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Lithium intercalated anatase used in Li-ion batteries has some special features: coexistence of Li-rich and Li-
poor phases as well as two possible positions for Li ions in the oxygen tetrahedron. A theoretical description
of the compound considering those peculiarities is presented. As shown by the performed symmetry analysis,
the intercalation induced lattice deformation can be accompanied by the ordering of antiferroelectric type
(internal piezoeffect). In the following step, a qualitative illustration of the phase separation in the lithiated
anatase is given within the Landau expansion at the proper choice of coefficients. A microscopic model for
description of the compound is also proposed which combines features of the Mitsui and Blume-Emery-Giriffits
models and utilizes the symmetry analysis results. Various ground state and temperature-dependent phase
diagrams of the model are studied to find a set of model parameters corresponding to the lithiated anatase.
A phase separation into the empty and half-filled phases in a wide temperature range has been found closely
resembling the phase coexistence in the intercalated crystal. In the framework of the model, the two-position
Li subsystem could have the ordering of ferro- or antiferroelectric types which, however, has not been yet
observed by the experiment.
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1. Titania in a nutshell

1.1. Titanium dioxide: polymorphs, properties and applications

There are eleven known polymorphs of titanium dioxide (titania). The most common natural
forms (rutile, anatase and brookite) are just different space arrangements of the TiOg group where
a titanium cation is located in the centre of the slightly deformed octahedron shaped by six oxygen
anions. Each polymorph has its own deviations from the ideal octahedron but it is always elongated
along the certain axis. Thus, two (apical) oxygens are further away from the titanium than four
others (equatorial).

Being the most stable polymorphs, rutile and anatase are widely used and intensively studied.
They are very similar in many details (e.g. the arrangement of atoms and average lengths of
bonds) [1]. However, anatase is 10% less dense than rutile and an additional volume is condensed
in the voids affecting the cell averaged properties such as compressibility and dielectric constant.
Moreover, this minor difference becomes crucial at crystal intercalation. In both polymorphs, an
elementary cell consists of two formula units but unlike the tetragonal rutile (P42/mnm) the
standard crystallographic cell of body-centered tetragonal anatase (141 /amd) is chosen to consist
of two elementary cells.

The titanium atoms, and hence, the octahedra, are arranged in such a way that each oxygen
is at the same time an equatorial atom for one titanium, and an apical one for the other titanium
atom in the same unit cell. Neighboring octahedra are sharing edges and corners with each other.
Two and four edges of each octahedron are shared in rutile and anatase, respectively. The basic
octahedra are distorted in such a way that each shared edge is shortened, the other edges being
correspondingly elongated. The shortened oxygen-oxygen bonds are often named as the bridge
bonds (in the sense that it bridges the interaction between Ti ions: metal-oxygen-metal). In rutile
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the bridge bond connects two equatorial oxygen atoms. Hence, the octahedra form the vertical
linear chains. The octahedra belonging to adjacent chains are connected only through one corner:
an oxygen atom which is both apical and equatorial for the two touching octahedra. In anatase,
the octahedra are arranged in order to share a diagonal edge between an apical and an equatorial
atom. Thus, octahedra form zig-zag chains orthogonal to the crystallographic axis. There are two
sets of chains orthogonal to each other, that are connected through a common octahedron.

The list of hi-tech applications of titanium dioxide is quite impressive. They are primarily
related to its photoactivity. For example, TiOs, particularly in the anatase form, is a photocatalyst
under ultraviolet light. The strong oxidative potential of the positive holes oxidizes water to create
hydroxyl radicals (the Honda-Fujishima effect [2]).

Superhydrophilicity phenomenon for glass coated with titanium dioxide is caused by ultraviolet
light partially removing oxygen atoms from the surface of the titanium oxide. The areas where
oxygen atoms were removed became hydrophilic, while the same size areas where no oxygen atoms
were taken away turned out to be hydrophobic [3]. The result is a TiOq-coated glass which is
antifogging and self-cleaning.

Dielectric properties of titanium dioxide distinguish it as semiconductor [4] (to stress the dif-
ference: anatase is semiconductor of the n-type while rutile is of p-type which is utilized in the
gas sensor [5]). Due to its high dielectric constant, it is commonly used as a dielectric in electronic
devices, such as thin film capacitors [6] and MOS devices [7], as well as for the fabrication of
anti-reflection coatings, interference filters [8], as well as optical wave-guides [9].

Although both rutile and anatase are potentially interesting for photo-catalysis and photo-
electrochemical applications, experimental investigations have mostly focused on the more prospec-
tive anatase polymorph. It has a wider optical-absorption gap and a smaller electron effective mass
which presumably leads to a higher mobility for the charge carriers [10] and plays a key role in the
injection process of novel dye-sensitized photochemical solar cells with high conversion efficiency
[11]. In some cases, the two materials are used together in the same device, exploiting their peculiar
properties for different purposes. For example, a typical low-cost photo-voltaic module is composed
of a transparent conducting photo-electrode of dye-sensitized nanocrystalline anatase, a spacer of
electrically insulating, light-reflecting particles of rutile, and a counter-electrode of graphite pow-
der [12]. Hence, anatase is used due to its efficient coupling with the dye, and rutile for its high
dielectric constant.

Furthermore, the open crystallographic structure of anatase facilitates the accommodation of
substantial amounts of small ions (Li, H, etc.) within the lattice. Lithium insertion changes the
optical properties of TiOs: it turns the white powder dark blue whilst in thin film form it changes
from being transparent to partially reflecting (electrochromism) which is used in displays and sun-
blinds (switchable mirrors). Combining an electrochromic film and a photovoltaic film to form the
two electrodes of an electrochemical cell one can achieve a photochromic structure [13].

1.2. Intercalation of rutile and anatase: experiment and theory

In the last decades the Li-ion batteries have run into operation as a result of their high energy
capacity, re-chargeability and environmentally friendly properties. Anatase TiOs may act as an
anode in such a battery [14]. In practice, anatase is not the ideal candidate because of its relatively
low potential versus other electrode materials. Better properties are demonstrated, e.g. by similar
compounds with the spinel structure LiTioOy4 [15], LisTi5O12 [16] and their manganesian analogues
LiMny0O4 and LiMgp 1Nig4Mn; 504 [17]. Here anatase is considered as a well defined model ma-
terial displaying many typical properties of transition metal oxide electrodes. The electrode and
electrochromic properties of lithiated anatase are already well documented and partly exploited
commercially. However, the impressive experimental breakthrough in the study of the microscopic
processes resulting in these achievements is not accompanied by theoretical investigations.

As mentioned earlier, anatase TiO2 has a body-centered tetragonal structure indexed by the
14, /amd space group. Upon lithiation, anatase lattice undergoes an orthorhombic distortion that
results in the Lip 5TiO2 phase (sometimes referred to as Li-titanate) indexed by the space group
Imma, where the fourth order axis is lost due to the distortion in the ab plane [18]. The change
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in symmetry is accompanied by a decrease of the unit cell along the c-axis and by an increase
along the b-axis, resulting in a 4% increase of the unit cell volume. Lithium was found to reside in
the interstitial voids within the oxygen octahedra [18]. The structural change can be explained as
occupation of Ti-Ti bonding atomic orbitals by the electron that enters the TiO» lattice with each
Li-ion to maintain charge neutrality.

In comparison with the number of experimental studies of intercalated titanium dioxide the
list of theoretical works on the subject looks very short containing primarily ab initio approaches.
Some experimentally established properties are fairly well explained but some predictions are not
confirmed by experiment.

Already in the pioneer work [19] a higher possibility of lithium intercalation in the anatase
structure than in rutile was predicted as well as the absorption energies obtained were calculated
and Li-induced local one-electron energy levels were found in the gap between the upper valence
band and the conduction band and could be attributed to Ti3* states.

The calculations of the relative lithium insertion potentials were performed for the rutile,
anatase, brookite, ramsdellite, colombite, spinel, and orthorhombic polymorphs of titanium di-
oxide from the first principles periodic Hartree-Fock approach [20] also indicating that lithium was
completely ionized in LiTiO5 and that the charge transfer is predominantly to the oxygen sublat-
tice. A similar study of the average voltage to intercalate lithium in various metal oxides (among
them TiO2) and dichalcogenides was performed utilizing the ab initio pseudopotential method
[21]. It was also found that Li was fully ionized in the intercalated compounds but with its charge
distributed among the anion and the metal.

A series of works [22-28] should be mentioned, where the lithium intercalation in both rutile
and anatase was ab initio modelled taking into account thermodynamic and kinetic effects. The
important role of strong local deformations of the lattice and elastic screening of interlithium
interactions was established, the absence of insertion into rutile at room temperature was explained
in terms of inaccessibility of the low-energy configurations due to highly anisotropic diffusion,
a phase separation in anatase into a Li-rich phase and a Li-poor phase was described and the
existence of a new distorted rock-salt phase for LiTiOy was predicted [22,28]. The calculated
open circuit voltage profile reproduced and explained the characteristic features of experimental
discharge curves for both polymorphs [24]. An analysis of the site preference for Li intercalation
in rutile and diffusion pathways of ions was performed. The expansion of the host structure on
Li insertion was found to contribute to the enhanced diffusion of Li ions along the ¢ direction
while a large distortion of the rutile framework nearly suppressed Li diffusion in the ab planes;
computed diffusion coefficients were found in excellent agreement with the measured values [26].
A new phase of LiTiO; is predicted which may be accessed through electrochemical lithiation of
ramsdellite-structured TiO2 at the lowest potential (remaining constant over a wide range of Li
concentrations) reported for titanium dioxide based materials [29].

Ab initio study of the elastic properties of single and polycrystal TiO5 and other IV-B group
oxides in the cotunnite structure was performed [30].

Up till now only one non- “ab initio” description of the intercalation in titanium dioxide by
means of the pseudospin-electron model [31] (where the pseudospin formalism was used in describ-
ing the intercalant subsystem) was performed. The possibility of the phase transitions accompanied
by an abrupt change of the concentration of intercalated ions and a significant increase of electro-
static capacity of the system was predicted.

1.3. Special features of the lithium intercalated anatase: phase equilibrium and double
positions for lithium ions

Upon lithium insertion, an increasing fraction of the material changes its crystallographic struc-
ture from anatase TiOy to Li-rich lithium titanate Lig ¢TiO2 (sometimes a different stoichiometry
is reported: Lig.5TiO2 or Lig 55TiO2; as will be shown below it depends on the size of TiOs crys-
tallites). Phase separation occurs on the Li-rich and the Li-poor (Lig.01 TiO2) phases [32].

Such a two-phase equilibrium system in the electrodes provides a constant electrical potential
between their electrodes (so-called plateau in potential on the discharge curve) for a wide range of
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the lithium concentration, because only the relative phase fractions vary on charging (or discharg-
ing) the lithium while their stoichiometries remain unchanged [33]. The Li-rich lithium titanate
phase progressively moves inside the anatase electrode as a front parallel to the interface and
returns during lithium extraction exactly in the way it came in [34].

Both in the anatase and in the lithium titanate lattice, Li is found to be hopping over the
available sites with activation energies of 0.2 and 0.09 eV, respectively. However, macroscopic
intercalation data show activation energies of 0.5 eV because the diffusion through the phase
boundary determines the activation energy of the overall diffusion and the overall diffusion rate
itself [32].

Recent NMR spectroscopy study [35] of nanosized lithiated anatase revealed further important
details of the phase behavior and morphology. The coexistence of the Li-poor and the Li-rich
phases is possible only in the particles of the size exceeding 120 nm due to the surface strain
(occurring between the phases) which becomes energetically unfavourable in small particles. For
the system of 40 nm particles, phase stoichiometries are not stable indicating an enhanced solid
solution behavior: lithium content increases to Lip.1TiO2 in Li-poor and to Lig7TiO2 in Li-rich
phases. Further decrease of the particle size makes it possible to find a fully occupied phase Li; TiO5
[36]. It can coexist with the Li-rich one penetrating to the 3-4 nm depth below the particle surface
(or transforming all the particles less than 7 nm in size). The poor Li ion conductivity can be due
to the full occupation of the octahedral voids, whereas ion diffusion requires vacancies. Most likely,
the short diffusion path in nanostructured materials diminishes this problem as well as elevation
of temperature.

As established by quasi-elastic neutron scattering [37] Li ions can occupy two distinct positions
within the octahedral interstices along the ¢ axis (but only one of them at a time). In the Li-anatase
those positions are symmetrical, separated by 1.61 A and equally occupied while in the Li-titanate
they are shifted, separated by only 0.7 A and nonequivalent (nr;; = 0.32 and n;x = 0.19 at 10 K
— the fitting of the site occupancy assuming a Boltzmann distribution indicates that the energy
difference between the positions is 3.8 meV; positions 1 and 2 have an antiparallel orientation in
the neighbouring octahedra due to the phase symmetry). A combination of quasi-elastic neutron
scattering and force field molecular dynamics simulations shows that Li is hopping on a picosecond
time scale between the two sites in the octahedral interstices [38,39].

Lithium was also found to occupy multiple positions inside the distorted oxygen octahedron of
LizMgp 1Nig 4Mn; 504 spinel [17]. Quite possible that this feature is common to a wide family of
crystals with a similar structure but has been found only recently due to a higher precision of the
experiment.

2. Symmetry analysis of the lithium intercalated anatase: a possibility of
internal piezoeffect

As mentioned before, the standard crystallo- //-f AN
graphic cell of body-centered anatase is chosen ' @ \\\ k=2
to consist of two elementary cells for conveni- [ | // \\
ence. Thus, the respective space group Diz (or \ @ /‘ ) \
14, /amd origin choice 2, No. 141) has a double \\g/ [ |
set of symmetry operations as compared with its N ) /

. k=1 \ /
point symmetry group Dyp (4/mmm). However, 1/

a single elementary cell obeys all transformation
rules. It consists of two formula units, i.e. two oc-
tahedral voids (formed by oxygen anions) where
the intercalated lithium ion can reside in one of
two available positions (figure 1).

Figure 1. A schematic illustration of the posi-
tions available for the intercalated lithium ion
in oxygen octahedron voids of the anatase ele-
mentary cell. Occupation of positions 1 and 2
is equal in the poor Li-anatase phase and dif-

Occupation of each octahedron by the lithium ferent in the rich Li-titanate phase; their ori-
ion could be easily described by the Hubbard pro- entations are antiparallel in the neighbouring
jection operator X!?, where i is the lattice site octahedra (sublattices k = 1, 2).
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index (i.e. the elementary cell index), k = 1, 2 is the sublattice index (the octahedron index), and
the state p = 0 corresponds to an empty octahedron while the states p = 1, 2 denote the lithium ion
in positions 1 or 2, respectively. The Hubbard operator formalism reflects the microscopic structure
of the system and is very convenient for further calculations.

Alternatively, in the pseudospin formalism localization of lithium in a certain position can be
described by the pseudospin operator 3;, = (—1)*~1(X} — X22). However, one should also take
into account the total occupation of the void fi;; = X ilkl + X f,f Such an approach separates dipole-
dipole (pseudospin) and particle-particle interactions in the spirit of the Blume-Emery-Griffiths
(BEG) model [40].

Finally, symmetrized linear combination of the averages

nt = %(nl + n), N+ = %(51 + 52), (nie = (Rir)s sk = (3ix)) (1)

inherit symmetry properties of the system, thus being the order parameters of possible phase
transitions (see appendix). Namely, n (it transforms according to the irreducible representation
(IR) A1, of the point group Dyj) corresponds to the lithium concentration (the average occupation
of octahedral voids), n_ (IR Ba,) is the difference of the void occupations in the sublattices 1 and
2, ny (IR As,) is the polarization along the z axis, and n— (IR By which corresponds to the
phase transition into the Li-titanate point symmetry subgroup Dsy,) simultaneously describes two
phenomena: the antipolarization along the z axis (unlike the true antiferroelectric ordering with
doubling of the unit cell, a mutual compensation of sublattice polarizations occurs here just as
in the Mitsui model) and the deformation U, — Uy, in the ab plane. Such a coexistence of the
antipolar ordering and the deformation belonging to the same irreducible representation and, thus,
described by a common order parameter is called internal piezoeffect.

3. Phase equilibrium in the framework of the Landau expansion

The symmetry analysis performed in the previous section can serve as a background for a
qualitative description of thermodynamics of the considered system in the framework of Landau
expansion

oo, 13 1 4 1 s 1,

F=Fy+ -ap®+ -bp°+ —cp*+ -An*+ —-Bn* —on — up, (2)

2 3 4 2 4
where p describes the intercalant (lithium) concentration and hence corresponds to the n4 intro-
duced above, p is the chemical potential, the order parameter n is proportional to the n_, and
the conjugated “field” o describes the applied stress; the expansion coefficients should satisfy the
following conditions

A= Ag+ Aip, B >0, c>0.

The equilibrium state of the system is achieved at the minimum of the free energy

OF 1

- = bp? 34 ZAm?—nu=0 3
Bp ap +bp® +cp +2 1" —p ) (3)
OF

—— = An+ B —o=0. 4
o n+ By’ —o (4)

Further calculations are limited to the case of zero “field”: o = 0. Then, equation (4) can have
either trivial solution 77 = 0 or nonzero one:

A+BT]§:0 = == 7(A0+A1p)/B. (5)
At B > 0, no takes on a real value under the condition Ag + A;p < 0 which means Ay > 0 and
A; <0 giving
2 _ |Ailp— Ao Ao
= > 6

Let us consider the cases = 0 and 1 # 0 separately.
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I.n=0
As follows from equation (3)
pp) =m  plp) =ap+bp® +cp’. (7)

This equation could have three solutions in a certain region of chemical potential values (i.e.
the possibility of a phase transition with the jump of p) if the extrema of the function ¢(p)
exist, i.e. the equation

9¢(p)

T —a+2bp+3cp® =0
dp

P12 = % [—bi Vb2 — Sac} , (8)

which imposes a condition on the Landau expansion coefficients

has nonzero solutions

b% — 3ac > 0. 9)
An equivalent condition could be obtained by setting the second derivative to zero

&¢(p)
0p>

=2b+ 6¢cp =0,

which gives the ordinate of the inflection point
p"=—b/3c, (10)

and demanding a negative value of the first derivative at this point dp(p)/9p|,=,+ < 0. Since
the curve (p) always crosses the inflection point (which is the symmetry centre of the curve),
this point is also crossed by the line of the phase transition occurring at the following value

of chemical potential
b [ 2b?
o) = (5 o) = (1)
Considering that the parameter p describes concentration, we have an additional condition
p = 0: both solutions of equation (8) are positive if b > 0.

II. n==%no
After the identical calculations one can obtain an expression similar to equation (7) but
slightly renormalized:

~ ~ ~ Al |2 ~ AO |A1|
bo2 3 | = — . 12
ap+bp° +cp’ =, a=a- "5, =p 5 (12)
The phase transition exists if
b — 3ac >0 (13)

and it occurs at the following value of chemical potential

b (2

As follows from the above considerations, the behaviour of the system at change of the chemical
potential depends on the values of Landau expansion coefficients. So, further considerations are
limited to the case which qualitatively describes the phase transition between the poor phase I
(n=0, p — 0) and the rich phase II (n # 0, p — 0.5) in the lithiated anatase.

Comparing conditions (9) and (13) one can derive the condition

3]A1]2
3ac — 5%0 < b* < 3ac (15)
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describing the case when only one solution for p exists in the phase I while there are three possible
solutions in the phase II at nonzero 79. Combining the equations for equilibrium values of p and
the condition of the first order phase transition F; = Fj; between the phases I and II, we obtain a
set of equations for values of pr, pr1 and i at the phase transition point

apr + bpt + cpi = p,

apr + bpf + cpiy = i,

1, 1.4 1, 1, 1., 1 , 1 ) 1,

50P1 + 3bot + ept — ppr = Sapiy + by + Jepin + §A(pn)no (p1) + ZBWO(PH) — ppu- (16)

A qualitative illustration of such a phase
transition, which corresponds to the case in the

o \\ ----- n=0 lithium intercalated anatase, is given in figure 2
t 0.1 \\\ ——= %0 for the following set of Landau coefficients (2):
> NN , a = 108, b = —35.2, ¢ = 45.7, Ay = 0.2
2 \ Possible . .

o NN ond order A; = —9.1, B = 9. This set satisfies the con-
° g ANEREN PT point dition (15) and, as follows from the free energy
3 IL?I't Ocr>inetr \\ AN analysis, at the rise of chemical potential the first
P \ SA order phase transition from the branch I to the
0.0q----mrmmmimeens ot ::_‘,\ ) branch II (16) precedes the possible second order
i : i . i : I phase transition with a continuous growth of the

-0.2 0.0 0.2 0.4 nonzero value of p at p(u) = pe.
Chemical potential u Due to the dependence on parameter p of the
coefficients of parameter 7 both of them have si-

Figure 2. Dependence of free energy on chem- multaneous jumps at the point of the first order

ical potential for branches with zero and phase transition (figure 3). Parameter 7 should

nonzero order parameter 7): the first order

-© be considered as a true order parameter of this
phase transition takes place.

transition because it is exactly equal to zero in
the initial phase. It should be also noted that
(due to proximity of the phase transition points) at increase of chemical potential the system could
“pass through” the first order phase transition point (a metastable state) and the second order
phase transition does occur followed by the first order phase transition in the extremum point of
p(u). All the above considerations are valid for the case u = const. However, the lithiated anatase
corresponds rather to the system with the fixed lithium concentration (p = const). In this case the
system separates into phases with concentrations p; and py; (figure 3) and respective weights wy
and wry, SO Pfixed = wipr + wirprr- The chemical potential of the system is constant and is equal
to the chemical potential value at which the first order phase transition occurs in the p = const
regime.
Using the equality ,

0°F 5 Oo
an? =A+3Bn" = an’
one can calculate the susceptibility which describes the reaction of the order parameter n (the
deformation U,y — Uyy) with respect to the “field” o (this susceptibility is related to the elastic
modulus of the system)

on -1
=5 = [Ao — |Ailp+3Bn?] . (17)
Its explicit form depends on the phase
n=0: x1=[A—|Ailp] ", (18)
1 _
n=mo: xu =g [[Ailpn — Ao . (19)

Due to the phase transition, the susceptibility has a jump whose value can be calculated from
expressions (18) and (19) using solutions of the set (16).
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Figure 3. A jump of order parameters p (left) and n (right) at the first order phase transition.
Thermodynamically stable solutions are marked with the solid curve. In the p = const regime
the phase separation into phases with pr and pir takes place.

Utilizing the equality Ag — |A1|p = —Bn?, one can rewrite the susceptibility (17) at  # 0 in
the form )
X = [2Bn2] . (20)

Thus, the susceptibility could diverge in both cases (18) and (20) approaching the point of the
possible second order phase transition from the respective direction.

4. Lattice model for the lithium intercalated anatase

4.1. Model Hamiltonian and thermodynamics in the mean field approximation

As demonstrated in the previous section, the Landau expansion combined with the symmetry
analysis gives a good qualitative picture of the phase separation in the lithiated anatase. However,
a detailed description of temperature dependent thermodynamic properties of the system could be
derived only in the framework of a microscopic approach. Let us construct a model Hamiltonian
of the lattice gas type:

H = Hy + Hing + Haes, (21)

where besides the single particle term ﬁl the interparticle interaction ﬁint and the lattice defor-
mation Hger are taken into account:

H, = Z Z 2(50 - )Xy hZ(5i1+5i2) - A Z(Sil*SiQ),
i ok op i i

= 3 S5 S WHG XX,

i#j k  pq

1
Hyer = 5NCUQ, (22)

where
A=aU, U=Uz—Uy; k=1,2, p=20,1,2;

& is chemical potential of the intercalant particles (let us assign e¢ as its origin), h is the external
electric field, A is the deformation induced internal field, U is the effective deformation in the
XY plane (o0 = 9(Q/N)/OU defines the stress), W/ (i, j) are the interaction energies between the
particles in the respective positions. Hence, we take into account both the semiphenomenological
deformational shift of the lattice energy H_ger and the effective internal staggered field A (similar
to the one in the Mitsui model) which appears due to the intercalation induced lattice deformation
making the lithium intercalation positions inequivalent in the pairs. Unlike the ordinary lattice gas
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approach, the proposed model considers two equilibrium positions for intercalated particles. Such
multistate models (see, e.g. [41,42]) are rather rare since monopositional intercalated materials are
the most common. Deformational effects have been also taken into account because an effective
potential for the Li ions was affected by the intercalation-induced distortion of the host [43].

In the mean field approximation, Hamiltonian (21) becomes linear

Hyipa = NEo + Z Z Z Hyp XPP (23)
Taking into account the symmetry properties of the Fourier transforms of the interaction energies
in the centre of the Brillouin zone

VV1111 = VV1212 = W22 = W227 VV1112 = VV1211 = W22 = W22,
W1 W21 = W1 W217 W1 W12 = W21 = W21 )

one can write down the expressions for average values and effective fields

Eo = gWii ((X01)? +(X7%)7 + (X31)% + (X3%)%) + Wi (X)X + (X51)(X3%))
+ Wiy (X1 (X2h) + (XP2)(X32)) + W”((XF)(XQ) (XP)(X31)

Hu = == h = A= (WX} Wff<X22> + Wiz (X31) + Wiz (X3%))
Hip=—-p+h+A- ( H(XP?) + WIT (XY + Wis (X52) + <X211>)’
Hy = —p+h—A- (Wff (x3h) + Wff (X3%) + Wi (X)) + WS (X(2))
Hoy = —p —h+ A — (Wi (X5?) + WiF(X3") + Wiy (X72) + W3 (X11)) . (24)

Average occupations of the positions can be obtained as solutions of the selfconsistency equation
set
(XPPY = 7, e PHkn (25)

where partition functions of sublattices are as follows:
Zp =1+e PHm 4 o= Flk2 (26)

and thermodynamically stable solutions are chosen according to the criterion of the minimum of
grand canonical potential
Q/N = Ey+ 1CU? — ©In(Z,Z5). (27)

For the (n, s)-representation (introduced in section 2) selfconsistency equations look like

ng = Z,;l (e—ﬁHm + e—ﬁsz) ’
sp = (D) 1zt (e PHm — o7 FHk2) (28)

where the term Ey and the effective fields are as follows

Eo = 2[Wi(n} +n3) + Wi (s + s3) + 2Wihning — 2Wi,s152],
Hiyy=—p—h—A—3(Wiini+Wpst + Wihng — Wiyss),
Hip=—p+h+A—3(Wiing—Wisi + Wihno + Wiss),

Hop = —p+h—A—3(Wihni + Wist + Wihine — Wiisa),
Hyo = —p—h+A— 3 (Wihny — Wigst + Wiing + Wyss), (29)

and new combinations of interaction energies are introduced

WE =wl + Wiz, WE =W £+ Wi2. (30)
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Finally, the symmetrized combinations of averages (1) (which can be the order parameters of
the system) are found from the following set

ny = [Z;l (e*ﬁHll + e*ﬁHm) + (e*ﬁHm + e*ﬁHm)] ’

I [Z;l (e—ﬁHu _ e—ﬁHn) F (e—ﬁHm _ e—ﬁHn)] ’ (31)

with the respective definitions for Fy and the effective fields

Eo=3[Wysn2 + Wen2 + W__n2 + W_yn?],
Hiy=—p—h—=A—g5(Wipng +Wiono +Wo_ng +Woyn_),
Hipg=—p+h+A -1 Wiing +Win_ —W__ny —W_4n_),
Hy=—p+h—A—g5Wipng —Wino —W__ng +W_in_),

—p—h+ A=y (Weyny —Wino +W__ny —W_in-), (32)

&
I

as well as symmetrized interaction energies
Wie=WhHEWE,  W_op=W;+W,. (33)

Considering the definition ¢ = 9(Q/N)/OU with account of the equality A = aU and the
expression for grand canonical potential (27), the equation for the deformation is obtained

U:%%@+UJ, (34)

where & = 0/2« is a scaled dimensionless stress. As it follows

1
FCU? =ka(@+n-)%  A=ka(@+n-), (35)

where ka = 2a%/C. Thus, the deformation (34) can occur spontaneously (giving rise to the anti-
symmetrical internal field A) due to the appearance of the order parameter n_ even at the absence
of the stress.

The deformation U is a proper variable for the grand canonical potential 2 (27) but in our case
it is convenient to deal with the stress o (conjugated to U). Performing the Legendre transformation

dY=---4+0dU = ---+d(oU) — Udo,
one can build the desired form of grand canonical potential Q
Q=0Q-o0l. (36)

The respective deformational term of the thermodynamic potential looks like

1
50U2 —oU = kA(n% —52).

4.2. Phase diagram of the ground state

At zero temperature, the homogenious system, which is described by Hamiltonian (21), could
reside in one of the nine possible states |p1p2) (let us also use a more descriptive notation where
“up” and “down” arrows indicate occupied positions, e.g. [10) = |10)) with the following values of
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thermodynamic potential (36):

00) = [0): Qo = —kad?,
[10) = [1): Q= —p—h—Wi—ka(G+3)2,
10) = 12): Qo= —p+h—Wi—ka(G—3)?
0]) =3): Q3 =—p+h—Wi—ka(G+ %)%
07) = [4) Qu=—p—h—Wy—ka(G—1)2,
111) = |5): Q5 = 24— 2h — 2Ws — kad2,
L) = 6): Q6 = —24u+ 2h — 2Ws — knd?,
111 =17): Q7 = —2p — 2Ws — ka (5 + 1)2,
111) =18) Qs = —2u — 2Ws — ka (6 — 1)%; (37)
where
W= g(Wip + Wi + W + W) = 5Wi,
Wo = 3(Wiy + W_) = 5(Wi{ + W33),
Wy = 3(Wip +Woy) = (Wi + W), (38)

As is obvious from expressions (37), at & > 0 (in particular at 6 — +¢) the levels 1, 3, and 7
always lie below the levels 4, 2 and 8, respectively. So, the latter will not be further considered.

Setting equal thermodynamic potentials of different phases, one can obtain a set of equations
for the respective phase transitions:

10) < [1): p=—h—Wi—ka(d+1),

0) < [3) p=h—Wi—ka(G+ 1),

10) < |5) p=—h—Ws,

10) < [6) p="h—Ws,

0) < [7) p=-Ws—ka(G+3),

1) & |3) h =0,

5) < |6) h =0,

|5) « [7): MZ(Ws—W2)+kA(5+l)

16) < |7) — (W3 = Wa) — ka(G + 3),
1) & |5) u—h+<wlf2wg>+m<6 +1);
3) < [6) p="h+ (W1 —2Wa) +ka(6 + 3),
1) & |7) p=nh+ (W, —2Ws)ka(d + 3),
3) < |7) p=—h+ (Wi —2Ws)ka (s + 2),
[1) < |6) _3h+(W1—2W2)+kA(&+ ),
|3) « |5) w=—3h+ (W1 —2Ws) + ka(c Z). (39)

Various possible phase diagrams of the ground state in the p—h plane (which are calculated from
equations (39)) are depicted in figures 4-7 using the following designations:

po =—Ws —ka(6 + 1),

o =-W; — k’A(0+ ),
po = Wi —2Ws — ka (6 + 3),
= W1 —2Wa 4+ ka(6 + 1),
h1 W3 — Wa + ka(G + 3). (40)
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Figure 4. The most general form of the Figure 5. The ground state phase diagram
ground state phase diagram: existence of in- with the phase transition between the empty
termediate half-filled phases and the possi- and half-filled states which corresponds to
bility of a direct transition from the empty the Li-poor — Li-rich phase equilibrium in the
state to the full one. lithiated anatase.

It is evident that the form of the phase diagram depends on the values of model parameters, so we
shall analyse some important cases below.

In the most general case (figure 4), the phase diagram consists of empty, half-filled, and full
states which differ in occupation and polarization of sublattices. Two-sublattice nature of the model
demonstrates itself in the intermediate half-filled states and the central nonpolar full state thus
being noticeably different from the respective ground state diagram of the BEG model. It should
be stressed that due to the exclusion of the states 2, 4, and 8 the phase |T0) = |1) is symmetrical
to the phase |0]) = |3). In the considered case, both transitions between the empty and half-filled
phases as well as between the empty and full phases are possible. The latter transition takes place,
e.g. at zero field h which is contrary to the situation in the lithiated anatase where only half-filled
phases are accessible.

Coexistence of the Li-poor and Li-rich phases in the lithiated anatase is fairly described by
a phase diagram in figure 5. For any value of the external electric field h (in particular, at zero
field) the system can pass from the empty state to the half-filled state only. In the regime of fixed
concentration such a phase transition manifests itself as a phase separation.

0.2 0.2
[T4)
Ry
5 0.1
10 2
aQ o
@ . = R
¢ 01 I10) £ 00453
n o
w
-0.14
|00)
0.0 T T T -0.2 T T T T T T T T T
-0.42 -0.36 -0.30 -0.45 -0.40 -0.35 -0.30 -0.25 -0.20
Chemical potential u Chemical potential p

Figure 6. The effect of stress imposition: the ground state phase diagram in the p—& coordinates
at h = 0 (left) and a family of ground state phase diagrams for different values of the stress
(right). Other model parameters have the following values: Wy =1, W,_ =15 W__ =0.2,
W_4 =0.3, ka = 0.05.
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Such a phase diagram exists if conditions p; < pe < ps are satisfied. Taking into account
definitions (40) and (38) and neglecting deformational effects one can rewrite the above inequality
in a more clear form

Wi < Wl <o. (41)

Thus, this type of a phase diagram exists if the interactions between the orientational states in
different states are repulsive with the interaction between the unlike states (with different p, i.e.
[10) and |07) or |]0) and |0])) being stronger than the interaction between the like states (with
identical p, i.e. |T0) and |0]) or ||0) and |07)). These conclusions are in full qualitative agreement
with the predictions of the molecular dynamics modelling [37].

In view of deformational effects, the inequalities 1 < po < ps transform to

—ka(G+ 1) <-WH —ka(6+3) < -W{Z+ka(G+1). (42)

Thus, application of the stress ¢ favours the phase diagram in figure 5 because p; and ps are shifted
to the left ~ & and pg is moved towards the right ~ . So the domains of the phases |10) and |0])
expand. However, at h = 0 the difference pg — 1 = —Wiy — %k’A does not depend on the stress

(as one can see on the phase diagram p—d in fig-

ure 6) and half-filled phases exist if Wi} < —1ka.

A strong enough stress & can “open” these phases
1) even if conditions (41) are not satisfied. It is
Iy A easily seen from inequalities (42) that the ap-
100) pearance of spontaneous deformation also favours
Ith the expansion of the half-filled domains (even at
2o u & =0). The above rationales are confirmated by
the family of phase diagrams in figure 6 calcu-
—ha 1 lated for different stress values & (hereinafter all
m model parameters are given in the dimensionless
units normalized by W44 = 1; in the consid-
ered case Wil = 0.75, W2 = 0.5, W4} = —0.1,
W% = —0.15 in such a manner satisfying condi-
tions (41)).

If conditions (42) fail, the half-filled phases
are suppressed (figure 7). In addition, if h; < 0,
then the central full nonpolar phase vanishes and the ground state phase diagram reduces to the
respective one for the BEG model.

h

Figure 7. A reduced form of the ground state
phase diagram: only the empty and full phases
coexist.

4.3. Temperature behaviour of phase diagrams and phase separation

Since the considered model inherits features
of the Mitsui and BEG models, one can expect
a quite complex thermodynamical behaviour
and the above analysis of the ground state has
proved these anticipations. As it is seen from
the temperature axis complemented analogue
(figure 8) of the diagram in figure 5, the lines
of phase transitions form the surfaces and some
new phases appear. A comprehensive analy-
sis of the obtained diagram is too complicated
and goes beyond the scope of this research, so
we consider the case with intermediate half-
filled phases corresponding to the intercalated Figure 8. The three-dimensional phase diagram
anatase. in the p—h—© coordinates. Model parameters

With this in mind let us analyse the phase have the following values: W4y =1, W,_ = 1.5,
diagram at the absence of the external electric W__ =02, W_; =03, ka =0.05, 6 =0.

Temperature ©
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field h (figure 9). At low temperature, in full agreement with the ground state diagram, there
are three phases: “empty”, “half-filled”, and “full” (due to the temperature “blurring” at higher
temperatures these names loose their exact meaning). At high temperatures in the whole range
of chemical potential there is only “empty” phase where all order parameters are zero except the

concentration ny which changes monotonously.

The “half-filled” phase provides the most
complex behaviour of the order parameters. As
is seen from the “cross-section” at the chemi-
cal potential value p = —0.38 (figure 10), the
rise of temperature leads to the suppression of
the dipole-dipole ordering (order parameters 74
and 7_) and it completely vanishes at the line
of the second order phase transition which is lo-
cated inside the “half-filled” phase. The phase it-
self is limited from the top side by the line of the
phase transition with zeroing of n_. The upper
part of the phase is separated by the tricritical
points (TCPs) marking the change of the phase
transition order from the second to the first one.
The “full” phase is also limited from the top side
by the line of the second order transitions where
n— — 0.

Behaviour of order parameters at the change
of chemical potential (figure 10) clearly distin-
guishes the phases separated by the lines of the
first order phase transitions (e.g. a characteristic
feature of the “half-filled” phase is n_ # 0). In a
certain temperature range inside the “half-filled”
phase, the above mentioned phase transition be-
tween the polar and non-polar states takes place.

Temperature ®

0.2
TCPs 7
0 1 | Hfu/l"
S | "half-filled”
% Phase transitions of
ko) 1st order
----- 2nd order
0.0 T T
0.4 -0.3 -0.2

Chemical potential u

Figure 9. The phase diagram pu—© at the ab-
sence of the electric field. Other model param-
eters are as follows: Wy = 1, Wy_ = 1.5,
W__ =02, W_y =03, ka = 005, 6 =
0. Phase names (“empty”, “half-filled”, and
“full”) correspond to the ground state. There
are two tricritical points (TCPs) on the phase
transition line limiting the “half-filled” phase
from the top.

In a wide temperature range, the appearance of the phase diagram “chemical potential ;1 —
stress 6”7 (figure 11) closely resemble the ground state one (figure 6). However, the further rise of
temperature leads to a fast suppression of the “half-filled” phase.

0.6
o 0.3 S o
o ; n pn=-0.38 \
o \
T 0.6 T
o [ S
5 T
° 1 ™~
O 0.34 \.\
S n .
- + \
\
1 mn_ \
0.0 T : |
0.0 0.1 0.2

Temperature ©

Order parameters

1.0

0.5+

1.0

0.5 1

0.0
-0.40

T
-0.35 -0.30

Chemical potential u

Figure 10. Phase diagram “cross-sections”: temperature dependences of order parameters in
the “half-filled” phase (left: p = —0.38; in the picture scale curves 74+ and n— overlap) and
dependences of order parameters on chemical potential exhibiting phase transitions of the second
and the first orders (right: © = 0.136). Other model parameters have the following values:
Wiy =1, Wy =15 W__ =02, W_ =0.3, ka =0.05, 6§ =0.
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Figure 11. A family of phase diagrams “chem-
ical potential u — stress 6” for various temper-
ature values at h = 0. Other model parameters
have the following values: Wiy =1, Wyi_ =
1.5, W__ =02, W_; =0.3, ka = 0.05.

0.2

------ 2nd ord. Ph. Tr.

Phase separation
region

Temperature ®
o
n

0.0 e B T
0.0 0.1 0.2 0.3 0.4 0.5

Concentration

Figure 12. The diagram of the phase sep-
aration into “poor” (n4 = 0) and “rich”
(n+ = 0.5) phases in the regime n4 = const
Wip =1, Wi =15 W__ =02, W_, =
0.3, ka = 0.05, 5 = 0).

Since in the regime of a fixed chemical potential (u = const) the “empty” and “half-filled”
phases on the phase diagram p—© (figure 9) are separated mainly by the line of the first order
phase transitions, the system separates into “poor” and “rich” phases (figure 12) in the regime
of the fixed concentration (ny = const). As one can see, in a wide region of low temperatures a
separation into concentrations ny = 0 and ny = 0.5 occurs which well reproduces the coexistence
of Li-poor and Li-rich phases in the intercalated anatase. The phase separation region narrows at
heating and finally closes up at the point corresponding to the tricritical point in figure 9. Another
short line of phase transitions (starting at the kink of the right boundary) relates to the suppression

of polar states in a “half-filled” phase.

0.2 —
n.=0 -7

@ -~

(o) 7

3

© n >0

8 0.1-

IS

2 Phase transitions of
— 1st order
— — -2nd order

0.0 - I .
-0.4 -0.2 0.0

Chemical potential u

Figure 13. The phase diagram p-© at h = 0
for the case of the first order phase transition
between “empty” and “full” phases (n— = 0 and
7+ = 0 in both of them; Wi, =1, W,_ =0,
W__=0,W_4=0.3, ka =0.05, 6 =0).

A question arises why in the microscopic
model we should deal with four order param-
eters while the Landau expansion is quite suc-
cessful with only two? First of all, the semiphe-
nomenological description is qualitative only
and it just demonstrates the possibility of the
first order phase transition with simultane-
ous jumps of concentration and the order pa-
rameter n as the minimal set necessary to
describe the phase separation in the litiated
anatase. Such a picture corresponds to a di-
rect phase transition between the “empty” and
“full” phases (see the phase diagram at zero ex-
ternal field in figure 9) when other order param-
eters (n_ and 1) are always equal to zero. The
dependences of the “active” order parameters
n4 and 7_ on chemical potential (figure 14)
closely resemble the respective curves for p and
7 obtained by the Landau expansion (figure 3).
But if one should take into account the “half-

filled” phase (what is inevitable for description of the lithiated anatase), the order parameters (n_
and 74) became nonzero and the full set of four parameters should be considered as it has been

done above.
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Figure 14. A jump of order parameters n (left) and n— (right) at the first order phase transition
illustrating the previous phase diagram. Thermodynamically stable solutions are marked with
the solid curve. Other model parameters have the following values: W, =1, W, _ =0, W__ =
0, W_4 =0.3, ka =0.05,©=0.13, h=0, 6 = 0.

5. Conclusions

To sum up, the present study was inspired by two features of the lithium intercalated anatase:
coexistence of poor and rich phases and two possible localizations of Li ion in the oxygen octahedron
along the ¢ axis. The second one implies the possibility of (anti)polar ordering what is beyond the
scope of a simple lattice gas model well describing a phase separation. So a model of Blume-Emery-
Griffits type has been used which takes into account both particle-particle and dipole-dipole terms.

Another less obvious peculiarity of the considered compound is the intercalation induced de-
formation of lattice: Li-rich phase has a lower symmetry (the axes a and b become inequivalent)
resulting in preferential occupation of one position of the mentioned pairs which has an alternating
orientation in the neighbour octahedra (i.e. in different sublattices). Performed symmetry analysis
explains this phenomena by the possibility of internal piezoeffect: the deformation in the ab plane
as well as the appearance of an effective internal staggered field (causing the ordering of antiferro-
electric type like as in the Mitsui model) both belong to the same irreducible representation of the
initial high-symmetry anatase phase and, hence, are described by the common order parameter.
Thus, increase of the intercalant content could result in a phase transition with simultaneous jumps
of the average occupation and antipolarization (the latter accompanied by the jump of dielectric
susceptibility) as it has been proved by the Landau expansion.

The microscopic approach, combining the abovementioned features of both the BEG and Mitsui
models, gives semiquantitative description of phase coexistence in the lithiated anatase. Analysis
of the ground state phase diagram confirms a possibility of the phase transition between “empty”
and “half-filled” phases which corresponds to the phase separation into Li-poor and Li-rich phases
in the crystal. As the model predicts, such a separation remains near constant in a wide temper-
ature range. The microscopic approach could easily reproduce the Landau expansion results as
the particular case of the “empty”-“full” transition described by the two order parameters. But
the presence of the “half-filled” phase makes it necessary to deal with the full set of the order
parameters allowed by the crystal symmetry.

However, some issues are still open. The model predicts that external stress should shift the
phase transition between empty and half-filled phases to the lower values of chemical potential.
An experimental evidence of this conjecture is still missing. The real average occupation in the
Li-rich phase is 0.55-0.6 instead of the value n, = 0.5 in the half-filled model phase. This de-
viation could be explained by a multidomain nature of the Li-rich phase containing “impurities”
of the full-occupied LiTiO, phase while the model phases are monodomain by definition. The
same explanation applies to the issue of absence of the total polarization in the half-filled phases:
at zero external field these phases with opposite polarizations could coexist in different domains
providing a full mutual compensation. A similar mechanism of the mutual compensation of po-
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larization in Li-“chains” with an opposite Li orientation is supported by the molecular dynamics
simulations [37].
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Appendix: Table of the point group D,;, symmetry transformations for the
symmetrized averages

Table 1. Transformations of the symmetrized linear combinations of the averages which corre-
spond to the irreducible representations (IR) of the point symmetry group Daj. The operations,
which also belong to the lower symmetry subgroup Dasj,, are marked by asterisk; they keep the
symmetrized combination 7— (IR Big) invariant.
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da3oBe po3wapyBaHHS B iHTepKasbOBaHOMY JliTiEM aHaTa3i:
Teopisa

0O.B.Benunyko, |.B.Ctactok

IHCTUTYT @i3nkn koHaeHcoBaHMx cuctem HAH Ykpainum, 79011 JibBiB, Byn. I. CBeHUjubkoro, 1

OTpumano 25 TpaBHa 2009 p., B ocTaTo4HOMY BUMaai — 26 TpaeHsa 2009 p.

[ns iHTepkanboBaHOro NiTIEM aHaTasy, WO BUKOPUCTOBYETLCS Y NiTilA-IOHHNX B6aTepesix, XapakTepHi Cnis-
icHyBaHHs 6araToi Ta 6igHoi Ha NiTi has Ta HasiBHICTb ABOX MOXJIMBUX MO3ULLI A1S NiTil0 Y KNCHEBUX OKTa-
efpax. 3anponoHOBaHO TEOPETUYHWNIA ONKUC LiET CNOMyKK, WO BPaxoBye 3rafaHi 0cobamBOCTi. FK nokasas
NPOBEAEHUI CUMETPINHNIA aHani3, BUKIMKaHa iHTepkanauieio gedopmadis rpatkm MoOXe CynpoBOAXKYBa-
TUCS BNOPSAKYBAHHAM aHTUCErHETOENEKTPUYHOro TUny (BHYTPILWHIN m'e3oedekT). Lle gano moxnmeicTb
oTpMMaTK IKiCHy intocTpaLito pa3oBoro po3LlapyBaHHs y NiTiioBaHOMY aHaTasi 3a 0NOMOrolo Po3kyaay
JNanpay 3 BignosigHMM BMGOpOM koediuieHTis. [ns onncy AaHoi Cronyky 3anpornoHOBaHO TakoX MiKpo-
cKonivyHy Mofenb, sika NoeaHye pucu mogenein Miuyi Ta Bnioma-Emepi-Mpidpditca Ta BUKOpUCTOBYE pe-
3ynbTatv CUMETPINHOro aHanisdy. PisHomaHiTHI da30Bi giarpamu moaeni (kK 419 OCHOBHOrO CTaHy, Tak i
TeMnepaTypHO-3aexHi) LOCNioXKyBanIMCb 3 METOIO BCTAHOBUTY Habip MOAeNbHUX NapaMeTpiB, Lo Bigmno-
Bigae niTinoBaHOMy aHaTagy. B wumpokomy TemnepatypHOMY Ajiana3oHi BusiBneHo Ga3oBe po3LLapyBaHHSA
Ha MOPOXHIO Ta HaniB3anoBHeHy dasu, WO LiNKOM BiAMNOBiAA€ CniBiCHyBaHHIO $a3 y iIHTEPKasbOBaHOMY
KpucTani. B pamkax mogeni ogonosuujiiHa nigcucrema iTito MoXe MaTu BNopsiaKyBaHHS CErHETO- Yn aH-
TUCErHEeTOENEeKTPUYHOIO TUNY, ke, O4HaK, Hapasi eKCnepuMeHTalbHO He CnocTepiranocs.

KniouoBi cnoBa: aHaras, iHtepkansuia, niTiv, pazoBe po3iiapyBaHHs, po3kaas JlaHaay, rpatkoBa
mMopaesb

PACS: 71.20.Tx, 64.60.Cn, 64.60.De
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