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The paper suggests theoretical bases for building the complete systems of the Taylor-
type basic elements with dense range of derivatives of positive, negative and fractional
orders. This enables to explore the qualitative behavior of the solutions to differential and
integral equations (direct and inverse problems), to process the experimental data, to
identify the systems, to specify mathematical models of the objects and processes, to
optimize the designing projects with specified characteristics, to prognosticate natural
phenomena.

IIpennosxeHbl TeOpETHUECKNE OCHOBBLI IIOCTPOEHUS IIOJNHBIX CHCTEM OAa3MCHBIX 3JEMEHTOB
TeAJOPOBCKOr0 THUIIA € ILJIOTHBIM CIEKTPOM IIPOW3BOAHBIX IEJNBIX OJOMKUTEIbHBIX, OTPHUIIA-
TeJABHBIX U APOGHBIX IMOPALKOB. OTO IMOSBOJISET MCCIEI0BATL KaUeCTBEHHOE IIOBEIeHUE pelle-
Huil auddepeHnnaibHbIX U UHTeTPAJbHBIX ypaBHeHUI (IPAMBIX W o0paTHBIX 3a7au), obpa-
GaTbiBaTh SKCIEPUMEHTAJbHBIE [aHHBIE, UICHTH(MUIINPOBATE CUCTEMBl, YTOUHATH MATEMATH-
yecKrMe Momgedu OOBEKTOB W IIPOIECCOB, ONTHMUBHUPOBATH KOHCTPYKTOPCKHE IIPOEKTHI IIO
33JaHHBIM XaPAKTEPUCTHUKAM, OCYIIE€CTBJIATL [IPOTHO3 IPUPOIHBIX SBICHUH.

MeTtoaun moGymoBu 6asucy mpH Po3B’A3yBaHHI o0epHeHUX 3amau. O.B.Moszosuil, B.C.AG-
pamuyk, I.B.A6pamiyrx. 3anporoHOBAHO TeOPETHYHI OCHOBM MOOY/OBU ITOBHUX cHcTeM 6asuc-
HUX €JeMeHTIiB TeHJOpPiBCBKOTO THUIY 3 MIIJIBHUM CIEKTPOM MNOXiTHMX IiJINX IOJATHUX,
Bif’eMHUX Ta ApoboBUX mOopaAaKiB. lle mosBossge AOCHimKyBaTH AKICHY TMOBEAIHKY PO3B’A3KiB
mudepeHIialbHUX T4 IHTErpa’JbHUX DPiBHAHL (DpAMHUX Ta 00epHeHUX B3aaau), o0podaaTH
eKCIepUMEHTANbHI JaHi, iZeHTU(iKyBaTM CHCTEMM, YTOUHIOBATU MAaTEeMATUUHI Momesi
00’€KTiB Ta TPOIECiB, ONTUMIByBATH KOHCTPYKTOPCHKI TMPOEKTH 3 3aJaHUMU XapaKTepUCTH-
KaMu, 3AifICHIOBATH MPOTHO3 MPUPOAHUX SBUIII.
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1. Introduction

Components manufacturing follows a
special technological process flow diagram,
which ensures the output operation capacity
of the end product. One of the most signifi-
cant tasks in designing assignments stipu-
lates for the possibility to obtain the input
figures for the physical and mechanical
characteristics of constructive materials
used in their manufacturing and their
structure, considering the output factors.
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The formulation of the above problem refers
it to the inverse one.

An important feature of the inverse
problems that arise in processing the ex-
perimental data is that the obtained infor-
mation is approximate. Considering the
above, the issues which are related to the
existence and uniqueness in the solution of
these tasks, as well as continuous depend-
ence of the solution on the input data of the
reverse tasks require its further analysis.
This analysis shall be carried out within the
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specified mathematical model — the opera-
tor equation Az = u, where the class of ele-
ments z € Z should contain z-characteristics
of the real object or a process, and class U,
possessing the right part of the equation u,
shall be determined by the type of experi-
mental information. It is being assumed
that the element u = Az, which is under the
determination during the experiment, exists
in the class U [1-3].

Since the experiment is conducted ap-
proximately, the element & is unknown, the
element u, is available and the error du,
which characterizes degree of approxima-
tion uy to u in some matrix, is acceptable.

Formation of the mathematical model (4,
Z, U) stipulates for determination of such
notions as excitation, stability, quality in
solution, its equability [4], substantiation of
rules for building basis of space Z, U, ade-
quate to the object (process) under research,
and application of methods for the approxi-
mate solution of the equation Az =u, z€ Z,
u € U (solution of the incorrect problems [5]).

2. Formulation of the problem

The inverse problems have their own pe-
culiarities [1-8]. Firstly, they are non-lin-
ear in sense that the characteristics or pa-
rameters to be determined usually occur in
the operator equations mnonlinearly. Sec-
ondly, solution to the majority of the in-
verse problems is not the unique one. The
insurance of the uniqueness often requires
supplementary experimental information,
which enters an additional error in the solu-
tion of the problem. Thirdly, the inverse
problems are incorrect since the input infor-
mation in the inverse problems is usually
taken with some experimental error, which
may not be always estimated. For the solu-
tion of the incorrect problems there shall be
used different methods of regularizations
which reduce the solution of the inverse
problem to the problem of determining the
minimum of functional [5].

The problem of the functional minimiza-
tion may be solved efficiently only by choos-
ing the complete basis that adequately de-
scribes the object under research. The same
matter arises during solution of the direct
problems. Hard hyperbolic polynomials of
the Taylor’s type with positive integer or-
ders derivatives have been suggested for the
solution of complex practically significant
problems, described by stiff differential
equations and the energy dissipation prob-
lems [8, 9]. Identification of the contempo-
rary viscoelastic materials requires the
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bases of the Taylor’s type not only with
positive integer derivatives, but with nega-
tive and fractional derivatives [6, 13].

The objective of the paper is to lay down
the rules for generation of the full system
of basic elements and topological assump-
tions as well as their applicability to the
solution of the inverse problems.

3. Research results

Since the experiment resulted in the dis-
crete function u, which is to be differenti-
ated and integrated for solution of the di-
rect and inverse problems of mathematical
simulation, let first introduce the topologi-
cal assumptions similar to topology of the
Taylor series [4].

Let us set up the Taylor series of differ-
entiated function f(x) in order of point x;
of space R" [4]:

f(x) = f(xg) + D (x — x);f; + 1)

+ %Z(x - xg)i(x = xo)]-fij+...
ij

If we restrict ourselves the equation (1)
only the first members to the k-th degree,
the coefficients f, f;, fij’ cees fij...k can be
regarded as elements of the space of RPD
dimension [4]

D= 2)

(n+k-1)! _ (n+k)!
nlkl ’

(n+1) +

=1l+n+n o1 Fi(n—1)! =

where D — the number of the elements in
the equation (1), namely: constant term —
1, linear term — n, squared term —
n(n+1)/2!, k-th terms — (n+k-1)l/El(n-1)!.

Topology in the space RP shall be deter-
mined as follows: if f, g — the two differ-
ential functions, the distance between them
may be set as follows [4]:

I = e, = [fxo) — g + Y If; - gff + )

2|fi/‘ —glf 2|fij...k ~gj. 4Py 1< P<eo.
ij ijo.k

Open sets as well as topology may be
determined differently depending on the
way how the distance had been set between
functions, including in the ¢-order of the
function f all the functions g, which are
located from the function f on distance
which is less than €. Thus the attribution
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(2) generates the equivalent C* topologies in
the point xy (if £ — o, we get the topology
C* in the point xg).

Formation of the topology, determined
by the coefficients of the Taylor series, cal-
culated to the k-th degree requires the func-
tions f(x) to be the k-times differentiated
(and it is sufficient for it to be analytical in
the point x) [4]. The similar problem does
not appear when we talk about application
of the topology (2) to the solution of the
problems in which the solution shall be de-
scribed by analytical functions. During the
solution of the inverse problems the input
information is the discrete functions only.
Therefore the direct application of the Tay-
lor series to the solution of the inverse
problems appears to be impossible.

Since the qualitative theory of the poten-
tial and autonomous dynamic systems is
based on the topology of the Taylor series
which may not be directly transferred on
the inverse problems, it is necessary to cre-
ate the basis for formation of the full sys-
tems of basic elements which could adhere
the principal peculiarities of the Taylor se-
ries topology and at the same time would
not require the analytic property of the
data of investigating mathematical model
Az=u,ze Z,ue U.

The germ of the Taylor type polynomial
shall be the analytical function P(x), x € Q C
R, derivatives from which shall form a line-
arly independent system. Thus, the class K of
the functions which create a basis over the
field of real numbers shall be determined as:
Vne N determine P, (x)=P, ;(x), Pix=
Py(x), Po(x) = P(x), x € QCR.

The generated bases have the following
significant peculiarities: the basis elements
do not need to be saved since they are gen-
erated recurrently following one and the
same rule P,(x) = P,_{(x), n € N; changing
the germs P(x) allows to choose a basis
which is the most simple and the most ap-
propriate to the real process. A basis on
the ground of the Taylor-type polynomial
germs may be used for approximate solu-
tion of wvarious practical problems, since
the base elements, which are determined
as derivatives of the positive integer or-
ders may be extended to the derivatives of

the negative orders: P_1x=IPO(x)dx, .
P_(n+1)(x) = IP_n(x)dx and fractional deriva-

tives which are determined by the Riemann-
Liouville or Caputo formulas [6]. The exam-
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ples of such basis functions which had been
used for solution of the inner energy dissi-
pation problems as well as for solution of
the stiff problems are the hyperbolic poly-
nomials which are built as germ of the
functions P(x) = thx, P(x) =ch™}(x), Vn e
N: P, (x) =P, {/(x) [7T-9]. It is necessary to

note that degree basis {x"}, n € N shall be
based in the germ P(x) =1 following the

rule Vn € N: P_(x) = [P_, 1 (x)dx.

If class K of the functions is chosen, it is
necessary to set the rate ||[f — g||, which re-
flects the peculiarities of the problem which
is being solved, and the ultimate goal of an
approximation [10—-12]. Among the approxi-
mation problems it is necessary to empha-
size the problems on experimental data
smoothing, numerical differentiation and
functions’ integration, set on the grid [12].
Problem on experimental data smoothing,
set on a dense grid by its values that are
found with errors, provided that the re-
placement function should be smooth to a
certain order, may be solved in the class of
the Taylor-type basic elements by building
an element of the best approximation in the
space with the norm

ol =( 3 |A<xi>w]”p,

kxie Q
where Q = {x;} — grid, 1<p <o, Alx)) =
m
Qplx) — f; =20Lij(xi) = fi {fi}mizl — grid
j=1

function, @,,(x) — polynomial, {P]-(x)}mj:1
— elements of the base functions of the
Taylor-type polynomial.

Polynomial (element) of the best approxi-
mation Qm*(x) shall be found on the as-
sumption of minimizing the norm ||A||p on
the vector of parameters o = (0iy, ..., )7
and must satisfy the conditions: there is
only polynomial Qm"’(x), for which the upper
bounds ”A”P and optimal parameters o; of
the approximation is easy to find [10-12].

Thus during the solution of the inverse
problems there appears the main task,
which may be formulated as follows: it is
necessary to approximate the function f,
which describes the real process, set in the
points from Q with an error — that is,
instead of f(x) we get f(x) and the upper
bound is known ||[f — 7|. Let’s consider Q“(f),
Q*(F) — polynomials of the best approxima-
tion. How Q“(7) differs from the polynomial
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QN and is it possible to make the value
lR*(H — (Ml arbitrarily small if |[If - 7]
shall be reduced? A positive answer to these
questions follows from the theorems [10,
p-80; 11, p.100].

Germs of the Taylor-type polynomials for
the functions P(x, y, ..., t) of many vari-
ables shall be built on the analogy with the
functions of one variable, replacing the or-
dinary derivatives by partial. It is often
convenient to specify the function P as a
product P = P{(x)Ps(y)...Py(t). The Taylor-
type polynomials are easy to reduce to the
orthogonal ones on the base of the Gram-
Schmidt orthogonalization in spaces with
the set scalar product [9].

4. Applicability of the
Taylor-type base to solution of
the inverse problems

4.1 Coefficient inverse problems.

Set of coefficient inverse problems in
Mechanics of Solids is a rapidly developing
section in Experimental Mechanics, and re-
quires a thorough theoretical substantiation
[3]. Let’s consider the problem on identifi-
cation of visco-elastic materials, which are
able to absorb (remember) the part of en-
ergy spent on their deformation, and dissi-
pate the rest of it. There is a range of the
basic models in continuum Mechanics, de-
scribing the relationships between the
strength and deformations which form the
basis for the view of the general differential
equation of the visco-elastic system (operator
equation of the mechanical system [13, 14])

P (4)
by
1 2 el =
+k=1akdtBk o(1)

q aB
=m+ Y by— k),
diPy
k=1
where B, = k+B—1, 0<B<l, dPi/dthy — frac-
tional derivatives, which, when P =1 are
the usual derivatives, o(f) — tension ap-
plied to the body, €(f) — deformation. From
the law (4) there follow the basic versions
(p = q = 1) of the Hook’s model (a = b = 0),
Newton (@ = m = 0), Voigt (a = 0), Maxwell
(m = 0) and Ziner (¢ =1, p=1) [6, 13, 14].
Let the Ziner model be chosen as the struc-
tural one [15], which adequately describes

the creep, relaxation, aftereffect and has
the form of [3, 15]
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10 + 6 = Ete + He, 5)
where E — instant module, H — long-term
module, T — relaxation time, and E > H.

The inverse problem is to determine the pa-
rameters E, H, T based on the results of the
experiment, where there shall be set, for
example, o(¢) and &(¢) shall be measured,
from the uniaxial tensile experiment for the
fixed discrete set of time points ¢, [3]. We
note that experimentally taken discrete
functions €(¢), o(f) are approximate and
they must be differentiated, that is, the
problem of identification is unstable (incor-
rect) [3].

If in the space C2 (Q) there are functions
&(t), o(t) in which the Jacobi determinant
A(ty, tg, t3) # 0, the parameters E, H, T may
be determined uniquely [1, 3]. Putting &(¢)
= tht, o(t) =ch™l(¢#) and choosing ¢; =
0<ty<tg, we obtain that the determinant A #
0. Thus, the parameters E, H, T may be
found uniquely. Choosing functions P(t) =
ch 1t and tht that, as the germs of the
Taylor-type polynomial, we obtain complete
sets of the basis functions in spaces of
which it is possible to search for the best
approximation of the discrete grid functions
{e(t)}™_ 1, {o(£;)}™,—; by the methods [3, 5,
10], to identify and specify the models (4),
(5) for real visco-elastic materials.

4. 2 Dynamical systems stability

During study of the mathematical models
Az=u, z€ Z, ue U of the inverse prob-
lems, we theoretically substantiate the ques-
tion of continuous dependence of the solu-
tion on the right-hand side perturbation [1-
3]. These studies however do not explain
the physical content of stability of dynamic
systems up to the variations of their pa-
rameters, as the problem is quite complex.
To eliminate this gap it is necessary to use
the conclusions of the catastrophe theory
[4] in optimization algorithms for solving
the direct and inverse problems.

Let’s the dynamic system be described by
the system of differential equations [4, 16]
(6)

Yi_p =1
ar = (x,0); i=1,...,m;

X=X -5 Xpy); €=(Cq50005Cp),

where x — vector of phase variables (coor-
dinates), ¢ — vector of parameters control.
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HE

.
th(x)

ch(x)

(2+cosx)™! HE

exp(sinx)

Fig. 1. Basic elements to be generated, respectively, by functions: ch™lx, thx, (2+cosx)™!, eSinx,

Number of the curve corresponds to the basic functions of order n.
only under condition that the own values of

The local dynamic and structural properties
shall be determined by the own values of the
matrix stability Fy; = dF;/0x;, calculated at the
critical point x( for the set value of parameter
vector ¢ [4]. Variations d¢; of the parameters
¢;» i € [1:£] at the point ¢y = (¢;9, ..., ¢;0) lead
to excitation in the solution of the system (6).
The solution will remain structurally stable
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the matrix F;; have neither small nor multi-
ple own values [4, 16]. Such researches in
changing the solution to variations of the
parameters may be done only in the space of

the Taylor-type basic elements.
Here are some examples of germs of the

Taylor-type polynomials that describe be-
havior of the different processes (Table,
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Table. Taylor’s type basic elements: P,'(x) = P, ,(x), n =1...6

n=1 P, =chlx P, = thx
n=2 —ch 1x-thx ch2x
n=3 —ch™1x-(1-2th2x —2¢h~3x-shx

ch™lx-thx-(5 — 6th2x)

ch™1x(5—-28th2x+
+24th%x)

+80thx)

2 ch™x-(2¢h2x — 3)

—8ch~®x-shx-(chZx-3)

n =6 | —ch lxthx-(3—46th2x+ | 8ch 8x-(2ch*x—15shZx)

P, = (2+cosx)7!

sinx(2+cosx) 2

— psinx
P, =e

eSi%.cosx

(2+2cosx— eSIn% (cosx—sini)
—cos2x)-(2+cosx) 3
(2+8cosx— —cosx-eSin¥.(1+8sinx—

—cos2x)-sinx-(2+cosx) ™% —cos2x)

(-8+82cosx+24cosZx—
—22cos3x+
+cos? x)-(2+cosx)™®
(—104+32cosx+
+204cos2x—52cos3x+
+cosx)-sinx-(2+cosx) ™

(8+sinx—TcosZx—
—6cosZx-sinx+
+costx)-esin®
(16-15sinx—25cos2x—
—10cos2x- sinx+
+costx)-cosx-eSin®

Fig.1 ): transitions (excitations of any na-
ture on the finite interval [0; ¢y] with at-
tenuation (in the interval [¢y, o] are de-
scribing by the basis functions of the Tay-
lor-type polynomial constructed from the
germs e P7(¥), P (x)>0 — no high-order
polynomials (e.g., Py(x) = x2), rational
expressions f(x)/g(x), g(x)>0, f and g —
differentiated functions (e.g., 1/(1+x2),
(e*—e™¥)/(e*+e %) = thx, 2/(e*+e™¥) = ch™lx,
x/(1+x2); weakly pulsing and periodic proc-
esses are described by the germs el7(¥),
where T,(x) — trigonometric polynomial
(e.g., sinwx); processes that can predict the
destruction of the dynamic system of defor-
mation, natural disasters are described by
the germs (P,(x))%, P,(x) — not high orders
polynomials, s — fractional rate (for exam-
ple, (1+x)3/2). Multivariate germs of the
Taylor-type polynomial are constructed on the

. . _ 2_ 1,2
base of one-dimensional, such as e @*™~by"
esinax+cosfy ate.

5. Conclusions

Solution of the inverse problems of iden-
tifications, designing and prognostication
based on approximate experimental data re-
quires the creation of the complete bases
systems with dense range of derivatives of
the whole positive, negative and fractional
orders.
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