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Soliton and ratchet motions in helices
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The most simple and straightforward generalization of the standard one-
dimensional molecular chain with nearest-neighbour interactions to three
dimensions is shown to be a helix backbone with three types of intermole-
cular interactions, the chain with secondary structure (e.g., α -helix in bio-
logy). The set of coupled nonlinear field equations with respect to the longi-
tudinal and transverse displacements of the chain molecules is derived and
stable non-topological three-component soliton solutions are found numer-
ically. These solutions describe supersonic pulses of longitudinal compres-
sion accompanied by a localized transverse bulge and a localized torsional
stretching of the helix backbone. Asymmetry caused by helicity of the back-
bone is shown to rectify zero-mean oscillating or fluctuating motions on a
simple experimental mechanical model.
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1. Introduction

The standard one-dimensional (1D) nonlinear (i.e., anharmonic) lattice, the stud-
ies of which were originated in a series of pioneering works [1–3], is usually considered
as the basic model for describing the transport properties in biomolecules [4–6]. The
interatomic (or intermolecular) interaction potential of this 1D lattice (linear chain)
contains a hard anharmonicity and, as a result, dynamically stable solitary waves
(called lattice or acoustic solitons) can propagate along the chain with supersonic ve-
locities [2,3]. Recently, this chain is also referred to as the Fermi-Pasta-Ulam (FPU)
chain, being currently an object for extensive studies of nonlinear dynamics. How-
ever, in applications to real biological macromolecules [7], the 1D FPU model should
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be generalized in order to include transverse motions of chain molecules [8], resulting
in the appearance of secondary structure of the chain – the fundamental property
of biomolecular structure.

In the present paper we discuss the most simple way in which such a general-
ization, that leads to secondary structure, can be accomplished. We assume that all
the chain molecules are allowed to move in the 3D space. Next, all intermolecular
interactions are supposed to be of the point-point type. Such a chain will be sta-
bilized only if its structure takes the form of a helix backbone. This backbone is
considered to be an isolated object which is not subject to any substrate potential.
The interactions between the first- and second-neighbour molecules along the linear
chain, as well as the nearest-neighbour molecules that appear in the direction of the
helix backbone, provide the stability of such a structure in three dimensions. Par-
ticularly, for the α-helix macromolecule, these interactions form the bonds between
the first, second, and third neighbours.

The essential ingredient for the existence of the acoustic solitons is the hard
anharmonicity of the forces that provide secondary structure. However, due to the
geometry of helical structure, an effective (geometrical) anharmonicity appears that
counterbalances the effect of forming the acoustic solitons. We show that only if the
intrinsic (hard) anharmonicity exceeds a certain critical magnitude, the solitons are
formed. For breather excitations the geometric nonlinearity is known to favour these
localized modes as shown previously [9].

Inspired by Feynman’s thermal ratchet [10], there have been considerable efforts
recently [11,12] in creating and studying devices that can act as molecular motors.
The main condition for these devices functioning as thermal ratchets, is broken spa-
tial symmetry of the system. Intuitively, one can expect that the helical asymmetry
can rectify a zero-mean deterministic or stochastic rotatory motion due to right- or
left-handed structure in a similar way. To this end, we have constructed a simple
experimental setup that clearly demonstrates unidirectional rotary movement.

2. Helical structure

Let molecules (e.g., amino acids) be linked together in a molecular (polypeptide)
chain by the first-, second-, and ν-neighbour forces as shown in figure 1. The forces
between the nth and (n + ν)th molecules are assumed to form a soft (hydrogen)
bond of the helix backbone and therefore the integer ν (i.e., the number of backbone
spines) is determined from the condition that the ν-neighbour bond has the shortest
length [13]. The geometry of a regular helix backbone, when its molecules are found
in the equilibrium positions, can be uniquely given by a set of three parameters [13].
We define the positions of the vertices of the helix backbone in terms of (i) the radius
R0 of the cylinder that spans the backbone, (ii) the angle φ in the XY plane which
is formed by each three successive chain molecules (this angle is the projection of
the valence angle ψ between the nearest valence bonds onto the XY plane), and
(iii) the height ∆z which measures the Z projection of the distance between the
nearest-neighbour molecules in the chain. Then the X , Y , and Z coordinates of the
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radius-vector of the nth molecule can be written as follows: R0 cos(nφ), R0 sin(nφ),
and n∆z where n = 0, ± 1, . . . When φ > 2π/ν or φ < 2π/ν, we refer to such a
chain as a right- or left-handed helix.
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Figure 1. A fragment of the helix
backbone consisting of 11 molecules.
The geometry of the backbone is in
accordance with the structure of α-
helix, i.e., ν = 3 and φ = 100◦.
The intermolecular interactions Uj,
j = 1, 2, 3, are schematically shown
by springs of different thickness. The
thicker is a spring the stronger is
stiffness of the bond. Undistorted
length of the bonds is shown by
the dimensionless distances aj =
Dj/R0’s.

Alternatively, the helix can be described
by other three parameters, namely by the
distances between (i) the nearest molecules
(D1), (ii) the second neighbours (D2), and
(iii) the nth and (n + ν)th molecules (Dν).
The distance Dj that connects the nth and
(n + j)th vertices of the backbone is Dj =
√

2[1− cos(jφ)] + j2h2 R0 , j = 1, 2, ν.
There is one-to-one correspondence between
the two sets of parameters: {R0, φ, h} and
{D1, D2, Dν} [13].

The third set of parameters which can
also be adopted for the description of helical
structure is {D1, ψ, Dν} with ψ being the
valence angle between the nearest-neighbour
bonds. Again, the relation between the pa-
rameter sets {R0, φ, h} and {D1, ψ, Dν}
can be given explicitly [13].

Since the regular helix structure is given
uniquely by three geometric parameters, we
need to consider three types of intermole-
cular interactions that stabilize this struc-
ture. One of these has to be introduced, as
usual, between the nearest neighbours along
the helix chain and it may be referred to as
valence bonds. The second one couples the
molecules situated along the longitudinal di-
rection of the chain and it forms secondary
structure of the helix. Thus, in protein these

interactions are soft and called hydrogen bonds. However, in order to have a sta-
ble helix backbone, besides these two we have to consider some third type of the
bonds. For instance, it can be the three-particle interaction fixing a certain valence
angle ψ. The simplest and straightforward way to take into account this fact is to
consider the interaction between the nth and (n + 2)th molecules, i.e., the second-
neighbour coupling. In this respect, such a helix backbone will be the most simple
generalization of the 1D FPU chain to three dimensions.

3. Basic equations

Let M be the mass of molecules and K the characteristic stiffness of the in-
termolecular forces, xn, yn, and zn the coordinates of an instant displacement of
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the nth molecule from its equilibrium position. Then the coordinates of the vector
qn describing the displacement of the nth molecule are q1n = cos(nφ) + xn/R0,
q2n = sin(nφ) + yn/R0, and q3n = nh + zn/R0. The total Hamiltonian of the helix
backbone with the three types of interactions, that link the first and second neigh-
bours as well as the nearest neighbours along the longitudinal direction of the back-
bone (ν-neighbours), can be written in a standard manner through the intermolecu-
lar potentials Uj(rjn), j = 1, 2, ν, depending only on the distances rjn = |qn+j−qn|
between the nth and (n + j)th molecules. The functions Uj(r), j = 1, 2, ν, are
assumed of the standard form (like the Lennard-Jones or Morse potential) with
Uj(aj) = 0 and U ′

j(aj) = 0 where the prime denotes differentiation. However, in
order to find soliton solutions, it is convenient to introduce the set of new variables
ηn, θn, and βn according to q1n = (1+ ηn) cos(nφ+ θn), q2n = (1+ ηn) sin(nφ+ θn),
and q3n = nh+ βn The generalized coordinate ηn describes the radial displacement
of the nth molecule from the cylinder surface which spans the helix backbone when
its molecules are situated at the equilibrium positions. The second coordinate θn

describes the azimuthal deviation of the nth molecule from its equilibrium position,
and βn is the Z coordinate of the displacement. Then the distance rjn is given by
r2jn = (1+ηn)

2+(1+ηn+j)
2−2(1+ηn)(1+ηn+j) cos(jφ+θn+j−θn)+(jh+βn+j−βn)

2

and the corresponding equations of motion become

d2ηn
dτ 2

= (1 + ηn)

(

dθn
dτ

)2

−
∑

j

Wj(rj,n−j) [1 + ηn − (1 + ηn−j) cos(jφ+ θn − θn−j)]

+
∑

j

Wj(rjn) [1 + ηn − (1 + ηn+j) cos(jφ+ θn+j − θn)] , (1)

d2θn
dτ 2

=
1

1 + ηn



−2
dηn
dτ

dθn
dτ

+
∑

j

Wj(rjn)(1 + ηn+j) sin(jφ+ θn+j − θn)

−
∑

j

Wj(rj,n−j)(1 + ηn−j) sin(jφ+ θn − θn−j)



 , (2)

d2βn
dτ 2

=
∑

j

[Wj(rjn)(jh+ βn+j − βn)−Wj(rj,n−j)(jh+ βn − βn−j)] (3)

with Wj(rjn) = U ′(rjn)/rjn. Here the time is scaled by τ = ω0t, ω0 =
√

K/M , and
the summation is performed over j = 1, 2, ν. It is important that these equations
are easily reduced to the standard 1D chain with the nearest-neighbour interactions
if we put φ = 2π and j = 1 or to the zigzag backbone if φ = π and j = 1, 2 [14].

4. Soliton profiles

The analysis of the equations of motion (1)–(3) in the small-amplitude limit
shows that the frequency spectrum of the helix chain consists of one optical zone
that corresponds to radial (ηn) oscillations of the backbone and two acoustic zones
describing the torsional (θn) and longitudinal (βn) oscillations. We assume that soli-
ton solutions have a moving permanent profile that propagates with dimensionless
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velocity s = v/v0 where v0 = (K/M)1/2R0 is the characteristic velocity of small-
amplitude waves propagating along the backbone. Next, we put ηn = η(nh − sτ),
θn = θ(nh − sτ), and βn = β(nh − sτ). Assuming that the wave profile smoothly
varies from site to site, we approximate the first and second time derivatives of ηn

by the simplest spatial difference derivatives as follows:

dηn/dτ = −sη′(nh− sτ) ≃ −s(ηn+1 − ηn−1)/2h , (4)

d2ηn/dτ
2 = s2η′′(nh− sτ) ≃ s2(ηn+1 − 2ηn + ηn−1)/h

2 . (5)

Since the torsional and longitudinal small-amplitude waves are of the acoustic type,
we need to take into account the dispersion that arises from the discreteness of
the backbone. More precisely, we represent the time derivatives of θn and βn by
differences that additionally contain higher-order spatial difference derivatives cho-
sen in such a way that they cancel the higher expansion terms while passed to the
continuum limit. Thus, in terms of the relative displacements ϕ n = θn+1 − θn and
ρn = βn+1 − βn one can write

dθn/dτ ≃ s(ϕn+1 − 5ϕn − 2ϕn−1)/6h , (6)

d2θn/dτ
2 ≃ −s2(ϕn+1 − 15ϕn + 15ϕn−1 − ϕn−2)/12h

2 , (7)

d2βn/dτ
2 ≃ −s2(ρn+1 − 15ρn + 15ρn−1 + ρn−2)/12h

2 . (8)
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Figure 2. Three-component profile of the
soliton in α-helix with the anharmonicities
γ1 = γ2 = 0 and γ3 = 1 found numerically by
solving the discrete equations (dashed line)
and at the final instant τ = 28062.45 when
the soliton has passed 100000 chain sites
(solid line). The initial velocity of the soli-
ton was s = 1.05sl.

Now we replace the time derivatives
in equations (1)–(3) by the spa-
tial differences (4)–(8) and obtain
discrete equations for the displace-
ments ηn, ϕn, and ρn that can be
solved numerically, for instance, by
minimization techniques [13]. For
an appropriate choice of velocity s
and sufficiently strong anharmonic-
ity γν defined as a coefficient at the
cubic term of expansion of the lon-
gitudinal soft interaction, the so-
lution of these discrete equations
gives three-component bell-shaped
profiles shown in figure 2 by dots.
The next step in studying soliton so-
lutions to our problem is to use the
bell-shaped profiles found by min-
imization as initial conditions for
numerical simulations of the origi-
nal equations (1)–(3). Then the final
profiles of the variables ηn(τ), θn (or
ϕn), and βn (or ρn) obtained under
the simulations at sufficiently long
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times τ allows us to conclude whether or not the initial profiles is a stable soliton
solution. In this way we have studied the three-component soliton solution shown
in figure 2 by dots in the case of the α-helix backbone. For the existence of the
soliton solutions only a hard anharmonicity of soft hydrogen bonds is sufficient, it
must counterbalance the geometrical anharmonicity. Therefore we took into account
only the anharmonicity of the third neighbours (ν = 3). The numerical solution has
shown that at weak anharmonicity, when γ3 = 0.1, there are no soliton solutions
while for the value γ3 = 1, the soliton solutions exist only with supersonic velocities
in the narrow segment 1 < s/sl < 1.065 where sl = vl/v0 is the dimensionless ve-
locity of longitudinal sound. As illustrated by figure 2, when the initial speed was
s = 1.05sl, the simulation of equations (1)–(3) has demonstrated that after passing
over 100000 chain sites, the final soliton shape shown by solid lines perfectly coin-
cides with the initial profile shown by dots. Moreover, simulations of the head-in
collision of these solitons has confirmed their stability.

5. A Helical Ratchet

By analogy with solitons in condensed matter physics, where mechanical de-
vices have proved fruitful in demonstrating their remarkable properties [15] (see,
e.g., Scott’s model [16] experimentally demonstrating the propagation of topological
solitons), mechanical ratchet models could also be useful for analyzing the physics
of their function. In the simplest terms, let us restrict ourselves to a system consist-
ing of only two bodies as shown schematically in figure 3. The experimental setup
consists of two massive bars A and B with masses MA and MB which are linked by
three springs 1, 2, and 3. The geometrical configuration shown in figure 3 mimics a
left-handed helical structure (e.g., springs 1 and 2 could model the helically coiled
α-helices of the γ-subunit of F1-ATPase [17]). Spring 3 with a stiffness constant K
supports bar A at a certain equilibrium distance from bar B. The action of gravity
on bar A is balanced with the compression force of spring 3, so that the equilibrium
distance between the bars occurs at h − ∆h where ∆h = MAg/KR0 with g being
the gravitational acceleration. In this equilibrium state, springs 1 and 2 are undis-
torted and we denote their equilibrium length by r0. Let φ be the angle between
the orientations of bars A and B when the system is found in the equilibrium state.
Then the angle φ depends on other geometrical parameters through the relation

r0 =
√

4 sin2(φ/2) + (h−MAg/KR0)2.
The supporting plate in the setup creates a sliding friction for rotatory motion

of bar B. This friction depends on the direction of the normal component of the
force applied from the side of bar A through all springs 1, 2 and 3. Any forcing
that exceeds the friction of rest between bar B and the supporting plate causes the
rotation of this bar on the plate. The ratchet will work, as we intuitively expect,
to one direction only, namely to the clockwise direction (when viewed from above)
because the rotation of bar A in this direction causes the tension of springs 1 and 2
whereas the rotation in the opposite direction compresses these springs. As a result,
the normal component of the spring force applied to bar B in the vertical direction
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Figure 3. The experimental setup: two bars A and B are linked by two compact
springs (1 and 2) forming together a left-handed helix. Central spring (3) supports
the upper bar. The supporting bottom plate creates a sliding friction for the lower
bar. A driving oscillating or fluctuating force is applied to bar A by, for example,
hitting it with a hammer from various directions. Coloured noise was created by
the sound from a fog horn acting on a horizontal membrane glued on top of bar
A. In all cases of forcing, the helix was observed to rotate only in one direction.

will be directed upwards in the former case and downwards in the latter case. This
change of the applied force will lead to the corresponding behaviour of the magnitude
of reaction and therefore of friction.

Let us denote the angular deviations of bars A and B from the equilibrium
positions by θA(t) and θB(t). Except these two variables, we also consider the vertical
displacement z(t) of bar A from the height h. Using the arguments given above,
Newton’s second law yields the following system of three dynamical equations with
respect to the variables θA, θB and z:

MAθ̈A = κ(1− r/r0) sin(φ+ θB − θA) + Ft/R0 ,

MB θ̈B = −κ(1− r/r0) sin(φ+ θB − θA)− ΓNθ̇B/g , (9)

R0MAz̈ = N − (MA +MB)g + Fn .

Here Fn and Ft are the normal and tangential components of an external force
applied to bar A whereas bar B is subject only to the sliding friction with Γ being
a damping coefficient. The friction force acting on bar B is assumed proportional
to its angular velocity θ̇B and the reaction N acting from the side of the supporting
plate is N =MBg −R0[κ(1− r0/r)(h+ z) +Kz]. The instant length r of springs 1
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and 2 is given by r =
√

2− 2 cos(φ+ θB − θA) + (h+ z)2. For simplicity, the strain

energy of all the springs in the system of equations (9) is given in terms of harmonic
potentials.

A symmetric forcing is applied to the upper bar and the lower bar may be
considered as a loaded part of the device that carries out usable work. The heart
of this machine is the asymmetric dependence of the friction on forcing due to the
helical structure. Intuitively, under the action of the driving force Fn(t) one can
expect that when Fn > 0 (the applied force is directed upwards), bar B rotates
clockwise (θ̇B < 0), and vice versa, when Fn < 0 (the force is directed downwards),
the bar rotates anti-clockwise (θ̇B > 0). On average, the angular velocity θ̇B will
accumulate the angular drift of bar B in the clockwise direction and molecular
dynamics simulations have confirmed such a clockwise drift motion.

6. Conclusions

It is an attractive point of view to study the transport of vibrational energy
in biopolymers such as protein on the basis of 1D nonlinear lattice models. The
first attempt in this direction was formulated by Davydov and Kislukha [4] (see
also the book [5] and the review paper [6] and references therein) who suggested
that the intramolecular vibrational amide-I mode could be self-trapped through its
interaction with deformation in the protein structure. Further, Davydov et al [18]
and Scott [19] generalized this theory by taking the dipole-dipole coupling between
the three spines into account. On the other hand, Yomosa [7] modelled the energy
transfer in protein, essentially applying the 1D FPU model. The present paper also
focuses only on the large-amplitude supersonic acoustic solitons, but in 3D helices the
backbone of which is stabilized by three types of intermolecular bonds. Alternatively,
instead of the second-neighbour intermolecular bonds, a three-body force that fixes
the valence angle ψ, could be considered. Any of these force constraints is sufficient
for a helix backbone to have a single ground state. The 3D helical model studied in
the present paper may be considered to be the simplest generalization of the 1D FPU
chain to three dimensions including all degrees of freedom of the chain molecules.

Three-component non-topological solitons have been shown to exist and prop-
agate with supersonic velocities in the helix backbone with any number of spines.
Similarly to the 1D case, for the existence of the soliton solutions, the presence of
anharmonicity, at least, in the longitudinal (hydrogen) bonds connecting each nth
and (n+ν)th molecules, is a necessary condition. However, compared to the 1D FPU
model, the existence of stable soliton solutions in the 3D helix backbone appears
to be more limited. First, they exist if the anharmonicity of the ν-neighbour forces
(longitudinal bonds) is sufficiently strong. Second, the segment of admissible (super-
sonic) velocities of solitons is always finite. It is quite narrow and for all velocities
from this segment, the soliton propagation is uniform with retaining velocity and
profile. However, when the solitons collide, their behaviour after collision depends on
the velocity. At the lower edge of the soliton velocity spectrum, the soliton collision
is elastic whereas for higher velocities, at the upper edge, the solitons collide inelasti-

300



Soliton and ratchet motions in helices

cally, with radiation of small-amplitude waves. In summary, we conclude that in a 3D
isolated helix backbone the three-component solitons, describing supersonic pulses
of longitudinal backbone compression (accompanied by a localized radial bulge and
a torsional stretching), still exist as dynamically stable objects. However, the range
of their existence is more limited if compared to the 1D FPU lattice.

Another interesting problem considered in this paper is whether the helical asym-
metry can induce rectifying zero-mean oscillating or fluctuating rotary motions, sim-
ilar to thermal ratchets. To this end, we have constructed a simple two-body helical
model that supports ratchet rotatory motion. This ratchet mechanism might be of
interest for studying the F1-ATPase motor [17].
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Солітони і храповикові рухи у спіралях
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Отримано 4 вересня 1998 р.

Показано, що найбільш просте і безпосереднє тривимірне узагаль-
нення стандартного одновимірного молекулярного ланцюжка із вза-
ємодією найближчих сусідів має вигляд спірального скелета з трьо-
ма типами міжмолекулярних взаємодій – ланцюг із вторинною струк-
турою (наприклад, α -спіраль у біології). Виведено систему зв’яза-
них нелінійних польових рівнянь стосовно поперечних і поздовжніх
зміщень молекул ланцюжка і знайдені стійкі нетопологічні триком-
понентні солітонні розв’язки. Ці розв’язки описують надзвукові бит-
тя поздовжнього стиску, що судпроводжуються локалізованою попе-
речною опуклістю і локалізованим скрученим розтягом спірального
скелета. На прикладі простої механічної моделі показано, що спри-
чинена спіральністю скелета асиметрія виправляє середні осцилю-
ючі або флюктуюючі рухи.

Ключові слова: ангармонічні ланцюжки, спіралі, солітони,

храповики
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