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Thermodynamics of conformation and deformation of linear polymeric
chains in a solution is built based on the statistics of self-avoiding walks.
The entropy and free energy of conformation of a polymeric chain is pre-
sented as a sum of two terms. The first one takes into account the contri-
bution of random walk and the second one takes into account the contribu-
tion of two limitations, which covered random walk and create the effect of
self-organization of a polymeric chain. Deformation of the polymeric chain
is considered as an equilibrious transition of Flory ball into conformation-
al ellipsoid. The expressions for thermodynamic and elastic properties of
the polymeric chain as functions of the degree of its deformation are sug-
gested. Volumetric module, Young's module and module of polymeric chain
shift are expressed through the pressure of conformation; Poisson’s ratio
depends only upon the dimension of Euclidean space. Forces and work of
deformation are determined; the method of calculating the main tensions
is suggested.
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1. Introduction

In many aspects conformation of polymeric chains determines their dynamic and
thermodynamic properties in solution. However thermodynamics of deformation of
polymeric chains developed in works [1-7] mainly directed towards the analysis and
explanation of the elastic properties of caoutchouc has two substantial drawbacks
that make it incomplete and not rigorous. Firstly, since it is based on the statistics
of random walk (RW) of the end of the of Kuhn chain [4], the effect of exclusive
volume, which requires statistics of self-avoiding walk SAW [8] is not considered.
Secondly, using an obviously correct statement that the exterior hydrostatic pressure
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cannot considerably influence the conformational condition of a polymeric chain in
a solution, this thermodynamics did not take into account the main parameter in
the thermodynamic relations, i.e., the volume of the conformation.

Statistics of SAW [8] describes the conformation of an ideal polymeric chain in
an ideal solution. According to the statistics, SAW limitation for self-avoidance of
trajectories of RW causes such self-organization of polymeric chain when its confor-
mation has got the structure of spherical or, in a more general case, ellipsoid shell,
that is Flory radius thick and it is diffusively smeared outside as well as inside the
polymeric blob, the core of which is statistically empty for half of Flory radius.

Conformation of ellipsoid can be considered as a deformed condition of Flory
ball that permits statistics of SAW to describe thermodynamics of conformation
and deformation of a polymeric chain in a solution from general and rigorous point
of view.

2. Entropy and free energy of conformation

Statistics of SAW on d-dimensional lattice is determined by probability w(s)
that, by its last step, the trajectory of SAW will end in one of 2¢ equiprobable cells
M,(s) which have only different signs of a component vector s = (s;), i = 1,d,
expression [§]

wtey = ot [ Ll 302} m

i

in which 87! = e (27T)d/ ? is the numeral constant, N is the number of sections or
length of chain, d is the dimension of Euclidean space, n; = n; +n; is the number of
steps in i —m direction of space including positive n;” and negative n; , s; = nj —n;
is the number of effective steps.

Numbers n;, 1 = 1,d of steps in all d directions of space and length of chain N
are connected by the following relation

Zni:N. (2)

Probability w(s) is numerically equal to the shares of those trajectories of SAW
from common number (2d)" of trajectories RW that are possible on d-dimensional
lattice, which realize the state M,(s). The number of such trajectories determines
thermodynamic probability W (s) of realization of the state M,(s):

W (s) = (2d)Vuw(s). (3)

We introduce a variable of metric shift of the end of chain x;, i = 1, d as semi-axis
of conformational ellipsoid to whose surface belong the states M,(s) [8]:

z; = als;|dY?. (4)
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Here a is a statistical length of a section of chain.
Let us denote by o; the standard deviations of Guassian part of distribution (1):

o? = a*nd. (5)

According to (2) the value of o;; is represented by the following relation
Z 0? = a’Nd. (6)

Since 52 /n; = x2 /02, d¥? ] |si| = []xi/a?, distribution (1) can be written in the
i i

following form
2

w<x>=5exp{‘ﬁif —%Zj—} (7)

(2

In continueous d-dimensional space, general number L of trajectories of random
walk at a given N cannot be determined so simply as in a lattice discrete space. That
is why in continueous space the expression for thermodynamic probability W (z) of
realization of the state, in which the end of chain is on the surface of conformational
ellipsoid with semi-axis x;, should be written in the following way

W(x) = Lw(x). (8)

Here L is a function only of the length of the chain N and Euclidean space
dimension d. If we assume that transitions of the end of the chain in the volume a?
do not create new states we shall receive in the lattice approximation L = (2d)". In
general, we can assume that order L is determined by the quantity (2d)%.

According to (8) and (7), entropy S(z) = kIn W (x) of this conformational state
can be presented in the following way

S(z) = Sy+ S(x), (9)
Sy = klnpL, (10)

Si(z) = —k{anji+%z%} (11)

7

The first term Sy in (9) is positive and presents entropy of random walk limited only
by dimension d of space and length of chain N. The second term Ss(z) in (9) makes
negative contribution into entropy of conformation, and the essence of this is that it
presents limitations that cover trajectories of random walk. One of these limitations
is that self-intersection of trajectories of RW is absent, the second one is that the
trajectory must end on the surface of ellipsoid with semi-axis x;, ¢ = 1,d. These are
the limitations which create the effect of self-organization of polymeric chain. That
is why Ss(z) < 0 can be called entropy of self-organization. Thus, conformation of
polymeric chain is a statistic form of its self-organization.
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Since statistics of SAW does not take into account the effects of short-range order,
the assumption that the free energy of conformation is equal to F(z) = —T'S(x) is
natural. Therefore

F(z) = Fy+ Fy(2), (12)
F, = —kThpAL, (13)

alN? 1 x?
F(z) = kT{HixﬁéZ:g}. (14)

7

For § <« L, the expression Fy ~ —kT'NIn2d is the free energy of the random
walk. Taking into account the error of “grating” determination of L, the fact that
In2d ~ d/2 and the physical meaning of the quantity Fj, we assume

d
Fy = —3kTN. (15)

Thus free energy of the random walk is determined by their progressive energy.
Taking into consideration (15) and (14), we shall rewrite (12) in the following
way
d a’N? 1 x?
F(x) = —=kTN 4+ kT { —— + = — 7. 16
(1) = ~SKTN + {Hixi+2;az} (16)

7

Among all possible conformational states we shall further consider the most
probable, i.e. the equilibrium ones, which are characterized by the maximum of the
entropy and the minimum of the free energy. Minimizing F'(x) under the condition
OF (z)/0x; = 0Fy(x)/0xz; = 0, for the equilibrium state we receive the following

—adNQ/:cZ-H:L’Z-jL:ci/af:O, i=1,d. (17)

By solving the system of algebraic equations (17), we find equilibrium values of
semi-axis of conformational ellipsoid

dN2 «
i 7i

where

a=1/(d+2). (19)

We shall particularly underline the states at which all directions of the random
walk of the end of the chain are equilibrium, that is

ni=N/d, i=1,d. (20)

Then
o} =05 =a’N, i=1,d. (21)
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Substitution of (21) into (18) makes semi-axis x; of the equilibrium ellipsoid equal
to the radius of Flory, x; = R, 1 = 1,d,

Rf = aN" (22)
with Flory index v = 3« or
3
= ) 23
(d+2) (23)

The expression of Flory (22) is a particular case of (18) and is true only at
equal probability of the random walk in all directions of d-dimensional space. If this
condition (20) is not kept equilibrium conformation of polymeric chain acquires the
form of ellipsoid with semi-axes z;, determined by (18). Therefore as a measure of
deformation of polymeric chain that characterizes deviation of its conformational
state from Flory ball it is convenient to take the following variables

Vi = o0;/00, (24)
u = HQ/JZ (25)

From (6) and (21) it follows that value 1, is covered by the following relation

Z Y? =d. (26)

According to (26) the function u = [],¢; has the maximal value of v = 1 for
Flory ball, when all v; = 1; at all the other legitimate values of 1; according to (26)
the function u < 1. Consequently any deformation of Flory ball is accompanied by

decrease of u =[] .

Using (18), we shall express semi-axes x; of equilibrious ellipsoid through param-
eters v; and u:

z; = Ry Ju®. (27)
Having introduced multiplicity of linear deformation in 4 direction
xA
N = —, 28
= 23)

we shall receive

H i = u. (29)
The equation of the relation \; corresponds to the equation of the relation (26)

between A;:
Z)\?:d/l—[)\i- (30)

We shall receive the expression for free energy F' of equilibrium conformation of
polymeric chain by substituting (27) into (16):

d d Rf 2 2
F=—kTN 1+—) - kT | — a. 1
ok +(+2>k(0_0) /u (31)
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For Flory ball we have

d d 2
e (14 8) r (2 )

0o

Here
(Rf/o—o)2 — NW@=d)/(d+2) (33)

As one can see, with the increase of the Flory ball deformation free energy of
equilibrium conformation F' increases and it happens at the expense of the free
energy of self-organization Fj:

F,=(14d/2) kT (R¢/oo)? Ju. (34)

For the Flory ball
Fy¢ = (1+4+d/2)kT(Rs/00)>. (35)

At a given d and N the change of the free energy at the equilibrium deformation
of the Flory ball is determined as a difference AF = F — Fy = F;, — Fy. Therefore
according to (34) and (35) we have

AF = (1 +d/2)kT(Rt/00)*(1/u** — 1). (36)

At any deformations of Flory ball AF > 0, subsequently the work is done with
the system.
For d = 3-dimensional space we have

5
AF = ék;TNl/5 (A2 + X2+ X2 —3). (37)

Let us compare (37) with the well-known expression of work W of deformation
of caoutchouc volume unit [5]

1
W = SKTN, (A2 + X4+ X2 =3). (38)

where N, is the number of chain per unit of volume.

Similarity of the expressions (37) and (38) is obvious enough. But substantial
differences are more important. The first difference is that in (37) the multiplier N 1/°
is presented. It appears only in RWSA statistics and indicates that as the chain grows
longer the work of Flory ball deformation increases. The second difference is that
because of the presence of the multiplier N, the work W has dimensions of pressure,
tension, etc., which are the characteristics of elastic properties of caoutchouc. That
is why (38) is also called to be the expression of highly elastic potential of rubber
[6,7]. We shall see later that the elastic properties of polymeric chains are described
by equations different from (38) by their form. Finally we shall note that in the
interpretation of (38) the condition of incompressibility of caoutchouc in the form of
Az Ay A, = 1 is used. According to the relation (30), in such a case the expression in
brackets (38) should be equal to 0, i.e., without the change of configuration volume
there is no deformation work.
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3. The equation of state of equilibrium conformation

Leaving out numeral coefficients, we shall determine the volume V; of Flory ball
in d-dimensional space using of the following expression

Vi = R{, (39)

and the volume V' of conformational ellipsoid with the expression
V=]]= (40)

Thus, taking into account (27) we shall receive
V = Vi = R{u*. (41)

So, at any deformations of Flory ball, the volume of configuration decreases.
Having introduced multiplicity of volumetric deformation by the relation Ay =

V/Vt, we have
Ao = =T\ (42)

Outer hydrostatic pressure cannot considerably influence the conformational
state of a polymeric chain in the solution. But at deformation of Flory ball, the
volume of the conformation decreases and the free energy increases. Subsequently,
according to thermodynamic relation 0F/0V = —P there should exist the measure
of connection between free energy F' and volume V' of configuration, which plays
the role of conformation pressure. Thus pressure P of conformation is determined
by the following expression

OF [0V = 0F,/0V = —P. (43)
Differentiating (31) or (34) and taking into account (41), we receive
P = (1+d/2)kT(R;/00)?/Riu*. (44)

For Flory ball
P = (1+d/2)kT(R¢/00)?/RE. (45)

Comparing (41) and (44), we shall receive the equation of conformational state
of polymeric chain in the solution

PV? = const, (46)
where

const = (1 + g) kT (R¢/oo)” RY. (47)

On the other hand, comparing (41) and (44) with the expression for Fy (34), we
find
F.=PV (48)
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and subsequently pressure of conformation P = F;/V is numerically equal to the
density of free energy of self-organization of polymeric chain.
From (48) taking into account (46) and (47) we have

F,V = const. (49)

Thus, values PV? and F,V are integrals of the process of equilibrious deformation
of polymeric chain.

4. Modules of elasticity of polymeric chain

Within the approximation of isotropy of polymeric chain, its relative deformation
Ox;/x in i direction of d-dimensional space under the influence of all main forces f;,
i = 1,d in differential form is described by the expression [9]

vou /o= 0fi | [Tai++> 08 / T (50)
Iz J#i k#j
where Y is Young’s module, y is Poisson’s ratio, [[ z;, and [] xj are the values of the

J#1 k]
areas in d-dimensional space that are normal to the forces f; and f; correspondingly.

Let us rewrite (50) with regard to Young’s module in the form

2 oy, s 0f;
v Ok oy 2ty Oy (51)
i

Equations (50) and (51) are written in the system of signs of mechanics according
to which f; = 0F(x)/0z;. Differentiating (16), we have

fi/kT:—adNQ/xiH:pieri/af. (52)

At equilibrium deformation in any current conformational state, the forces should
be equal to 0, and this is expressed by the condition of equilibrium (17). But deriva-
tives 0f;/0x; and Of;/0x; as factors of equilibrium process are not equal to zero.
That is why differentiating (52) with respect to z; and z; and substituting into the
resulting expressions equilibrious values z;, ¢ = 1,d by (18) and (27), we have

0f)0n = 3KT/o202, (53)
0f;/0x; = 0fi/0x; = KT/ogib;. (54)
Substitution of (53) and (53) into (51) gives
Y = kT (3+~(d — 1)) (Re/oo)* | Riu*. (55)
For Flory blob, Young’s module is equal to
Yi = kT (3+~(d = 1)) (Re/o0)* / RY, (56)
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that is why (55) can be written in the following form
Y =Y /u'® = Y; /A2 (57)

As one can see from comparison of (44) and (53), Young’s module and pressure
are different only by numerical constants. In case of d = 3-dimensional space, the
connection between Young’s module and pressure is expressed by volume module
E = —VOP/0OV using the correlation F = Y/3(1 — 2v). Taking into account the
logics of its derivation [9], for d-dimensional space we can write

E=Y/d(1—~(d-1)). (58)

From the equation of state (46), it follows

E = —VOP/dV = 2P. (59)
Thus,
Y =23+ y(d—1))P/(d+2). (60)
Using expressions (45) and (58), we shall solve (63) with regard to ~y
v=(d+3)/(d+1)> (61)

As one can see, Poisson’s ratio v depends only upon dimension d of Euclidean space.
Namely, for d = 3, 2 and 1 we have v = 3/8, 5/9 and 1; accordingly Y = 3/2P,
16/9P and 2P. As it was expected, in d = 1-dimensional space, Young’s module
coincides with volume module. Through Young’s module and Poisson’s ratio we find
module of shift p(d > 2) [9]

w=Y/2(1+~). (62)

For d = 3-dimensional space yn =4/11, Y = 6/11P.

5. Young’'s module of caoutchouc

It would be incorrect to make direct theoretic continuation of elastic properties
of polymeric chain in a solution in order to describe elastic properties of caoutchouc.
But we can suggest a semi-empirical approach as in [4,5]. Thus, in the expression
(55) of Young’s module of polymeric chain in a solution instead of blob volume
R¢ that is theoretically calculated using Flory formula (22), empirical volume of
polymeric chain in caoutchouc is introduced

1/R{ = p/MNa, (63)

where p is the density of caoutchouc; M is the molecular mass of polymeric chain;
N, is Avogadro number.

With such a substitution, the expression for Young’s module of caoutchouc in
d = 3-dimensional space (v = 3/8) acquires the following semiempirical form

Y, = 3.75RT N/ (%) / ule, (64)
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6. Main tensions

The relation between tension G; in the plane normal to i direction of deforma-
tion and its relative value Ox;/z; in differential form is described by the following
expression

The analysis shows that (65) has no analytical solution in general form, but
it permits to get the necessary equations of connection. We shall receive the first
equation of connection by substituting Young’s module in the form of (57) and
taking the sum of (65) in all directions of d-dimensional space:

ZG = —(Yi/2) (1/u™ —1). (66)

Thus, the sum of main tensions is negative, which is the result of the decrease
of conformational volume of polymeric chain. Taking into account the relation (29),
equation (66) can acquire the following form

ZG — —(Vi/2) <1/HA§—1>. (67)

The second equation of relation between G; we shall find as follows
H Gy = (=1)%(Y;/2d) dH (1/X2 — (68)

At additional suggestions concerning the character of deformation of polymeric
chain simultaneous solution of (67) and (68) enables us to calculate all main tensions

G;.

7. Forces and work of deformation

We shall define the force of deformation as the force that should be applied
to Flory blob, the radius of which Ry is equilibrium with respect to the values
0; = 09, © = 1,d, in order to transform it into the state of ellipsoid with semi-axes
x;, equilibrium with regard to values o; # 09, i = 1,d. According to this definition in
expression (53) one should use o; = 0y, i = 1, d, with the values of z; taken according
to (18) as equilibrium with respect to o; # 0¢. Making necessary substitution in (53),
we shall get the expression for force of deformation

fi = kT (Re/o5) (47 — 1) 1. (69)

According to the adopted system of signs f; > 0 at stretch (¢; > 1) and f; <0
at compression (¢; < 1).
Forces of deformation are not arbitrary, they satisfy the following relations

Z fivi = 0, Z fixi = 0. (70)
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Work of deformation in all main directions is determined by the expression

iR

Substitution of (69) into (71) and taking into account (27) gives

A =FKkT (R¢/o0) / <Z 2;0z; Z xl@;zﬂ) ' (72)

Having integrated (72) we shall receive
A= (1+d/2)kT (Rt/o0)” (1/u** — 1), (73)

that is identical to (36): A = AF'. This relation proves the correctness of determining
the deformation force in (69).

8. Calculations and illustrations

Let us limit ourselves only to calculations of thermodynamic and elastic proper-
ties of polymeric chain in real d = 3-dimensional Euclidean space. But in this case
let us consider a particular situation, though obviously the most typical one.

Let us assume that among three main forces f,, f, and f, only one, let it be f.,
is an independent variable, i.e. the outside force that influences the polymeric chain.
Then forces f, and f, will be reactions for f,. If f, > 0 and stretch of polymeric
chain takes place along the axis z, then reactions f, and f, are negative and along
the axes x and y polymeric chain compresses. If polymeric chain is isotropic, then
forces and multiplicities of linear deformations along the axes z and y will be equal:
fz = fy, A\ = Ay. Conformational state of such a polymeric chain has the form of a
prolonged (along the axis z) ellipsoid of rotation. And, on the contrary, if f, < 0 and
polymeric chain compresses along the axis z, then f, = f, > 0 and polymeric chain
stretches along the axes x and y transferring according to the condition A\, < 1,
Az = Ay > 1 into oblate (along the axis z) ellipsoid of rotation.

For ellipsoid of rotation not only A, = A,, but also ¢, = v,. That is why the
main equations of relations (26) and (30) acquires the following form

20+ = 3, (74)
202 02 = 3/\2\.. (75)
Here a = 1/5,
u=Php., (76)
Ax = %/Wi%)lﬁ, A= wZ/(wiwz)l/Ejv (77)
Ay = (1200,)Y° = A2\, (78)
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Figure 1. Relationship between param-
eters ¢, and 1, of equation (74) dur-
ing the expansion (¢, > 1) and pressure
(1, < 1) of polymer chain at z axis.

25 T T T T T T
PMPpa
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Figure 3. Pressure P of polymer
chain conformation during its expansion
(Az > 1) and pressure (A, < 1) at z axis.
N =243, a = 0.186 nm, T' = 298 K.
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0.4 -
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Figure 2. Relationship between de-
grees of linear deformations A\, and A,
of equation (75) during the expansion
(A, > 1) and pressure (A, < 1) of poly-
mer chain at z axis.

Figure 4. Work A = AF of polymer
chain deformation during it expansion
(A; > 1) and pressure (A, < 1) at z
axis. N = 243.
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4
Y(i),

Figure 5. Young’s module of polymer chains in solution (2 — a = 0.186 nm, 3 —
a = 0.125 nm, calculation as 3P/2) and caoutchouc (1 — calculation by equation
(64), a = 0.125 nm). N = 1024, T = 298 K.

GX, GZ, M Pa

4 T

3

|
3 4
7\ z

Figure 6. The main exertions G, and
G, during the expansion (A, > 1) and
pressure (A, < 1) of polymer chain at
z axis. N = 243, a = 0.186 nm, T' =

298 K.

-60H "z X

—70 | | 1
0 1 2 3N, 4

Figure 7. Deformation forces during
the expansion (A, > 1) and pressure
(A\z < 1) of polymer chain at z axis.
Calculation by equation (69): N = 243,
a = 0.186 nm, T" = 298 K.
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The relation between parameters 1, and 1, is shown in figure 1, between A\,
and A, — in figure 2. The expressions (74)—(77) create the basis for calculating all
thermodynamic and elastic properties of polymeric chain. In figures 3 and 4 the rela-
tionship of pressure of conformation P = 5/2kT/a®*N®°)\2 and work of deformation
A = AF = 5/2kTNY>(1/), — 1) is presented. The conditions of calculations are
indicated in cutlines.

Young’s module for polymeric chains in solution is calculated as 3P/2, for caou-
tchouc — according to semi-empirical equation (64). The results of the work are
compared in figure 5.

The equation of relation of (67) and (68) between main tensions G, and G,
acquire the form

2G, +G. = —%Yf(1/A§—1), (79)
GiG. = —(Vi/6)°(1/A; = 1)*(1/A2 = 1). (80)

Simultaneous solution of right parts of (79) and (80) leads to solving of an
abridged cubic equation.

The results of calculations GG, and G, are presented in figure 6.

The forces of deformation f, and f, are calculated according to the equation (77)
and illustrated in figure 7. As short comments, we shall note that for three times
stretch of polystyrene molecular in the solution (/N = 243) along the axis z (A, = 3)
it is necessary to apply forces of deformation f, ~ 5-107'? H, which is equal to
gravity force created by mass 5- 107! g. Mass of polystyrene molecular is equal to
~ 4-10720 g. So, elastic properties of polymeric chain in the solution are extensive
enough.
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TepmoanHamika koHdopmauii Ta gedopmaunii niHinHNX
NoNiMEePHMUX NAaHLIOrNIB Y PO34MHI

HO."MepBeneBCbKUX

BinaineHHa IHCTUTYTY ®i3UYHOI Ximil
imM. J1.B.lMncapxescbkoro HAH YkpaiHu
79053 JbBiB, ByN. HaykoBa, 3a

Otpumanro 20 rpygHs 2000 p.

TepmoanHamika koHdopMmadii i gedpopmadii NiHIMHUX NONIMEPHMX NaH-
LtoriB y po34ymHi nobyaoBaHa Ha OCHOBI CTaTUCTUKK BykaHb 6e3 nepe-
xpeLeHHs. OCTaHHSA BUpaxae eHTPOonNito Ta BiflbHY eHeprito KoHdopma-
Uil noniMepHOro naHura y Burmsai cyMmm 0oAaHKiB, OOMH 3 SKUX Bpa-
XOBYE BHECOK BMMNAAKOBUX ONyKaHb, iHWWIA — ABOX OOMEXEHb, L0 Ha-
KNnagaloTbCs HA BUNaAKOBi OlykKaHHS | CTBOPIOIOTb epekT caMoopraHisa-
Ljii nonimepHoro naxuora. Mloro gedpopmadis po3rnsHyTa y BUMNSL pis-
HOBaXHOro nepexony knybka dnopi B koHpopmauinHmin enincoin. 3a-
NPOMOHOBaHI BUpa3u TepMoaMHaAMIYHUX Ta NPY>XHUX BNACTUBOCTEN MNO-
niMmepHoro naHuiora sk GyHKUIN cTyneHs oro gedopmadii. O6’eMHMi
Moaynb, Mmoayni KOHra Ta 3cyBy NOJIIMEPHOIO NaHLUora BUpaxatTbCs ve-
pe3 TucKk koHdopMmaLii, koediuieHT lNMyaccoHa 3anexnTs Tinbky Big, PO3-
MipHOCTi eBKJ1i[oBOro npoctopy. BusHauveHi cunu ta poboTta gedpopma-
LT, 3aNpPONOHOBaHNI METO, PO3PaxyHKy roJIOBHUX HAMPYXeHb.

KniouoBi cnoBa: koHpopmadis, nosiMepHuUi aaHUior, TepMoanHamika,
Aepopmaldlisi, NpyxHi BracTtmBocTi, cuna, poboTa

PACS: 05.70.Ce
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