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Integration is performed over collective variables in the partition function
functional of the two-particle magnetic cluster system using the fourth ba-
sic measure density. To rigorously consider the Gaussian and the non-
Gaussian fluctuations of the order parameter when dipole-dipole interclus-
ter interactions take place, a two stage layer-by-layer method of integra-
tion is applied. To get the equation for the order parameter, the procedure
of minimizing the integrand with the last (corresponding to zero values of
quasimomentum and Matsubara’s frequency) collective variable is used.
Solutions of this equation in the phase transition point neighbourhood are
found.
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1. Introduction

As it is well known the first successful theory for cooperative phenomena, namely
for ferromagnetic phase transition description, was introduced by P.Weiss in his
molecular field theory [1]. In this theory the only atom is taken into consideration,
all interactions of this atom with the other atoms of the crystal being replaced due
to the action of the effective (molecular) field. The role and the significance of this
theory in the further development of the phase transition theory is enormous, but
it is largely insufficient as well.

Thought the theory distinctly describes the main fundamental physical proper-
ties of ferromagnets it does not give a sufficiently good quantitative agreement with
the experiment. This is caused by a complete neglect of correlation effects between
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particles. Therefore, it is only natural to make at least a small region of the crystal
undergo a rigorous treatment and to replace the effect of the remaining regions of
the crystal by the self-consistent (i.e., molecular) field.

The introduction of this idea into the theory of ferromagnetism is connected
with T.Oguchi, H.A.Bethe, R.Peierls, R.Kikuchi, P.Weiss and others [2]. In this ap-
proach, the main attention is focused on the arbitrarily chosen central atom and its
z nearest neighbours. The application of statistical physics methods to the system of
z +1 atoms (cluster) in the molecular field makes it possible to calculate all thermo-
dynamic functions and to investigate their behaviour in a wide temperature range
including the phase transition point. Hence, one may find a better coincidence of the
physical values predicted in this approximation with the experiment as compared
with the same for the simple molecular field approximation. The main difference
of theoretical and experimental dependencies is concentrated both near the phase
transition point and at very low temperatures, where quantum properties of the
investigated system play an essential role. Since the cluster approximation is only
an improved version of the ordinary molecular field theory and correlation effects
in this approach are completely ignored, the critical behaviour of thermodynamic
functions near Tc is far from being true. However, for the systems possessing a nar-
row phase transition point neighbourhood the application of the cluster approach
is well founded, with the exception of low temperatures (in the quantum systems
case).

For ferroelectric systems, the cluster approximation has been applied by R. Blinc
[3]. The starting-point in his investigations of a ferroelectric phase transition in KDP
was the Kubo cluster cumulant expansion [4]. Having confined himself to the first
order of expansion, R.Bline has found an expression for free energy of the system
based on the principle of consistency for many-particle matrices of density. The
paper [3] appears to be a foundation for the subsequent investigations of hydrogen
bonded ferroelectrics of KDP-type [5].

The cluster approximation in the form based on the paper [3] was used by
R.R.Levitskii with collaborators in the numerous investigations concerning KDP
and isomorphous crystals with hydrogen bounds [6–16]. The scope of his interests
is very wide, i.e., from static properties to the dynamics and relaxation behaviour
of the systems. From mathematical point of view, the problem is how to simultane-
ously take into account long and short range interparticle interactions. The cluster
approximation for short range forces and the molecular field for long range forces
of interparticle interactions is a good approach for the crystals with a small critical
region. The main achievements herein appear to be as follows: a quantitative descrip-
tion of polarization and phase transition temperature, tensor of static and dynamic
dielectric susceptibility, times of relaxation, the effect of stress on the physical prop-
erties for different hydrogen bonded ferroelectrics. These results are realistic due to
a scrupulous selection of the basic parameters for the Hamiltonian of interparticle
interactions in the crystals.

Notwithstanding the great advantages of the cluster approximation method (i.e.,
a clear physical idea, fairly simple mathematical form and the possibility to obtain
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good coincidence with experimental facts), the method is completely unacceptable in
the vicinity of the phase transition point neighbourhood. For this kind of investiga-
tions, we need the methods taking into consideration the Gaussian and non-Gaussian
fluctuations of the order parameter. In the present paper, the collective variables
method [17] is used for detailed investigations near the phase transition point of
ferromagnetic system with the cluster type of short-range interparticle interaction.
In [18], the functional representation was obtained for a partition function function-
al of the system containing an exchange Heisenberg-type interaction between the
spins from the same cluster and magnetic dipole interaction of spins from differ-
ent clusters. The magnetic dipole interaction is decisive in a ferromagnetic phase
transition, which takes place in those systems. For example, in the Cu2(CH3CO2)4·
2H2O crystal, the unicomponent order parameter describing magnetization along
the ferromagnetic axis is completely determined by the magnetic dipole potential of
interaction between z-components of the total spin of the clusters [2].

The idea of the basic form of a short range cluster-type interaction in the partition
function functional is very close to the cluster approximation method exploited by
R.R.Levitskii, but we do not introduce any internal field (i.e., molecular field) which
is usually determined by minimization procedure. Such a field is proportional to the
order parameter of the system investigated and must be obtained due to a rigorous
procedure of integration over collective variables in the functional.

Taking into account the expressions for cluster cumulants of the two-particle clus-
ter system with dipole-dipole intercluster interactions of the Ising-type [18], based
on the general form of partition function functional [17,18] we have:

Z = Z0

∫

(dρλ(~k, ν))N exp

{

∑

λ=7,16

∑

k,ν

β

2
Φλ(~k)ρλ(~k, ν)ρλ(−~k,−ν)

}

×
∫

(dωλ(~k, ν))N exp

{

i2π
∑

λ=7,16

∑

k,ν

[

ρλ(~k, ν) −Mλ(~k, ν)δλ16

]

ωλ(~k, ν)

− (2π)2

2

∑

λ=7,16

∑

k,ν

Mλλ(~k, ν,−~k,−ν) ωλ(~k, ν) ωλ(−~k,−ν)

+
(i2π)3

3!

∑

λ1,λ2=7,16

∑

k1,k2,k3
ν1,ν2,ν3

Mλ1λ1λ2(
~k1, ν1, ~k2, ν2, ~k3, ν3)

× [δλ17δλ216 + δλ116δλ216] ωλ1(
~k1, ν1)ωλ1(

~k2, ν2)ωλ2(
~k3, ν3)

+
(2π)4

4!

∑

λ1,λ2=7,16

∑

k1,k2,k3,k4
ν1,ν2,ν3,ν4

Mλ1λ1λ2λ2(
~k1, ν1, ~k2, ν2, ~k3, ν3, ~k4, ν4)

× [δλ17δλ27 + δλ17δλ216 + δλ116δλ216]

× ωλ1(
~k1, ν1)ωλ1(

~k2, ν2)ωλ2(
~k3, ν3)ωλ2(

~k4, ν4)

}

;

Z0 = ZN
01 =

[

e
βV
2 (1 + 2 cosh βh) + e−

3βV
2

]N

. (1.1)
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Here ρλ(~k, ν) is a collective variable in the frequency-momentum representation;

ωλ(~k, ν) is a value conjugated to ρλ(~k, ν); β = 1/kT , k is the Boltzmann constant,
T is the absolute temperature; h is an external magnetic field, V is the energy of
two-particle cluster;

ν =
2π

β
n, n = 0, 1, 2, . . . (1.2)

is the Matsubara’s frequency.
For a Fourier transform of the intercluster dipole-dipole potential responsible for

ferromagnetic ordering of spins we shall use an expression

Φ16(~k) = ϕ0 − λ cos2 θ − A|~k|2, (1.3)

where θ is a polar angle in the ellipsoid of rotation coordinate system, ϕ0, λ, A
are constants which may be found, for example, using the Ewald method [19]. Out

of two collective modes corresponding to the variables ρ7(~k, ν) and ρ16(~k, ν) the
most significant in the ferromagnetic phase transition is the mode connected with
ρ16(~k, ν). Specifically, the mean value of ρ16(~k, ν) forms the order parameter of the
system investigated [18]:

M(~Rq) = 〈σz
1(~Rq) + σz

2(~Rq)〉 =
√

2〈ρ16(~k, ν)〉, (1.4)

where σz
f (

~Rq) is the spin of f -th particle in the q cluster.

In order to obtain M( ~Rq) (for ferromagnetic ordering M( ~Rq) = M) the inte-
gration of (1.1) over all variables with the exception of ρ16(0, 0) is necessary. The
present paper is carried out with the purpose of obtaining the equation for M and
analysing its solutions.

2. Integration over collective variables ρ7(~k, ν)

As it was mentioned above, the collective variables ρ7(~k, ν) did not take im-
mediate part in the ferromagnetic order parameter formation. Hence, they are not
directly connected with the collective mode which undergoes a peculiarity in the
phase transition point. The shape of distribution curve of ρ7(~k, ν) variables is unim-
portant with respect to temperature change (it remains Gaussian when temperature

passes Tc). Thus, for rigorous integration over ρ7(~k, ν) in (1.1), the Gaussian measure

density must be used. The higher orders of ρ7(~k, ν) and ω7(~k, ν) variables products
in (1.1) must be decomposed into a series and every addendum should be repre-
sented as a Gaussian momentum. Proceeding from the expressions for the cluster
cumulants of the investigated system [18] one may find that for weak external fields
and for temperatures close to characteristic ones, for example, for Cu2(CH3CO2)4·
2H2O (Tc = 270 K, V = 800 K) [2], the main field dependence is connected only

with ρ16(~k, ν) component:

M16 ≈ 0, 47βh, M771616 ≈ 0, 026βh, M161616 ≈ 0, 21(βh)3. (2.1)
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Using linear approximation in βh and taking into account the relation βh/V � 1 we

will take only first, second and fourth power of variables ωλ(~k, ν) in the form (1.1).
It may be noted that the third-order cumulants are omitted because their effect on
the measure density is small. An exact removal of these cumulants can be performed
by “shifting” the procedure for ωλ(~k, ν) the variables (see [20]). In the present paper
we will use the “shifting” procedure only for the variables with λ = 16.

After expanding the exponents with M7777 and M771616 into a series and using
the variables ωλ(~k, ν) for the n-order product, the n-order derivation will be as
follows:

const · exp

{

i2π
∑

k,ν

ρλ(~k, ν)ωλ(~k, ν)

− (2π)2

2

∑

k,ν

Mλλ(~k, ν,−~k,−ν)ωλ(~k, ν)ωλ(−~k,−ν)

}

× ωλ(~k1, ν1)ωλ(~k2, ν2) . . . ωλ(~kn, νn) =

=
const

(2πi)n
· ∂n

∂ρλ(~k1, ν1)∂ρλ(~k2, ν2) . . . ∂ρλ(~kn, νn)

exp

{

i2π
∑

k,ν

ρλ(~k, ν)ωλ(~k, ν)

− (2π)2

2

∑

k,ν

Mλλ(~k, ν,−~k,−ν)ωλ(~k, ν)ωλ(−~k,−ν)

}

(2.2)

we will integrate (1.1) over the variables ω7(0, 0), ωc
7(

~k, ν), ωs
7(

~k, ν), where

ωλ(~k, ν) =
1

2

[

ωc
λ(

~k, ν) − iωs
λ(

~k, ν)
]

. (2.3)

Formula (2.2) reduces the integration over ω7(~k, ν) to the calculation of a simple
integral:

I =

∫

(dω7(~k, ν)) exp

{

i2π
∑

k,ν

ρ7(~k, ν)ω7(~k, ν)

− (2π)2

2

∑

k,ν

M77(~k, ν,−~k,−ν)ω7(~k, ν)ω7(−~k,−ν)

}

, (2.4)

which is equal to

I =

{

∏

k,ν

1
√

πM77(0, ν)

1

πM77(~k, ν)

}

exp

{

−1

2

∑

k,ν

ρ7(~k, ν)ρ7(−~k,−ν)

M77(~k, ν)

}

. (2.5)

Now, the integration of (1.1) over ρ7(0, 0), ρc
7(

~k, ν), ρs
7(

~k, ν), where

ρλ(~k, ν) = ρc
λ(

~k, ν) + iρs
λ(

~k, ν) (2.6)
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may be carried out. Hence, after summing up the infinity series of screening potential

g7(~k, ν) =
βΦ7(~k)

1 − βΦ7(~k)M77(k, ν)
, (2.7)

we obtained, for the total partition function functional (1.1), the functional integral

over exclusively collective variables ρ16(~k, ν) which form the branch of collective
vibration of the system active in the phase transition:

Z = Z0Z7

∫

(dρ16(~k, ν))N exp

{

∑

k,ν

β

2
Φ16(~k)ρ16(~k, ν)ρ16(−~k,−ν)

}

×
∫

(dω16(~k, ν))N exp

{

i2π
∑

k,ν

[

ρ16(~k, ν) −M16(~k, ν)δ(~k)δ(ν)
]

ω16(~k, ν)

− (2π)2

2

∑

k,ν

[

M1616(~k, ν,−~k,−ν)

+
1

12

∑

k′,ν′

M771616(~k
′, ν ′,−~k′,−ν ′)g7(~k

′, ν ′)

]

ω16(~k, ν)ω16(−~k,−ν)

+
(2π)4

4!

∑

k1,k2,k3,k4
ν1,ν2,ν3,ν4

M16161616(~k1, ν1, ~k2, ν2, ~k3, ν3, ~k4, ν4)

× ω16(~k1, ν1)ω16(~k2, ν2)ω16(~k3, ν3)ω16(~k4, ν4)

}

, (2.8)

Z7 =
∏

k,ν

{

1
√

1 − βΦ7(0)M77(0, 0)
· 1

1 − βΦ7(~k)M77(~k, ν)

}

× exp

{

1

8

∑

k,ν
k′,ν′

M7777(~k, ν,−~k,−ν,~k′, ν ′,−~k′,−ν ′)g7(~k, ν)g7(~k
′, ν ′)

}

. (2.9)

The term in front of the integral in (2.8) at temperatures close to a ferromag-
netic phase transition point is continuous, all critical peculiarities of the system
been contained in the functional integral over ρ16(~k, ν). In the simplest Gaussian
approximation Tc is a solution of the equation:

1 − βcΦ16(0)M̃1616(0, 0) = 0, (2.10)

where M̃1616(0, 0) is a renormalized second cumulant at ~k = 0 and ν = 0. The

complete expression for M̃1616(~k, ν) has been obtained after summation over ν ′:

M̃1616(~k, ν) = M1616(~k, ν)

− M

24

∑

k′

βΦ7(~k
′)





1

V − βΦ7(~k′)N
+

β
√

V coth β

√

V (V − βΦ7(~k′)N
√

V − βΦ7(~k′)N



 ,

M =
sinh βV

βZ2
01

(

cosh βh − 2e
βV
2 sinh2 βh

Z0

)

, N =
e−

βV
2 sinh βV

βZ01
. (2.11)
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When short-range forces are absent (V = 0, M77 = M1616 = 1/4, M7777 =
M771616 = M16161616 = −1/16, Φ16 = 4J11, Φ7 = 0, Mλ...λ = Mλ...λ(0, 0), Φλ =

Φλ(0), J11 is a pair long-range interparticle potential at ~k = 0), the equation (2.9)
reduces to the expression for the ferromagnetic phase transition temperature in the
one-sublattice crystal (in Gaussian, or the so-called, random phase approximation):

Tc = J11 . (2.12)

It is well-known that formula (2.12) gives a somewhat big value for Tc. Hence, for
a precise calculation of Tc, the higher order approximation (taking into account the
non-Gaussian distribution of collective variables in (1.1)) should be used. We will

exploit this approximation to integrate (1.1) over ρ16(~k, ν) variables.

3. Integration over ρ16(~k, ν) collective variables

Since the order parameter, which arises below a ferromagnetic phase transition
point, is determined by the (1.4) formula, integration of (2.8) functional over all
variables with the exception of the variable ρλ(0, 0) is necessary. But it may be
checked (see [18]), that cumulants M̃1616, M16161616 are independent of Matsubara
frequency. Because the phase transition in its origin is the classical phenomenon (it
corresponds to ν = 0) and the spectrum of ν at real finite values of T is discrete
(see (1.2)), only the variables

ρk = ρ16(~k, 0) (3.1)

are the most important ones in the functional (2.8).
The integrand in (2.8) reduces to the multiproduct form when a transition to

the knot variables has been performed:

ρl =
1√
N

∑

k

ρke
i~k~l,

ωl =
1√
N

∑

k

ωke
−i~k~l, (dωk)

N = dω0

∏

k>0

dωc
kdωs

k =
√

2
N−1∏

l

dωl . (3.2)

Cumulants M̃1616 and M16161616 depend on quasimomentum only by means of δ-
symbols [18], so, using the fourth-order basic measure density for ρk:

f(ω) = exp

{

−(2π)2

2
M̃1616 ω2 +

(2π)4

4!
M16161616 ω4

}

, (3.3)

after integrating over ωk in (2.8), we obtain:

Z = Z0Z7Z16 , (3.4)

where

Z16 =
√

2
N−1

Q

∫

(dρk)
N exp

{

β

2

∑

k

Φ16(~k)ρkρ−k

}

∏

l

{

−1

2
a

(1)
2 ρ̃2

l −
1

4!
a

(1)
4 ρ̃4

l

}

.

(3.5)
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Here

ρ̃l = ρl −
√

NM16, Q = 2

∫

∞

0

f(ω)dω,

a
(1)
2 = (2π)2Q−1

∫

∞

−∞

ω2f(ω)dω = −2
∂

∂M̃1616

Q,

a
(1)
4 = −(2π)4Q−1

∫

∞

−∞

ω4f(ω)dω + 3a2
2 = −4Q−1 ∂2

∂M̃2
1616

Q + 3a2
2 . (3.6)

The techniques of integrating the (3.5) form over the collective variables in the

layers which contain ρ~k with a small deviation of |~k| from a certain mean value, and

the following transition to the point ~k = 0 was suggested for the isotropic Ising model
in [17] and for the ferroelectric systems with dipole-dipole intercluster interactions
in [21]. The essence of the method of integration proposed in [21] consists in the
possibility to divide every layer of the Brillouin zone of the crystal into pairs of
subzones, BG

n and Bq
n according to the main types of fluctuation processes in each of

them: Gaussian and non-Gaussian (quartic) ones. The sequence of such zones and
subzones is determined by relations [21]:

Bn :

[

0 < |~k| 6
B1

sn−1
; θn−1 < θ 6 π − θn−1; 0 < ϕ 6 2π

]

,

BG
n :

[

0 < |~k| 6
B1

sn−1
; θn−1 < θ 6 θn, π − θn < θ 6 π − θn−1; 0 < ϕ 6 2π

]

,

Bq
n :

[

B1

sn
< |~k| 6

B1

sn−1
; θn < θ 6 π − θn; 0 < ϕ 6 2π

]

, (3.7)

where B1 is an initial Brillouin zone, θ and ϕ are polar and azimuth angles in the
ellipsoid of the rotating coordinate system, s > 1 is a parameter for dividing the
Brillouin zone into layers [21],

θn = arctan

√

βλ

βϕ0 − a
(n)
2

− 1. (3.8)

After (n− 1) step of a two-stage layer-by-layer integration of (3.5) over ρk variables
for Z16 we have the expression:

Z16 =
√

2
N1

QNC0

n−1
∏

m=1

{√
2
−Nm

Cm

[

Q

(

d
(m)
2

(

Bm

s
, Bm

)

(2π)2
,

a
(m)
4

(2π)4

)]Nm−NG
m

×
[

Q(P
(m)
2 , P

(m)
4 )

]Nm+1
}

×
∫

(dρk)
Nn exp

{

−1

2

∑

k∈Bn

d
(n)
2 (~k)ρkρ−k

− 1

4!Nn

∑

k1,k2,k3,k4∈Bn

a
(n)
4 ρk1ρk2ρk3ρk4δ(

~k1 + ~k2 + ~k3 + ~k4)

}

. (3.9)
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Here Q

(

d
(m)
2

(2π)2
,

a
(m)
4

(2π)4

)

, Q
(

P
(m)
2 , P

(m)
4

)

are certain combinations of the modified Bess-

el functions of zm argument [17,21]:

zm =
3
[

d
(m)
2

(

Bm

s
, Bm

)

]2

4a
(m)
4

,

d
(m)
2

(

Bm

s
, Bm

)

= 〈d(m)
2 (~k)〉Bm

s
,Bm

, d
(m)
2 (~k) = a

(m)
2 − βΦ16(~k),

Cm =
∏

k∈BG
m

{

π

d
(m)
2 (~k)

}

exp







−a
(m)
4

8N

∑

k1,k2∈BG
m

1 + δk1k2

d
(m)
2 (~k1)d

(m)
2 (~k2)







,

P
(m)
2 =

√

12

a
(m)
4

K(zm), P
(m)
4 =

Nm+1

Nm − NG
m

6

a
(m)
4

L(zm),

K(zm) =
√

zm

(

K3/4(zm)

K1/4(zm)
− 1

)

, L(zm) = 6K2(zm) + 4
√

zmK(zm) − 1,

Nm =
N

s3(m−1)

√

1

βλ

(

βϕ0 − a
(m−1)
2

)

,

NG
m =

N

s3(m−1)

[
√

1

βλ

(

βϕ0 − a
(m−1)
2

)

−
√

1

βλ

(

βϕ0 − a
(m)
2

)

]

. (3.10)

A general expression (3.9) is close to the one obtained in [20] for a cluster fer-
roelectric system. It should be underlined that the method of integration suggested
here is based on taking into consideration the anisotropic character of the dipole-
dipole potential Φ16(~k), due to which the Gaussian coefficient d

(n)
2 (~k) remains non-

negative in each subzone BG
n .

Coefficients d
(n)
2 (~k) and a

(n)
4 determine the character of fluctuation processes in

the cluster system near Tc. Their mean values in different intervals of wave vectors
(layers of integration) satisfy the following recursion relations [21]:

rn+1 = s2(rn + q)

{

N̄n +
3

4zn

(

N̄ − 1

3

)(

1 − s−n

√

3

2βλ
(−rn)

)}

− s2q,

un+1 =

√

rn

rn−1
EnUn . (3.11)

Here

rn = s2nd
(n)
2

(

Bn

s
, Bn

)

, Un = s4na
(n)
4 ,

N̄n =
2
√

ξnK(ξn)

3
√

znK(zn)
+

1

3
, En = S6 L(ξn)

L(zn)
, ξn =

3

2
s3K2(zn)

L(zn)
. (3.12)

At T < Tc, the integration over ρk in (3.9) should be performed up to n = µτ ,
which is determined from the following relation:

d
(µτ )
2 (Bµτ ) = 0 (3.13)
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and it is equal to

µτ = 1 + ln
c2R − q

c1

/

ln E1 . (3.14)

Here, E1 is the bigger of the two eigenvalues of the matrix of relations (3.11) lin-
earized in the neighbourhood of its fixed point, c1 ∼ τ , τ = Tc − T/Tc, c2, R, q are
constants independent of n, (see [21]).

Assuming that the layer-by-layer integration in (3.9) has been performed up to

the point n = µτ , let’s go to the last stage of integration over ρk with |~k| < |Bµτ |.
From the definition of µτ point (3.13) one can find that in the last layer of integration
we have a Gaussian distribution for collective variables, but the coefficients of this
distribution are nonanalytical. Such a specific Gaussian distribution is called the
inverse Gaussian distribution [17].

The correct extraction of collective variables with zero values of quasimomentum
needs to take into account the displacement of the center of fluctuation of ρk in the
ferromagnetic phase (at a nonequal to zero external field in paramagnetic phase as
well):

ρk = ρk′ +
√

N〈σ〉δ(~k). (3.15)

Such a procedure for a similar functional concerning a ferroelectric phase transition
is described in detail in [20]. With the accuracy up to constant terms, the results
from [20] may be reproduced here. Hence, the fourth-order form integrand in (3.9)
for the last (n = µτ ) stage of integration transforms into

Eµτ (ρ0) =
[

a
(µτ )
2 + 2d̄2(0)

]√
NM16 ρ0 +

1

4

[

d̄2(0) − a
(µτ )
4 I

]

ρ2
0 −

1

N
a

(µτ )
4 ρ4

0 , (3.16)

where

d̄2(~k) = 2|d(µτ )
2 (0)| + qk2, I =

1

Nµτ

∑

k

1

d̄2(~k)
. (3.17)

For spherical-symmetric potential Φ(~k)

I =
3

d̄2(0)

t − arctan t

t3
, t =

π

bsµτ

√

q

d2(0)
, (3.18)

b is a lattice constant [17].

A similar expression may be also obtained for Φ16(~k) (1.3). However, taking into
account that at n = µτ the polar angle θ ≈ π/2, the expression (3.18) in this case
also holds.

Finally, for functional integral in (3.9) we have obtained an expression:

Zµτ = f(T )

∫

exp
{

−N [Dρ4 − Bρ2 − Aρ]
}

dρ, (3.19)

where f(T ) is a continuous function of temperature in the Tc neighbourhood,

A =

[

a
(µτ )
2 +

1

2
d̄2(0)

]

M16 , B =
1

4

[

d̄2(0) − a
(µτ )
4 I

]

, D =
1

4!

N

Nµτ

a
(µτ )
4 . (3.20)
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Thus, the procedure of integrating the partition function functional over col-
lective variables is reduced to the simple one-multiple integral (3.19). The critical
characteristics of the system investigated are described by Zµτ .

4. Equation for order parameter of the cluster magnetics

The equation for the order parameter, i.e., the equation of state, of the cluster
magnetics near a ferromagnetic phase transition point has been found after mini-
mizing the integrand in (3.19) with respect to the variable ρ:

∂

∂ρ

(

Dρ4 − Bρ2 − Aρ
)

= 0, (4.1)

or

4Dρ3 − 2Bρ − A = 0. (4.2)

To investigate the properties of (4.2) and to find its solutions, the detailed depen-
dencies of coefficients A, B, D under temperature T and at an external field h must
be determined. Solutions d

(m)
2 (0), a

(m)
4 for a linearized system of recursion equa-

tions (3.11) in the renormalized perturbation theory approximation were obtained
in [20]. These solutions are general for Hamiltonians with dipole-dipole intercluster
interaction, and so are the ones considered here. We have:

d
(µτ )
2 (0) =

c′1E
µτ−1
1 − c2R

s2(µτ−1)
, d̄2(0) = 2|d(µτ )

2 (0)|, a
(µτ )
4 =

c′1R
′Eµτ−1

1 + c2

s4(µτ−1)
,

s−2(µτ−1) =
c′1

c2R − βΦ16(0)
, E1 ∼ s2, c′1 = c̃1τ ln−1/3 |τ |, c̃1 =

3βΦ16(0)

(34γ)1/3
, (4.3)

c̃1, R, R′, γ are independent of τ constants [20].
Taking into account that τ changes its sign when T passes to Tc, we present d̄2(0)

and a
(µτ )
4 as follows:

d̄2(0) =
2βΦ16(0)c̃1

c2R − βΦ16(0)
τ ln−1/3 |τ | = ∆1τ ln−1/3 |τ |,

a
(µτ )
4 =

(c2(RR′ + 1) − βΦ16(0)R′)c̃2
1

(c2R − βΦ(0))2
τ 2 ln−2/3 |τ | = ∆2τ

2 ln−2/3 |τ |. (4.4)

For the coefficients of (4.2) equation we have:

A =
[

βΦ16(0) + ∆1τ ln−1/3 |τ |
]

√
2 sinh βh

1 + 2 coshβh + e−2βV
,

B =
∆1

4

(

1 − 3∆2

∆1

t − arctan t

t3

)

τ ln−1/3 |τ |,

D =
c2
2R

2∆2

3!∆2
1

ln−2/3 |τ |. (4.5)
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At small values of the external magnetic field h it is convenient to present equa-
tion (4.2) in the form:

ρ3 − vτ ln1/3 |τ |ρ −
(

w1τ ln1/3 |τ | + w2 ln2/3 |τ |
)

βh = 0, (4.6)

where

v = 3∆1

(

∆2
1 − 3∆2

t − arctan t

t3

)

/

4c2
2R

2∆2,

w1 =
3∆2

1√
2c2

2R
2∆2(3 + e−2βV )

, w2 =
3∆3

1βΦ(0)√
2c2

2R
2∆2(3 + e−2βV )

. (4.7)

Thus, we have obtained the equation for the order parameter (i.e., the equation
of state) of a magnetic cluster system with dipole-dipole intercluster interaction,
which is valuable in the ferromagnetic phase transition neighbourhood. All the co-
efficients of this equation are determined in a microscopic way, which depends only
on initial Hamiltonian parameters, on temperature and on the external magnetic
field. Equation (4.6), (4.7) is close in form to the equation of state for a ferroelectric
cluster system [20], but distinguishes by another shape of coefficients (w1 and w2

instead of only w in [20]) and by their different physical sense.
According to Cardanault formula [22], solutions of (4.6) may be presented in the

form:

ρ1 = L + M, ρ2,3 = −L + M

2
± i

√
3
L − M

2
, (4.8)

where

L =

√

3
(

w1τ ln1/3 |τ | + w2 ln2/3 |τ |
)

βh +
√

N,

M =

√

3
(

w1τ ln1/3 |τ | + w2 ln2/3 |τ |
)

βh −
√

N,

N = −
(v

3

)3

τ 3 ln |τ | +
(

w1τ ln1/3 |τ | + w2 ln2/3 |τ |
)2 β2h2

4
. (4.9)

There are three different regimes in the roots (4.8) behaviour at T < Tc and two
regimes at T > Tc.
At T < Tc:

1) h = 0, R < 0
ρ1,2 = ±v1/2|τ |1/2 ln1/6 |τ |, ρ3 = 0; (4.10)

2) h 6= 0, R < 0 (small value of h), there are 3 different non-equal to zero roots;

3) h 6= 0, R > 0 (large value of h),

ρ =
(

w1τ ln1/3 |τ | + w2 ln2/3 |τ |
)1/3

(βh)1/3 (4.11)

and two compositely conjugated roots.
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At T > Tc:

1) h = 0, R > 0
ρ = 0 (4.12)

and two compositely conjugated roots,

2) h 6= 0, R > 0

ρ =
(

w1τ ln1/3 |τ | + w2 ln2/3 |τ |
)1/3

(βh)1/3 (4.13)

and two compositely conjugated roots.

The precise analysis of the order parameter (or the spontaneous magnetization pro-
portional to it) near Tc may be done using the derivations ∂ρ/∂τ and ∂ρ/∂βh. Based
on the equation (4.6) we have obtained:
at h = 0:

∂ρ

∂τ
=

v1/2 ln1/6 |τ |
2τ 1/2

,
∂ρ

∂βh
=

w2 ln1/3 |τ |
2vτ

; (4.14)

at h 6= 0:

∂ρ

∂τ
=

vρ
[

w1 + 2
3
w2τ

−1 ln−2/3 |τ |
]

βh

3ρ2 ln−1/3 −vτ
≈ 2w2βh

9ρ2τ ln1/3 |τ |
,

∂ρ

∂τ
=

w1τ + w2 ln1/3 |τ |
3ρ2 ln−1/3 −vτ

≈ w2 ln3/2 |τ |
3ρ2

. (4.15)

The temperature dependence of the real roots of equation (4.6) at different values
of the external field is presented in figure 1. We can see that near τ = 0 (T ≈ Tc) and
h 6= 0 ρ(τ) has got a bend which is rather smoothed by the logarithmic corrections.
Just as at h = 0, such a bend is absent and ρ(τ) demonstrates a sharper behaviour.
The field dependence of ρ(h) (figure 2 for T < Tc and figure 3 for T > Tc) shows a
similar tendency. This phenomenon is a reason for the “field softening” of magnetic
susceptibility at τ = 0 [23].

Near Tc (small τ), a static magnetic susceptibility of cluster ferromagnets may
be obtained in the form:

χ = β

(

∂ρ

∂βh

)

h=0

=

{

χ+ = −βw2 ln1/3 |τ |/vτ , at T > Tc ,

χ− = −βw2 ln1/3 |τ |/2vτ , at T < Tc .
(4.16)

The width of the region for an abnormal increase of χ near Tc is smaller with
large V (i.e., energy of intercluster interaction between particles). Divergency of χ
is weaker as compared with Ising model [24]. The “law of doubling” (χ+ = 2χ−) has
been fulfilled.

The main difference in the critical dependence of the order parameter obtained
here and presented in [25] is a correction ln1/6 |τ | instead of ln1/3 |τ |. In [25] the simple
perturbation procedure for the selected types of diagrams based on renormalized
Gaussian integrals was used. After summing up an infinite series of renormalized
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Figure 1. Temperature dependencies of the roots of equation (4.6) for cluster
magnetics in the phase transition point neighbourhood at different values of the
external field h.

-0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4
-0.4

-0.3

-0.2

-0.1

0.0

0.1

0.2

0.3

0.4
 τ = -0.01
 τ = -0.005

ρ

h
-0.10 -0.05 0.00 0.05 0.10

-0.20

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

0.20  τ = 10-5

 τ = 10-4

ρ

h

Figure 2. Field dependencies of real
roots of equation (4.6) for cluster mag-
netics at T < Tc .

Figure 3. Field dependencies of real
roots of equation (4.6) for cluster mag-
netics at T > Tc .
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Gaussian integrals, the effective exponent in logarithmic correction may be reduced.
Due to using here a non-Gaussian basic measure density for collective variables in
the phase transition point neighbourhood, the exponent at logarithmic correction
1/6 is obtained at once.

Introducing “effective critical exponents” β1/6 and β1/3 for both cases:

ρ = ±v1/2τ 1/2 ln1/6 |τ | = ±v1/2τβ1/6 , ρ = ±v1/2τ 1/2 ln1/3 |τ | = ±v1/2τβ1/3 (4.17)

at different τ we have

τ 10−1 5 · 10−2 10−2 10−4 10−6 10−8 10−10 10−12 10−20

β1/3 0.3793 0.3779 0.3894 0.4247 0.4366 0.4473 0.4546 0.460 0.4723
β1/6 0.4396 0.4390 0.4447 0.4598 0.4683 0.4736 0.4773 0.480 0.4861

It is well-known that the critical behaviour for most ferromagnetics and fer-
roelectrics is observed in the temperature region τ ∗ ≈ 0, 1 [24]. Thus, it may be
considered that at τ ≈ 0.1, the “effective critical exponent” β should be close to
βkl = 0.5. As we see in the table, this requirement is better to satisfy by the exponent
β1/6 than β1/3. Hence, the power 1/6 in logarithmic corrections is more adequate to
a real situation in the dipole magnetic systems.
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