zyr({€v,€r}) = Spg, s, {eH”({E”}HHT({E”}) T, exp {/ dr Hyr (7, {22, ”irr})]} ; (3.18)
0

Hur<7—7 {rj}ua V}}r}) = Hu(Tv {}}V}) + HT(Tv {}}r}) + um'(T)

= Z e St e S Z Kss st (3.19)
Sy = Sy~ e =+ DT, (3.20)
r'em,
r'#r
Putting e} = 0 (s, = s, "oy, . = "¢}, see also (3.6)), and going to the uniform
fields case »% = »* (Tgoy ) from (3.16) we obtain the *F-function of the reference

system in the TPCA for the uniform fields

F({o,0}) = (L= 2)NF({3}) + FFe({>}) ; (3.21)
Fi({zz)) =mZi({3});  Zi({#}) = Spg, ™V ; (3.22)
g} =) #SY R =gt (3.23)
Fu({3}) =mZu({Z});  Zw({x}) =Spg, 5,e"2 D ; (3.24)
Hia({3}) =Y (S + S5) + Y K™SiSh 2 =5+ (2 — 1) (3.25)
a b
3.3. System of equations for single-particle distribution functions and vari-

ational parameters

Let us now find equations for functionals *(T} S¢ ey and for cluster fields
"} . From (3.5) we obtain
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570
CESNNEE £ REOD I L 1 S sy

T
v reTy, 8g07'

Starting from the fact that the *F({e})-functional (3.16) is a sum of the single- and
two-particle F({e})-functionals, we get

0FF({e u "
e A ERE LIV SE IO S (3.27
v,T remy,
0FF({e
OTE) e X Ol ens, (nem) (329
901/,7' rem,
r#ry
Here we introduce the notations
0 0 0
(k a - ag g — . . 2
‘F (7'1 T2 Tk‘ {81/}7{%11}) 8 %3717_1 8 553,27—2 8%10/%77@ ({gl/} {%V}> (3 9)
FEOC o) o A G e e (5, ) =
0 0 0 0 ey~
O 0T gust, s Frllenerh, 50,5 1) . (3.30)
T'Tl T'Tl

From the explicit form of the intracluster F({c})-functionals (3.12), (3.17) it follows
that

FRC s - wfe) o)) = (T Son Siz, - St oy s (3:31)
FOO( ol o .o o [ [ i’/H {ev. et {730, 50 }) =
= (T, Sgr Sg2, - S0k Sf; 5% S e (3.32)

where the averagings are performed with the density matrix functionals (3.15) and

et ({evD+Hr(er))

— exp[ /0 A Ho(r ()| (333)

Zur({gua 57’}7 {T}}uu Vo,

porev, er}) =

Hereafter, the functionals (3.31) and (3.32) will be called the single-particle and
two-particle intracluster functionals of CGF, respectively.

Similar to (3.6), from (3.12) and (3.17) one can obtain expressions relating the
intracluster F-functions with their functionals

Fl(3a)) = Flleh () s s (3:34)
e2=0
Forl{2,,7%¢.}) = Fo.({ev, erb, {750, 2. }) i vz | via —via - (3.35)
ed=e2=0
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One can also derive expressions relating the single-particle and two-particle intra-
cluster CGFs with their functionals

(T, 52 (11) 52(m) . S (m)), = (Tr S0t S0, o SE0S oy 15gs » (3:36)
e2=0

(T, 591 (1) 5% (75) -+ 8% () S% (71) §% (74) - Syi(r))e =

Pvr

< §a gax ... gak Sal S% Sa2> o vea :,,;{a,(3.37)

vTy YuT2 vt M| 7] pvrev,er}) |73 3G ="a) Vil
ed=el=0
where

qQa —TH a TH eHV ~a oa
Si(r)=e T SeeM s p, = S H,({5,}) Z%VSV ; (3.38)
5 o Hor ga oHur

V(T)—e v € ) pur—W;

Ho({750, 50 }) = Y (5080 + V580 + ZK“bS“Sb . (3.39)

a

From equations (3.26)—(3.28), taking into account the condition of the extremum
of the ®F({e})-functional with respect to "¢ .

0" F({e}, {x 0})

=0, 3.40

9"l (3.40)

we obtain the system of equations for the functionals *(T; S ), e and cluster fields
"oy -

<T%%@—HWA@H%h (3.41)

FPOCHHeny 50} = FRO (5 Hev, e {75, V50 ). (3.42)

One can see that equation (3.42) for "%, obtained from the *F({e})-functional
extremum condition (3.40), is equivalent to equations

(T-S2,), T, S°

v(fer)) = ”T>Pw({€u &)
That is, in the present approximation (see (3.36)—(3.39)) the relations between the
density matrices are not violated:

(S2),, = (S0) = py = Spg, Pur -

Puvr

Putting e, = 0 (3¢5, = 2, "o . = "pf, see also (3.7), (3.36), (3.37)), taking into
account the following relamons

(82 = OFMY) g O Tul{n )

D 50 por 9 3
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and going to the uniform fields case »® = 5% ("p% = % 3% = %, "3 = "), from

(3.41), (3.42) we obtain the system of equations for the single-particle distribution
functions k(S“)kp and cluster fields ¢® in the TPCA for the uniform fields case.

(S“> %’ (3.43)
OFi({3}) 10 .7:12({%}) (3.44)

8;}“ 2 8%‘1

Here Fi({3}) and Fi5({5}) are the single-particle and two-particle intracluster F-
functions for the uniform fields case (3.22), (3.24). The factor 3 in the right hand side
of equation (3.44) arose at going from the partial derivative of the F,.({"%,," . })-
function with respect to "3 in the non-uniform fields case to the partial derivative
of the Fio({5})-function with respect to 3 in the uniform fields case.

3.4. Pair distribution functions

Let us briefly discuss the method of calculation of the pair CGFs functionals of
the reference system presented in [54], based on the technique developed in [47] for
the Ising model. Starting from (3.5) and (3.41), we obtain an expression for the pair
CGF functional

a3

UMD =T S S =2 / dry FP (2] Blle)) S (3.45)

Hjilry

Having in mind the calculations of the pair CGFs (see (3.7)) for the uniform
fields case, and since for specific systems single-particle intracluster pair CGF's
(T, S (1) S%(72))¢  (see (3.31), (3.36)) in uniform ﬁelds case can be calculated

Pv
directly, we need to obtain an equation for § 553 _/d 202 [47,54,56].
We introduce the notations
~ /! (ag ag) . 5 ~337'3 . T~/ <a3 ag) _ 5 T%S?TS . <a3 ag) . 5 rSOCVlSTa (3 46)
vu\T3 | T2 5 %u - vpu\tg T/ — 5 %ZQT2 ) (‘OVM T3l ) T 5 %227—2 .

Taking the functional derivative § /6 52 from both sides of equation (3.42), and
taking into account the relation

rktﬁu(is %2) = 54#(?’5 ?—22) - @V}L(?’; ?—22) (347)
(see (3.20)), we obtain

1
S [ F ] e - Al -
asz
_Z/dmwo e, o) [ (1) = "l (5122

+y / dry FOO(2] SlHeneh) |7, @12 - el @) . (3.48)
as
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Going to a matrix form in (3.48) * and performing some transformations, we obtain:

~

FEVened) = FOGN)| - 2+ T erned) - F =

_ (2,0 et 7(1,1) vt

- Fur <{8V7 87}) SOV;L + ‘Fl/T' <{8V7 87}) Sor,u . (349)
Introducing the notations

For = [FEOer e D] FibV(es e
Upr = []?5370)({51/7 57’})]_1 : ﬁ£2)<{5w€r}) ) (3-50)

we rewrite equation (3.49) as

=

T@I/xu + fl/T V@;y fl/T ’ ;\f;’u + (1 UW") u,u ’ (T S ﬂ-l/)' (351)

We obtain an equation (3.51) with unknown "y, ,, ", ,. One more linearly indepen-
dent equation still should be derived. After changing indices r = v, we get

VBl A v Bl = v s+ (L= T0)5, (v em). (3.52)

One can easily see that (3.51) and (3.52) are a system of equations for "y, ,, "¢/ .
Summing up over r € 7, in (3.51) and taking into account the fact that

l/;j, = I/,U« 1_'_ Z T@;M ) (353)

refly

from the system of equations (3.51), (3.52) one obtains a closed equation for 5, ,

O+ Rl Fof] [Fo- A -0} 2, =
rem,
=0T+ Y P [T T ] B B (3.54)

refly

'Here the matrices have a block structure; for instance in terms of (x,y, 2):

R FP(alalfey) F(xlyle)) F(al 2l{e))
FPMp) = | FPWl e Flyle) FPl ) |
FP(lalfe) FPGlyle)) FO(2 2lfe))

where the submatrices

FO) e FO(8 2le)) F2 (o)) - F2>8] #He))
FD(a1] azl{e)) =

f,£2) a1 ag‘{ V} f,£2) 1111 dr‘{ U} ]:52) 1111 g?l‘r‘{ V} f,EQ) ay az‘{fv})

are the M x M matrices (M = &= 4+ 1). At d7 — 0 M — oo.
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Let us put €? = 0 and go to the uniform fields case »? = »*

FEOes ) = FOO Qeva) — FB¥y FPE) — Y

l/

A~

FiV (e e) = Foth e e) — FVs For = foen) — F
@\Vr = i)\(y_r) — 0 (355)

in equation (3.54). Then it can be rewritten as

N
[T+ (z—1)F2—2(1— @)] =0T 6+ 0 me -2, (356)
where

T = { Lorem (3.57)

It should be remembered, that with putting €2 = 0 we go from the single-particle and
two-particle intracluster CGF functionals (see (3.31), (3.32)) to the corresponding
CGFs (see (3.36), (3.37)).

Going to the frequency-momentum representation in (3.56) and solving the ob-
tained equation, we get for P (¢, wn)

XY

(G wn) = [1+(2 1) (@) = 2[T = 8(wa)] = Flwn) Blwn)-7()

X [1=f*wn)] - (3.58)

Here

-~

Flwn) = [FEOwa ™ FP(wa) s Blwn) = [FE2wa)] ™ - FP(wa)  (3.59)

and F o (w,), F5 (wn), F(w,) are 3 x 3 matrices in the indices a,b (a=uzy,z
or 4+, —, z), their elements are Fourier transforms (]:130 (&9, Fit (wn) F (@) of
the pair 1ntracluster CGFs (T, 59(7) S2(0 )es (Tr S(7) S55(0))s ., (T, S¢(7)57(0))s,,
respectively. m(q) is the Fourier transform of the function 7,,.. For simple lattices
with a hypercubic symmetry, 7(q) reads

(q) =2 Z cos(q; - @) ; (3.60)

d is the lattice dimensionality; « is the lattice constant. The obtained matrix ex-
pression (3.58) can be rewritten as

D) = (= DT+ Flen)] + 2T )] Flw)8e) 0@)]

~

Z0(w
[T + flwn)], (3.61)
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where ©(q") for simple lattices with a hypercubic symmetry is

7)) _ 2 S g
O(@) =1 . dZsm( 5 ) (3.62)

Putting €2 = 0, going to the uniform fields case in relation (3.45), and going
to the frequency-momentum representation, we obtain expressions for pair CGFs,
which are convenient to rewrite in a matrix form in the indices a, b:

DO, wn) = F (wn) - 52" (§,wn) - (3.63)

Hence, in order to calculate the pair CGFs of the reference system in the uni-
form fields case from (3.63), we need to calculate (according to (3.61) and (3.59))

the single- and two-particle intracluster pair CGFs F? (&0 = ((T7 5¢(1)S5(0))5,)
FEYE = (T 510 S0, Fiz” (60 = (T 51(7) 53(0))5,,).,,-

wn?

4. Ising model in transverse field

4.1. Thermodynamics. General results

We consider the Ising model in transverse field with a renormalized pseudospin
operator (5% = (—1,1)).

N

H=-> (hS;+T8}) — 5> KSiSi5— 5> 1S5S (4.1)
v

v=1 v,

Here K and J,, are the short-range and long-range pair interactions, respectively;
I is the transverse field; the quantity h — 0 is introduced for the sake of convenience.
Hereafter, the factor 8 = (kgT)~! is written explicitly.

In the framework of MFA for the long-range interactions, the Hamiltonian (4.1)
can be written as

H="H+INJm?, (4.2)

where
N
Jo = Z Ju,u ) m= <Sz>p (4?))
pn=1

and *H is the Hamiltonian of the reference IMTF

N

==Y [%255 n %xsgﬂ] IS RIS (4.4)
v=1 v,6
7 =h+ Jom; x'=I. (4.5)
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According to the results of previous sections, the free energy of IMTF within the
TPCA for the short-range interactions, with the long-range interactions taken into
account within the MFA, is

F = —kgT - "F + LN Jym®. (4.6)
The *F-function of the reference IMTF
k . zN
F = (1 - Z)N.Fl + T‘FH (47)

is expressed via the single-particle

Fi=InZy, 7 =Spge M, (4.8)
Hy=-) "S; #"=3x"+z20", (a=2z01) (4.9)

and two-particle
Fo=InZ Z1y =8 e Ptz (4.10)
12 12 5 12 Ps,.s, )

Hyp=—Y  2"(Si+83)— KSiS5; 2 =s"+(z—1)¢", (a=2zu2) (411)

a=x,z

intracluster F-functions. Let us show briefly how these functions can be obtained.
The Hamiltonian H; acts based on the two functions of state of a single particle

1 +

) (4.12)

In the representation (4.12), the single-particle Hamiltonian reads

H = — ( T ) . (4.13)

n®  —xF

Taking into account (4.8), one can easily obtain the single-particle partition function
in an explicit form

Zy = 2ch(BA) ; A= /(57)2 + (5c%)2. (4.14)

The two particle Hamiltonian H5 acts based on the four functions of state of a
two-particle cluster

(4.15)

=~ W N~
|
+
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In the representation (4.15), the Hamiltonian H;, reads

25 + K %% x® 0
3 -K 0 P
H12 - — . . . (416)
3 0 -K P
0 2 2 — 2%+ K

Based on (4.10) and (4.16) we obtain the two-particle partition function

4
Zip =y e PEn) (4.17)
i=1
where
(E12)4 — K y (418)

whereas three other eigenvalues (E12),, (Ei2),, (E12)4 of the matrix (4.16) are roots
of a cubic equation

B3+ KE?, — [K2 LA+ 4(%2)2} By — K [K2 LA — 4G =0, (4.19)

From (3.43) and (3.44), taking into account the fact that in the framework of
the MFA for the long-range interactions

. 1dF . 1d*F
(5%), = “Ndn (S, = TN das (4.20)

(this can be obtained from the explicit expression for the free energy (4.6)), we get
equations for the parameters m = (S%) , n = (S%), and cluster fields ¢* (a = z,z)

~ Ty 3 . o —B(E12),

7 a2 [~ (Bro), — Kle™” % ) .
phioh) =—- Z; 3(En)? + 2K (Bp), — [K2 + 4G22 + 427 (4.21)
~z Z, 3 _ —B(E12),

A = 2 [~ (Er), + K]e™ "7 ] .

A A =7- Z; 3(En)? + 2K (Bp), — [K? 1+ 40272 1 4077 (4.22)
m— %xzth(ﬁA), (4.23)
n= %th(ﬁ/\). (4.24)

When the long-range interaction is absent (J, = 0), we have a system of two equa-
tions (4.21) and (4.22) for ¢*, ¢* in an implicit form ((E1), are roots of cubic
equation (4.19)) and expressions (4.23) for m and (4.24) for n. When Jy # 0, we
have a system of three equations (4.21) — (4.23) for ¢*, ¢*, and m, and an expression

for n.
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Numerical analysis of the thermodynamic characteristics and longitudinal static
susceptibility x** (which is too cumbersome to be presented here) obtained here
within the TPCA in the short-range interactions, with the long-range interactions
taken into account within the MFA, as well as the study of the applicability bounds
of this approach to the IMTF on different types of lattices at different values of
the parameters I', Jy will be given elsewhere. Here we shall only briefly consider the
major results at K >0, Jy > 0, I' > 0. We shall use the terminology of ferroelectricity.

For the one-dimensional IMTF at Jy =0, the two-particle cluster approximation,
unlike the MFA for the short-range interactions, does not predict the existence of
ferroelectric ordering (at 7' > 0 and arbitrary I' the system is in the paraelectric
phase). Comparison of the TPCA results for the free energy, entropy, and specific
heat as functions of temperature (expressions for entropy and specific heat were
obtained for the paraelectric phase only) at different values of I'/ K has shown, that
this approximation yields fair results for these characteristics at all temperatures ex-
cept for the low-temperature region. Thus, at high temperatures, the TPCA results
accord with exact results not only qualitatively, but also well enough quantitatively.
The lower is the temperature the more the results of TPCA differ from the exact
ones (too low values of free energy, entropy, and specific heat), whereas in the low-
temperature region 7' < T (kgTi/K < th({/#-T/K) + ¢-T/K) are qualitatively
incorrect (for instance, the free energy is an increasing function of temperature).

For the one-dimensional model at Jo > 0, as well as for two-dimensional and
three-dimensional models at Jy > 0, the TPCA for the short-range interactions with
the long-range interactions taken into account within the MFA predicts that a limit-
ing value (I'/ K)x exists which depends on Jy and z, and above which a ferroelectric
ordering is impossible (the latter is a qualitatively correct result). At (I'/K), <
/K <(T/K)x (where (T/K),=\/c(z,T, Jo, K)-2Jo/ K, ¢(2,T, Jo, K) 2 2) this ap-
proximation predicts a phase transition from the paraelectric phase to the ferroelec-
tric phase on lowering temperature and the phase transition from the ferroelectric
to the paraelectric phase — the so-called anti-Curie point. At small enough values of
I'/K < (I'/K), the anti-Curie point is absent, but the temperature behaviour of the
thermodynamic characteristics remains qualitatively incorrect. The low-temperature
region of T'< T}, where the TPCA yields incorrect results for thermodynamic char-
acteristics, is reduced when the values of I'/ K and Jy/K decrease (see table 1). In
the high-temperature region 7' > T} at Jy =0 and z > 2, the TPCA is much more
correct than the mean field approximation for the short-range interactions.

We also performed a numerical analysis of the TPCA results at neglecting the
variational parameter ¢ (¢p”=0). This version of the approximation is not suitable
for one-dimensional chains. Thus, at small enough values of Jo/K < 0.09 and I'/ K,
Curie temperature increases on increasing I'/K. At Jo =0 and I'/K € ]0, 1.28] a
ferroelectric ordering is predicted.

For two-dimensional and three-dimensional lattices, neglecting the variational
parameter ¢* leads to a slight quantitative worsening of the results in a high-
temperature region and to a qualitatively correct description of temperature de-
pendences of thermodynamic characteristics (m(7), x**(7")) in a low-temperature
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Table 1. Temperature of the anti-Curie point Ty, temperature 7] below which
unphysical results for m(7") and x**(7T) are obtained, and Curie temperature for
a square lattice (z = 4) at different values of I' and Jp within the TPCA for the
short-range interactions, calculated with the long-range interactions taken into
account in the MFA.

kpTo/K | ksTi/K | kpTo/K | Jo/K | T/K
0.01 057 | 2.86 00 |05
0.26 0.93 2.40 00 |20
0.03 0.96 3.04 04 |20

region. The larger is the lattice dimensionality and the value of the long-range inter-
action and the smaller is the transverse field the smaller is the mentioned worsening.

4.2. Thermodynamics and intracluster pair distribution fu nctions in para-
electric phase

In order to study the dynamic characterictics of the IMTF in the paraelectric
phase, we write here certain relations for some thermodynamic quantities in the
paraelectric phase (* = 3* = 3* = ¢* = 0, m = 0). The eigenvalues (Er2),; of
two-particle Hamiltonian (4.16) in the paraelectric phase are (see (4.19)):

(Fi2); = —L; (Er2)y = L; (Er2)g = K ; (Br),=—-K, (4.25)
where

L =\/K2+4(3)" . (4.26)

From (4.25) we obtain the two-particle partition function in the paraelectric phase
explicitly

Z1y =2 [ch(ﬁL) + ch(/aK)] (4.27)

In the paraelectric phase, equations (4.22), (4.23) turn to identity, while equation
(4.21) for the variational parameter ¢” can be written explicitly, using (4.25)
. 437
~ LZy

th(Bs sh(BL) . (4.28)

We also present here an expression for n = (S¥) x
n = th(Gx") . (4.29)

To calculate the pair CGFs of the reference model (4.4) within the TPCA (see
(3.63)), we need to know the single-particle and two-particle intracluster pair CGFs

.7-"1(2) (&), f;’o)(“’b), 1(;’1) (@8) (a,b = ,y,2). Let us calculate now the two-particle

Wn, Wn
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intracluster CGFs. It is convenient to do so in the self-representation of the operator
ng.

Since we have explicit expressions for the eigenvalues of the two-particle Hamilto-
nian (4.16) in the paraelectric phase (see (4.25)), it is easy to obtain the normalized
unitary matrix, which diagonalizes the two-particle Hamiltonian

T T2 0 ]_/\/é
To —T ]_/\/5 0

) 4.30
To —T1 —1/\/5 0 ( 3)
T1 T2 0 —1/\/§

U=

Here we use the notations
W=t VITEL: =i yi“KIL. (s
Going from the Pauli operators to their four-row analogs [50-52]
ol =51®1; oy =1®53; a=2x9,2 (4.32)

(here [ is the two-row unit matrix, ® is the direct product symbol; matrices 0% obey
Pauli commutation rules) and performing a unitary transformation

e =U"'o"U, (4.33)
we obtain the pseudospin operators in the self-representation of the operator His:
0 0 T2 T1 0 0 —T2 T1
~z O 0 —T1 T9 . ~z O 0 T1 T2 .
0-1_\/5 To —T1 0 0 ' 02_\/§ —T9 T 0 0 ’
o2 0 0 rn re 0 0
2%/ —K/L 0 0 2%*/L —K/L 0 0
5T _ -K/L —-2x*/L 0 0 |. 5T _ —K/L -23x"/L 0 0 |.
e 0 0 0o —-1]" 7 0 0 01|’
0 0 -1 0 0 0 10
0 0 71 T9 0 0 —nr T
~ : 0 0 rog —n - . 0 0 —ry —m
y _ . y _
&Y =1v2 i e 00 5 =1V2 1y 0 0 . (4.34)
—T9 1 0 0 —T92 T 0 0

Expanding operators ¢ (4.34) in finite series in the four-dimensional Hubbard op-
erators [50-52], following [14,57], we easily calculate the two-particle cumulant pair
intracluster Green functions:

) e o 0

F50(wn) = o Flum FRPen |
o FUe FEUe)

R Rl o 0

Fiy(wn) = o FUe FRPen | (4.35)
0 FUE FLUE
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where

FROEe) = (T, 63(1) 65 (0))S,), = Asd(wy) + A (wn) 3

P12

2.0) (y,yy _ 4 =y . .
f (wn) - BLZH'QZ)(Wn) [(2% )~Sh(6L) + C+ w727,] )
2,0) 2,0) 8 wy, '
Fio (G0 =-F(5Y) = m[a + sh(BL)w]] ;
n - BLZop(wy) "
Fi' (55 = (T 61 (085 (0)5,,),, = Asd(wn) + A (wa) ;
L,1) ry,y 16BK&J7QL )
P2 ) = T 5 ()
(1,1) 2 (1,1) 2, . 323Kﬂ::{an .
R = —FE =S
(1) mey _ GABE(57)°
Fiz (57) Bt (4.37)
Here we use the notations
45\ 1
A= (f5-) Lt c(BE)R(PL] ;B =3eh(5L) — ch(BK)]
8K (Ksh(BL) | Lsh(BK)\
As(wn) = BLZo <4L2 + w? + 4K? +w3l> ’
C. = [L* + K?|sh(BL) + 2LKsh(BK) ; (4.38)
V(wp) = [(L+ K)? +?][(L — K)* +w?]. (4.39)

The most convenient way of obtaining the single-particle intracluster CGFs is,
by performing a rotation in a spin space, to go to such a coordinate system, where
Hamiltonian (4.13) is diagonal. We present here the final result (after the inverse
transformation) in the paraelectric phase in terms of a = z, y, 2:

R [1—n?]0(wn) 0 0
F (wn) = 0 gwn)  gwn) | (4.40)
0 —¢'(wn)  g(wn)
Here we use notations
4 n- x” / Wn
_ = . = . . 4.41
g(wn) 3 (2%5’3)2 o ; g'(wn) 95.% g(wn) ( )

At obtaining (4.40) we used the fact that within TPCA for the short-range interac-
tions, taking into account the long-range interactions in the MFA, (S*),, = (5%) =

n.
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4.3. Dynamics in paraelectric phase. Cluster random phase a  pproximation

Our task is to investigate the dynamics characteristics of the IMTF in the para-
electric phase within the TPCA for the short-range interactions and within the
(rg®)° approximation for the long-range interactions [54,58] — the cluster random
phase approximation. The first step is then to calculate the temperature CGFs.

In CRPA the pair CGF G(7,w,) = b (7, w,) according to (2.14) is

G(q,wn) = [1 = "G(q,wn) BI(@)] G (G, wn) (4.42)
where
R 00 0
J@)=100 0 : (4.43)
00 J()

(in terms of a = x, v, 2), and *G(7, w,) = ¥6® (7, w,) is the pair CGF of the reference
system, which in the TPCA reads (3.63).

From (4.42), (3.63), using (4.35), (4.40), we obtain pair CGFs. For G**(q, wy,),
and G**(¢,wy,) in the paraelectric phase we have:

Anp, + willp. + w;]

67 () = 8) - G (7) . O (fn) = P (4.44)
Here we introduce the notations
@) = =) { L -y a1 3 oM}
b(T) = 3557 {ﬁgshm) sh(ﬁKHﬁK[l—f—f] s )

R(@wn) = [ + 2] [wh + 1202 4 w0 — 400 (@) o, + 7]
ABLI'K

+m'¢(wn)2‘@(€7);
o 2LK[-sh(BK)+2B]  _, , 2LK[sh(BK)-2B]
R sh(GL) P P= AL sh(BL) ’
Uy =222 [K*+ L]+ (2= 1)*[(25")* 4+ p,] — 22(2—1){ [(2;1 asdl +p+};
ug = 4T{4z(3")* — (z—1)5"p, } . (4.46)

In calculations of (4.44) we used the relations (4.28), (4.29).
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It should be noted that from (4.44) one obtains the static longitudinal suscepti-
bility (x** = G*#(0,0)) of the IMTF in the paraelectric phase

-1

ZLZ12 ( —].)JN{
= _ AR | . (4.47
2{L+K .efL — £+§ e—BL _ LgLK eﬁK} th(B5) 0 ( )

(Jo = J(¢=0)) which accords with the one calculated from thermodynamic relations
in the TPCA for the short-range interactions, with the long-range interactions taken
into account in the MFA.

To explore the dynamic properties of the IMTF we needn’t know the temperature
CGFs (4.44), but the retarded CGFs. We can calculate them [59] by performing
analytical continuation of the temperature CGFs G%(q,w,) (iw, — E +iE’) and
going to the limit £’ — 0. The final results for spectral densities J**(¢, F) and
J*(q, E), defined as

jab(cf, E) = lim 2h5

E'—0 | ePE —

o1 (G, wy, : 4.48
mGHG W)y (4.48)
and for the pair cumulant correlation function (SZS?.)° are the following.

The spectral density J**(q, E') of the IMTF in the paraelectric phase within the
CRPA reads

TG, E) = §(E) - G*(q) . (4.49)

Let us note, that an exact expression for J**(¢, E') of the one-dimensional IMTF
with the short-range interactions only [31] has not only the central peak (~ §(E))
but also two symmetrical resonance zones. The absence of the resonance zones within
the CRPA for J%*(q, F) results from neglecting the fluctuations of cluster fields in
this approximation.

The spectral density J**(¢, F') (in the paraelectric phase) can be presented as

WTE@E) = Y K(@)[0E - E@) + M DNE+ E(@)] . (450)
i=—,4,r

where F;(q) (i = —, +,r) are the elementary excitation spectrum modes, determined
from the equation (see (4.44), (4.46))

R(d,wn) ~0, (4.51)

wn——iFE

and k7 (7) are the integral intensities of the elementary excitations spectrum modes

Jo oy — BN — EXNG)
k) (7) = 4nTTn A7) = @5 — 1) Ey(7) (4.52)
Here we use the notations:
= 1 Z.171.271.3 - (_7+7T) )
i = - = = -, ) ) ) ) X . (4.53
A= EO - BOE@ - B@)] it bt ita Y
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It should be noted that at ¢ =0 (see (4.44), (4.46)) there are only two modes
Fa(0) = — \/U 4 Juz—avu (4.54)
+ - \/§ 2 2 0, .

U2 = Ug — 4?7FJO, U(] = Ug — 47]FJOp+ (455)

The mode F_(q7) is soft (E_(0) — 0, T"— T¢).
For the pair cumulant correlation function (SZS? )¢ from

where

(S35 =1 / dE TG, B) | (4.56)
we obtain
— E2(q — E%(q

- Ei(q)

Let us briefly consider the results of numerical analysis of the longitudinal char-
acteristics of the IMTF at z =2, J,, =0 (K = 1). As we have already mentioned,
within CRPA the spectrum of the longitudinal characteristics of the model contains
three nondamping modes E_(q), E.(q), E.(q) with the integral intensities k7 (q),
k7(g) and k;(¢) in the spectral density J**(q, E'). The calculated dependences of
FEi(q), k{(q) at different transverse fields and temperatures are presented in figure 1.
On increasing I', temperature, and ¢, redistribution of the intensities from low fre-
quencies to higher frequencies is observed. At large I' and at low temperatures the
redistribution on increasing ¢ takes place, first, mainly from E_(q) to E.(q), and
then from E,(q) to Ey(q). At large I and at high temperatures the redistribution
takes place mainly from E_(q) to F,(q). At small I" the redistribution is practically
absent.

In figure 2 we present exact and approximate (CRPA) results for the static corre-
lator (S7S57,,,) at kgT = 0.6 and kg7 = 1.0 at different I'. The CRPA gives too low
values of (S2S7Z, ), especially at low temperatures. Thus, the autocorrelator (S257%)
at low temperatures is essentially smaller than unity. The higher is the temperature
and the smaller is I' the better the CRPA results accord with the exact ones.

Let us also discuss the redistribution of the modes intensities £_(0), £, (0) on
changing T' and temperature. At temperatures kg7 > /T, change of the modes
positions and integral intensities (obtained within the CRPA) on changing I' and T’
qualitatively describes the change in the frequency dependences of the real part of
the relaxation function Re ¥*#(0, E), calculated numerically [35,36] or exactly. Thus,
for instance, at I' = 1 and kgT = 0.8 (see figure 3) Re ¥##(0, £') has a prominent
resonance zone at F close to zero. Smearing of this resonance zone on increasing 7' is
qualitatively described by increasing k7 (0) and E_(0) and by decreasing k7 (0). On
the other hand, for instance, at T'— oo (see figure 4), a shift of the resonance zone
Re¥#*(0, E) to higher frequencies region on increasing I" is described by increasing
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Figure 1. Elementary excitations spectrum modes F;(q) and their integral inten-
sities k7 (q) (within CRPA) as functions of quasimomentum ¢ at different tem-
peratures (thick lines — kg7 = 1.0, thin lines — kg7 = 4.0) for I = 0.5, 1.5, 2.0.
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(S2S%..) (5557 4n)

v™~v+n

0 2 4 6 8 10 12 n "0 2 4 6 8 10 12 n

Figure 2. Static correlation function (S7S7,, ) at different values of I' and tem-
perature (kg7 = 0.6, 1.0) calculated within CRPA (solid lines) and exactly [60]
(dash lines). Exact and approximate (CRPA) results for Ising model (short dash
lines) coincide.

2I-Re VU (0, ), kI (0)

- 02

kgT =4 sl kgT - ©

0.1+

0 1 2 3 4 5FE/r

Figure 3. Frequency dependence of 2I'-Re ¥*#(0, E) for I' = 1.0 at different
temperatures (kg7 = 0.8, 4, oo) calculated numerically [35,36]. Vertical lines
correspond to the mode integral intensities k7 (0), k7 (0) within CRPA (solid
line) and kg (0) within RPA (dash line).
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9T -Re (0, E), k! (0)

3+ 0 3+ 0 3+ i0 3+ 0

7= r=0.5 r=1.0 i =15 r=2.0
2t 2t 2r 2F —

™ , /

™~ +
1+ 1+ 1k -
*
+ . k

0 T T T T 0 T T T 0 T i T T 0 T T I T

1 T — T .
o 2 4 E/r O 2 4 E/r O 2 4 E/f O 2 4 E/T

Figure 4. Exact results for frequency dependence of 2I"-Re U##(0, E') at T' — oo
at different values of T' (I' = 0.5, 1.0, 1.5, 2.0). Vertical lines correspond to the
mode integral intensities k7 (0), k7 (0) within CRPA (solid line) and k{ (0) within
RPA (dash line).

E_(0) and k7 (0). The fact that the resonance zone at I' = 0.5 is more prominent than
at I' = 1.0 is described by decreasing k7 (0) and increasing k7 (0) at I increasing. The
fact that at I' = 2.0 the resonance zone Re W#*(0, F) is more prominent than at I' =
1.5 is described by closing in the positions of £_(0), E,(0) modes at I' increasing.
In figures 3, 4 we also depicted the results of the random phase approximation
(RPA) for the short-range interactions. This approximation describes the frequency
dependences of the real part of the relaxation function in the cases presented in
figures 3, 4 qualitatively well only at T"— oo I' = 1.5, 2.0.

We restricted the presented numerical analysis of the longitudinal characteristics
of the one-dimensional IMTF (at J,, = 0) by the values of the transverse field
0.2 < I' < 2. A more detailed analysis both at J,, = 0 and at J,, # 0 and with
the values of the microparameters corresponding to the CsHoPO, crystal will be
performed elsewhere.
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Ba3ucHui nipxip B Teopii nceBao0CNiHOBUX CUCTEM

P.P.JleBnupkuin, C.1.Copokos, O.P.bapaH

IHCTUTYT di3nKmM koHaeHcoBaHUX cuctem HAH YkpaiHu,
79011 JlbBiB, ByN. CBEHLUjLBKOrO, 1

OtpumanHo 18 keiTHa 2000 p.

[nsa TeopeTnyHOro onncy NCeBAOCMNIHOBMX CUCTEM 3 CYTTEBMMM KOPOT-
KOCSXKHUMM Ta AANEeKOCSHXXHUMU B3aEMOLISIMU BUKOPUCTOBYETLCS Me-
TOL, KN FTPYHTYETLCHA Ha PO3PaxyHKy (yHKLioOHany BiNbHOI eHeprii 3
0a3MCHUM ypaxyBaHHSAM KOPOTKOCS)KHUX B3aEMOZIN Y KNnacTepHOMY Ha-
OMXKeHHI. Ins KBaHTOBUX NCEBAOCMIHOBUX CUCTEM 3aMpPOMNOHOBAHO Mo-
cnigpoBHe GOPMYNIOBAHHS METOAy KNaCcTEPHUX PO3BUMHEHbL Ta METOA,
KM Jae 3MOry B pamMKax K/laCTepHOro HabnmxkeHHs oTpumaTuy ans 6a-
3UCHUX TeMnepaTypPHUX KYMYNSHTHUX QYHKLUIM [piHa LOBiNbLHOIo nopsaa-
Ky PIBHSAAHHA TNy piBHsAHb OpHwTenHa-LepHike. B HabnuxeHHi aBoda-
CTMHKOBOIO KJjlactepa B SIBHOMY BUMSi OTPUMAaHO BUpPa3 i napHoi
TemnepaTypHoi KyMynsaHTHOI dyHkuii MpiHa 6a3ncHoi cuctemun. Y kna-
CTEPHOMY HabNMXEHHI XaOTUYHNX pa3 Po3paxoBaHi Ta AOCNIOXEHI Tep-
MOOVHaMIYHi XapakTEPUCTUKN, CNEKTP eNleMeHTapHUX 30yKeHb Ta iHTe-
rpasibHi iIH-TEHCMBHOCTI risIOK crekTpa Mmoaeni I3iHra B nonepeyHomy noJii.

KniouoBi cnoBa: ¢paszosi nepexoau, rnceeaocniHoBi Moaesi, 6a3ncHui
niaxig, knactepHe HabsvixxeHHs, PiBHSIHHS OpHLTeliHa-LlepHike, M’sika
mona

PACS: 03.65.-w, 05.30.-d
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