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A generalized representation for the scaling form of free energy of the system near the phase transition point
is proposed. Explicit expressions for coefficients as functions of the reduced temperature and external field in
the case of T > T, are obtained at the microscopic level.
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1. Introduction

An urgent problem in describing critical phenomena lies in the development of a generalized
theory which allows one to obtain (except the calculation of critical exponents and some other uni-
versal characteristics) explicit expressions for physical quantities like in the case of classic theories
[1,2]. The scaling theory turns out to be the most developed with respect to this problem. It is
based on the similarity hypothesis proposed in [3-6] and on the scheme of constructing effective
Kadanoff spin blocks [5]. We consider the system based on the Ising model on a simple cubic lattice
having a lattice constant c. The initial lattice is split into blocks with linear sizes s - ¢, where s
is an arbitrary number (s > 1). Then, instead of N initial sites with period ¢ we get Nj sites
(N7 = Ns~4) with period c¢;(c; = ¢s) each of which contains s¢ spins. When the system is near
the phase transition point (PTP), the correlation length & is large and greatly exceeds C;. The
free energy of such a system with effective spins F is related to the free energy of initial spins F’
by the known relation

F.(7,h) = s F(r,h). (1)

Here 7 = (T — T¢.)/T. is a reduced temperature, h is external field. The variables 7 and h related
to 7 and h by means of relations
7=28Y"71, h=sY"h, (2)

where y, and y;, are some numbers defined by critical exponents
Y =—-5 Yn=—. (3)

Here v is the critical exponent of the correlation length at the absence of the external field &, =
€E|7|77, and p is the critical exponent of the same quantity at T = T.: &, = £h=r Tt is known
that p = v/(36, where 8 and 4 are critical exponents (temperature and field ones) of the order
parameter.
The above expressions enable one to write down the scaling form of the singular part for free
energy near PTP as
F(r,h) = s F, (s¥t1,sY"h). (4)
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The theory parameter s is arbitrary but it cannot exceed the system correlation length since near
the PTP there are two typical values which could be considered for the quantity s. The first one
predicts the fulfillment of condition |s¥*7| = 1 that is equivalent to the parameter value s = s.:

e = el = o 6

In this case the equality (4) takes on the form

Fr,h) = |72 f, (1, M%) . (©)

The first multiplier describes the temperature behaviour of free energy of the system in the
case of small values of the field or rather the quantity

h
ap = |T|ﬁ6 . (7)

The second one f; is the so-called scaling function of the free energy. It depends on the ratio of
the reduced external field A to the temperature field

he = |71%°. (8)

The function fs does not contain any explicit dependence on 7 and h.
The second typical value of the parameter s related to the condition |s¥»h
sponds to the relation

= 1, which corre-

sp=h W =hH 9)

At this value of the parameter we get an expression for the free energy (4) in the form

F(r,h) = h% f, ( (10)

.
1)
It is evident that such a representation is valid for large values of the field or in other words for

small values of the variable -

Note that quantities z and ag are mutually inverse z = ¢ 1/98,

The free energy presentations (6) and (10) are basic in the scaling theory. Depending on the
ratio between quantities 7 and h one could use the first one or another. In particular, in the case of
the absence of an external field, the dependence (6) should be used. At the presence of the external
field (h # 0) with the temperature T tending to the critical point T¢, the presentation (10) is more
appropriate since an arbitrary small field becomes essential (the quantity z tends to zero).

In both cases of the RG transformation, this parameter (s, or sp) exceeds the value of the
correlation length. One could find these results in papers [7,8] where an explicit dependence of the
correlation length on the temperature and field is presented. Therefore, the above expressions for
free energy (6) and (10) are formal. They are valid only in some limiting cases. The formula (6)
could be used at h = 0 and the relation (10) is valid at T'= T, only. As a consequence, the choice
of the parameter s via conditions (5) and (9) does not enable one to describe the dependence of
the free energy on both the field and the temperature parameters.

Thus, the problem of the free energy calculation with the possibility of unifying the dependences
(6) and (10) appears to be actual. Considering the relation (4) it is easy to see that there is no
such a value of s which could make it possible to unify the expressions (6) and (10). They are
obtained via considering diametrically opposite limiting cases. It turned out that it is possible to
find an explicit form for the free energy using the results presented in [7—11]. Such a calculation
employs the collective variables (CV) set [12] and it is valid for arbitrary values of the field and
temperature. This is some combination of the expressions (6) and (10) and it is derived based on
the mathematically rigorous microscopic approach. Using this method one could obtain an explicit
form for the scaling function f.
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2. Method for calculation of the partition function near the second order
phase transition point

Let us use the results of papers [7,9], where the method for calculating the partition function of
the Ising-like model near the T, is proposed for the cases of small and large values of the external
field. As was shown in these works, the distinction between small and large fields is related to

the introduction of some temperature field h. = |7|P°, where 7 = Tcgcol)/fo, po = (d + 2)v/2. The
constants c,(c(i), fo are defined in [7]. We also present some normalized field 7 where some constants

are presented in [8]. In the case of h > he, the free energy is defined by the field dependence (10)
and at h < he the formula for free energy contains the temperature dependence only and is similar
to (6). For free energy description the most problematic is the case of intermediate values of the
field h = h. Therefore, the corresponding expressions obtained in [7] should be generalized.

As a result of step-by-step calculation for partition function for the Ising model in the external
field we have the expression

np
Z = ZO[Q(d)]NO <H Qn) Z1LGR (2.1)
n=1
where in correspondence with [12,13] we have

2
Q(d) = (2m)Y/? (3/@4)1/4 exp (%) U(0,x). (2.2)

The variable x of the Weber’s parabolic cylinder function U(0, z) has the form
z = d(By, Bo) (3/as)"?, (2.3)

and for these functions the integral presentation could be written down as follows

U(ax)—#ex _$_2 /Oot2aex —mt2—1t4 dt (2.4)
ey TP P 2" )" '

The quantities @,, are partial partition functions of the n-th level

Qn = [Q(P-1)Q(dn)] ", (2.5)

where N,, = Ngs~3", s is the parameter of splitting the set of CV into subsets (s > 1),

2

1/4
Qdn) = @m0 (3/af") " exp (‘%ﬂ) U(0,2,),
am 2
QP = (2m) 12 <W)> Y4 exp <Z> U(0, ). (2.6)
n
For variables x,, and y, we have the expressions

5 1/2
Tn = dn(BnJrl; Bn) <—)> s

(n
ay

yn = *2U (zn) (%)m, (2.7)

o(Tn

where
dn(Bpy1, Bn) = aS — B®(Bpi1, By). (2.8)
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The quantity ®(By,+1, By) is the averaged value of the Fourier transform for interaction potential
[8] in the region of wave vectors k € B,\B,+1. Here

= i ™ Ny
Brn=13k= (ks by k)b =——+ ———:n;=1,2,...,2N,;; i =z, ,z}, 2.9
L y 29)

where ¢, = c9s", N = NpzNpyNy. is the sites number of n-th effective block structure, and
N,, = Ngs~3". For special functions U (t) and ¢(t) we have

Ut)=U,t)/U0,t);  o(t) =3U2(t) +2tU(t) — 2. (2.10)

For quantity d,(Bn+1, Bn) and afln) the reccurance relations (RR) take place. Their explicit
form was obtained in [14]. By introducing notations

dn (BnJrla Bn) = dn(o) + 1157271; q= ﬂ(I)(O)(j,

(n) —n —2n (n) —4n
a; =58 "wy, dn(0) = s "ry,, a;’ =5 "uy,

we obtain RR
d+2
Wpil =8 2 Wy,

Tn+1 = 52 [7(1 + (7"” + q)N(IL’n)] )

Unt1 = SunE(xy), (2.11)
where Ul (o)
r _ YU Yn r :SQd‘Pyn .
N =y P =06,

For initial values of quantities w,,, r, and u,, (at n = 0) we have
wy = sg/2h, ro = ag — BP(0)(1 — P), Up = ayq. (2.12)

Here, the values of quantities as, as and ® are presented in [8,9].

The RR (2.11) differ from the ones obtained in [12] by the appearance of the additional equation
for the quantity w,, which represents the existing external field.

In the expression (2.1) the quantity Zygr is still undefined. It has the form

Zugr = 20 D2Q(P, )Nt Zy 11 (2.13)
where
Znyr1 = / (@) exp |l N2 im0~ 5 S dua (B
kEB 41

(np+1)
4 -1

T Nun Z My - ROk 4 | - (2.14)

E "};;H

The number n,, characterizes the effective block structure of spins with corresponding period cy,,,
where
Cpn, = Cos"". (2.15)

The representation of the partition function in the form (2.1) is related to the presence of the new
distance scale near PTP. When the system is far from this point, the lattice constant ¢ plays the
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role of such a distance. However, in the vicinity of the critical point the characteristic distance is
equal to the correlation length § = ¢, of the system.

As far as the value of the effective lattice period c,, is less than ¢, the renormalization group
(RG) symmetry takes place in the system [12] and for all n < n,,,, the general RR (2.11) could be
substituted by approximated RR which corresponds to the linear deviations from the fixed point.
In the case of ¢, > ¢p,, the RG symmetry breaks down and for the following calculations of the
contribution to the free energy one should use general RR.

The quantity n, is an important characteristic for a description of phase transitions. It defines
the number of iterations at which the system is still in the scaling region. Note that the result
of calculation (2.1) does not depend on the choice of n,. Indeed, the quantity n, splits the set
of CV into two parts. The first one takes into account the contributions from CV n; with ke

B\B.,+1. The second part corresponds to the contributions of CV 7n; with ke By, 11, including
the contribution from the “macroscopic” variable 9. A decrease or an increase of the quantity n,
should not effect the total result of partition function calculation. The purpose of introducing this
quantity is to optimize the mathematical evaluations near PTP. In the case of exact calculations,
the choice of quantity n, would be arbitrary. However, linearization of the RR (2.11) near the fixed
point predicts some restrictions to this quantity.

The general expression for the system exit point from the order parameter critical fluctuation
regime at T' > T, was found in [8,15]. It is as follows:

CIn(h*+h2) )

2.16
21n E1 ’ ( )

np =
where
h=hsy?[ho,  he=I|7P",  F=1c/fo. (2.17)

Quantities hg, fo and cg) are presented in [7,16,17]. We will use this expression in (2.1) for the
following calculations of the partition function near PTP at T > T..

Note that the calculations performed below concern the region of the temperatures |7| < 7%,
where 7 ~ 1072. We shall not apply any restrictions to the values of the field h as well.

3. Free energy calculation scheme near T, (T' > T.)

The calculation of the one-component spin system free energy is performed near the PTP based
on the expression for the partition function (2.1). In the case of the external field presence, the
main difference of such an approach is that it is necessary to determine a generalized exit point
from the critical regime of the order parameter fluctuations. In the case of T' > T, coordinates of
this point (on the plane filed-reduced temperature) are defined using the expression (2.16). Let us
present the system free energy in the form of several terms

F=Fy+F5) + For - (3.1)

Each of these terms is the contribution of a certain multiplier from expression (2.1). Particularly,
Fy = —kTN[ln2 + lnchh] — %NCD(O)CT) (3.2)

corresponds to the expression for Zy and describes the free energy of noninteractive spins. The term

Fé;) is responsible for the contribution to the free energy from the critical regime of fluctuations.
According to (2.1) it has the form

F((EJIQL) = _kTZanna (3.3)

n=1
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where N,, = Ny - 572", and for function f,,(z,,y,_1) the expression

1 1
fn = 1 In (S/QD(Qn—l)) + 1 (Ii + yi,l) +1In U(O, Tp) +1n U(O, Yn—1) (3'4)
is valid. In comparison with the similar expression used in the case of the absence of the field [16]
the difference of (3.3) is that we employ a more generalized expression for the exit point n, from
the critical fluctuations regime. Quantities z,, and y,, which belong to the (3.4), are presented in
(2.7).
The term FLgr has the form
FLGR = —kTIn ZLGR y (3.5)

where the expression for Zpgr is defined in (2.13). Note that Z, 1 from (2.14) can be presented
in the form which is similar to the contribution from the critical regime of fluctuations, in other
words, via the product of partial partition functions. Then for (3.5) we get

Far = B3 + F. (3.6)
Here
mo
Fq(“;) = —KkTNgs 3(»+1) Z 5_3(m_1)fnp+m7 (3.7)
m=1

where for f, tm we have (3.4) at n = n, + m, and for F’ we obtain
F'=—kTNInZ'. (3.8)

Here
7' = 2Wnra = D2(Q( Py )| N1 Zyr 41 (3.9)

The quantity n’ = n, + mg is the number of the spin blocks structure, and n’ > n,. The quantity
Q(P,) coincides with (2.6) at n = n/. For Z,,1 we have expression (2.14), where n, should be
substituted by n’.

Note the distinction in the type of the expressions for Fgﬁ) from (3.3) and F&SL) from(3.7).
Despite the same functional form of these expressions, the values of variables x,, and y,, are different

in magnitude. Partially, for F((;};L) (region n < n,) these quantities are close to their values near

the fixed point (z, =~ z*, y, =~ y*). Nevertheless performing the calculations for Fﬁgf (region

ny < n < ny + myp) one should take into account their deviation from the fixed point.

Let us find the quantity FC(:;) from (3.3). In order to do that one should extract the explicit
dependence of the quantity f,, on n. Such calculations have been performed in [12]. It was establi-
shed that the variable y,, takes on large values for arbitrary values of the temperature. Therefore,
the asymptotic series expansions are used for Weber’s parabolic cylinder functions U(0,y,) and
their combinations as well as for ¢(y,) from (2.10)

/2 g2 3 105 _
U(Oa yn) = Un 1/26 vn/4 (1 - gynQ + 1_()8yn4) )
_ 3 _ _
U(yn) = Un ! (1 - §yn2 + 6yn 4) ;
_ 21 _ 447 _
elyn) = 3y," (1 - S+ Tyn“) : (3.10)
We have a simplified expression for f,, from (3.4)
1 9 —2 I?L —4
fo=znyp1+-y, 2 +—+WnU0,z,) + 0(yn-1)"". (3.11)

2 4 4

We restrict ourselves to the consideration of the case when the value of quantity x,, in the fixed
point reduces to zero (z* = 0). It is fulfilled at some value of the RG parameter s = s*, where
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s* = 3.5977. In this case for all n < n, we have z,, < 1. The quantity (3.11) is represented in the
form

fn = f((j(g"’AlIn—l +A3xn; (3.12)
where ) 0
é(g = 5 Inyg + 190_2 + IDU(0,0),
o =52,y = U0)(3/0(0)". (3.13)
For coefficients A; we have
1 1
Al = 57“1 (1 — 9(y60))72) , A3 = —5[](0)7 (314)

where the quantity r; is expressed via parabolic cylinder functions U(0), ¢(0) and their deriva-
tives. In (3.12) we take into account the linear terms with respect to the x,, only. The quadratic
approximation is described in [12]. In accordance with the results of work [17], we find

fO —1.496, A, =0.115, As=—0478. (3.15)
Using an explicit solution of RR in the region n < n, we obtain the expression for z,:
T, = c17B3TEY + 27 BgT* B3, (3.16)

Here, the terms which are proportional to E§ are not taken into account. (E5 < 1). For coefficients
B; we have

_ 3
B3 = \/5900 1/25 Bg = —439%1-
Taking into account (3.16) from (3.11) we obtain
o= fO) + dverrTEY + dsé3pr? B3, (3.17)
where
d1:B3(A3+A1/E2), d3:B6(A3+A1/E22).
Let us use (3.17) to calculate (3.3). Note that due to (2.16) equalities

N ST S (T g

7By = He, H. =7 (i + hg)*l/%o |

Egpﬂ = Hs, Hy = (BQ n hg>A/2po (3.18)
are valid. Here notations

are used. The quantity A is the critical exponent for scaling correction , pg is the crossover critical
exponent. For the model p* at s = s* they take on values !

v=0.605, A =0465  py=1.512.

The result of calculating (3.3) is as follows:

FS = —kTNo (o1 + Y027 +7087%) + F&) (3.20)

IThe conservative value v in comparison with the data obtained in MC method [18] is related to the use of a too
simple approximation for the Jacobian of transition from spins to CV. The use of higher approximations [16] leads
the values close to these ones.
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where for coefficients vo; one found expressions [17]

_ _ay—1
Y1 = s°° ((3(3(1_5 3) )
Yoo = s 2dicipFa(l — Eps™?)7t,
Yo3 = s 3d3c? F2(1 -5 3E2) " 4 57 3¢cid1 Ba(1 — Eps )7L, (3.21)

which coincide with the result of the same calculations in the case of the absence of the field [12].

The singular part Fég of expression (3.20) has the form

FS) = kT Noy*ts 3+, (3.22)

The coefficient 47 is the function of H.. It is presented in the form

't =4 +FoHe + 3 HZ. (3.23)
Here 7; are constants
_ 0 _3\—
7= é%(l—s 7
Jo = difo(1—Exs™)7H,
¥ = dafg(1—EfsT0)7, (3.24)

which at s = s* take on the values: 4; = 1.529, 95 = —0.635, 73 = —0.058. The singular part of

the contribution F((:ér% essentially differs from the same quantity at h = 0. Note that at the absence
of the field we have H. = 1, thus

FH(h=0)=7" =51 +75 +7s. (3.25)

At h # 0, the quantity H, < 1. For h > h, we have H, — 0. The main contribution to 5% is
formed by quantity 7;. One should note that similar calculations have been performed in [10]. The
exit point from CR was determined in [10] as a solution of some equation. Therefore, the results
of calculations were presented in the form of figures. In this work the explicit expressions for the
system free energy are obtained as functions of the temperature and field.

The contribution to the free energy Fi,gr in accordance with (3.6) contains two terms. In order

to calculate the first one Fﬁ;) from (3.7) it is necessary to find an explicit dependence of the

quantity f,, +m on m. Let us use the solutions of RR. Taking into account (3.18) they take on the
form

- e —1/2
Woyim = hoE 'R (h2 + hﬁ) ,
Tnp+m = PP(0)fo {*1 + HE; ™+ R(O)f61¢51/202TE§n71H3} ’
Unyrm = (BLr(0))po [L+ @rHEY " + corEy ' Hs) . (3.26)

Here ®; = fogaal/QRgO). The terms which are proportional to H;;Eg’“1 are neglected since near
PTP the quantity Hj from (3.18) is small, and E5"~" at m >> 1 tends to zero (E3 < 1). Such
an approximation corresponds to scaling corrections being neglected. If necessary, such corrections
could be taken into account by using the method suggested in [12].

Taking into account (3.26) from (2.7) we find

Ty ym = TEY H(1 4+ @ Ey He) V2, (3.27)

where the notation is presented
fopo 2V, (3.28)

T
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The variable x,,, 1., increases with m increasing and depends on the value of H.. The quantity H.
is unambiguously defined by parameter ~
a=h/h. (3.29)

for every value of h. For small values of the fields the quantity H. tends to unity but with a
increasing it reduces to zero. Such a behaviour of H. causes a different character of the dependence
of the quantity x4, from (3.27) on m at small and large values of the filed.

Taking into consideration the solutions (3.26) one could claim that the value of the quantity
mo = 1 causes the quitting of the large values of the variable x,,, ym,+1. It is a sufficient condition
for using Gauss distribution of fluctuations for arbitrary p;; with |E | € By, +2. Thus, the contribution

to the system free energy (3.7) from the transition region contains just one term, which has the
form

_d_
FSH = —kTNofo, 1 (EQ + h2) 7 (3.30)
The coefficient f, 11 is presented as
1 9 5, 1,
fanrl = ) 1nynp + Zy”” + an,,+1 +InU o, xanrl)' (3.31)

To evaluate the last contribution F” to the system free energy from (3.6) we calculate the expression
for Z' from (3.8). At mo = 1 we have

—_ Nn
7! — 9(Nnpi2—1)/2 [Q(Pnp+1)] p+2 Zova s (3.32)
where
1
Zn,42 = /((1/))1\fm;+2 exp | bV Npo — 3 Z dn,+2(k)pgp_i
kEBy 42
a(”p+2)
—1
_ 424 an+2 Z PR, -+ pE46k1+"'+k4 . (333)
kB
For coefficients dj, 12 and ai""+2) we get
dnyo(k) = dy,+2(0) +280(0)6%2,
dnp+2 (0) = 572(np+2)7’np+2 )
ainp+2) = Ay, (3.34)

Note that the method for calculation of (3.33) in the case of h = 0 is developed in [12]. It
is based on the condition that the quantity r,,42(h = 0) > up,12(h = 0), since it permits to
use the Gauss approximation in calculating the (3.33). However, at the presence of the field, the
coefficient 7,,,2 decreases with the field increasing and takes on the negative values at strong
fields. Therefore, improvements are required to the method developed earlier.

4. Extracting the macroscopic part of the order parameter

The calculation of the explicit expression for quantity Z,, 4o from (3.33) depends both on
the presence of the field and on the system state above or bellow critical temperature. Such a
situation is conditioned by the behaviour of the coefficients 7,12 and up, 12, for which we have
the expressions

Tnpy+2 = ﬁq)(o)fo (_1 + E2Hc) )
(69(0))%p0 (1 + @ EaHe). (4.1)

Un,+2
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The coefficient u,, 2 is always positive for arbitrary values of the field  and temperature 7 h.
It provides a convergence of the integration in (3.33). The coefficient r,, 4 is positive and greatly
exceeds Uy, 12 at small values of the field. (hc > h). To calculate (3.33) at these temperatures one
can use Gauss approximation which is discussed in detail in [12]. However, for large values of the
field (he < h) the coefficient r, 1 is small and takes on negative values with the temperature
decreasing. In this temperature region the use of the Gauss approximation is groundless. It can be
improved by performing the substitution of variables in (3.33)

pgzng—l—\/ﬁ(slga_,_, (4.2)

where o is some constant. In the case of T' < T¢, the presence of the spontaneous order parameter
in the system is the reason for substitution of variable pg (average value of which is related to
the order parameter). A similar situation takes place for temperatures above T, at the presence
of the external field. In this case the order parameter induced by the field exists. As a result of
substitution of variables (4.2) the expression (3.33) takes on the form

1 -
ny+2 = GNEO(U”/(dn)N”””eXP Ao\/NTIo*i Z d(k)ngn_

kEBn,+2

1o —1/2 I
—50Nn, 42 > Mg MO i — 5704 0,42 > omp O | - (43)
Ei,.... ks &

ki,...,ka
Here
1 1 42y N
Ey(o4) =hoy — =d 0)o2 — —q{m TP T 54 4.4
0( +) + 2 np+2( ) + T ggt an+2 ( )
For the coefficients Ao, d(k), b and a4 we have expressions
1 (n
Ay = h-— dnp+2(0)0+ _ gai p+2)sgs3(np+2)a-§’r ,
d(k) = d(0)+230(0)b*k?,
- 1
d(0) = dn,+2(0) + iafl"P“)SgSB(an)ggﬂ
b= ainp+2)sg/283/2(np+2)a+7 a4=ai"p+2)- (4.5)

In order to carry out the following calculations one should define the quantity o,. Since the
expressions (4.3)—(4.5) are valid for arbitrary values of o4, we find this quantity via using the

condition
OEo(0+)

=0.
60’+

Taking into account (4.4), we get the equation
Ap =0, (4.6)
the solution of which will be found in the form
oy = ogs (/2 (4.7
For quantity og we obtain the cubic equation

US’ +pog+q =0, (4.8)
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where for coefficients p and ¢ we have expressions

_3Tn,+2
= 65022
b 0 Un,+2
- h h
g = —6s, 0/2g5/2_0 . (4.9)

Un,+2 (h2 + h2)1/2

In a general case, the quantities p and ¢ are functions of temperature and field. The form of the
solutions (4.8) depends on the discriminant sign

Q= (p/3)*+ (¢/2).

It is known that for positive () we have one real solution and in the case of @ < 0 the equation
(4.8) has three real solutions. It is evident that at T > T, the quantity @ is positive at arbitrary
values of the field.

We consider some partial cases for solutions of (4.8). When h = 0, then ¢ = 0 for arbitrary
7 # 0 and corresponding solutions (4.8) have the form

oD —0; oY =+ (4.10)

The sign of the quantity p depends on the localization of the system above or below T.. Taking
into account equalities (3.18) and (4.1), in the case of T' > T we obtain

r\, = BR(0) fo(B2 — 1),

ut ks = (B2(0))p0(1 + @/ ). (4.11)
Using equalities (4.11), from (4.9) we find that the value of the quantity

1 By -1
(+) _ gs-310 P2l (4.12)

p 0 0o BB(0) 1 + By By

is positive. In this case (h = 0,7 > T¢) the equation (4.8) has no real solutions.

The condition T' = T, is another partial case for solutions of equation (4.8). Corresponding
quantities p and ¢ from (4.9) become independent of the field. Indeed at T' = T, we have H. = 0,
and

i = —BR(0)fo,
uyliy = (B(0))po. (4.13)
Then, from (4.9) we get
p' = 655" (fo/wo) (B-(0)) ",
40 = ,6559/255/2%(&@(0))*2, (4.14)
0

The quantity Q(®) = Q(7 = 0) has the form

Q(C) _ Q(O) 1— §f_gs—5ﬂ ®(0) (4.15)
9 (,Ooh% c ) :
where
Q(O) _ 956935 (hO/SDO)Q (ﬁc¢(0))_4 ) (4.16)

The sign Q(®) is defined by square brackets of expression (4.15). The quantity Q(©) takes on positive
values only due the existence of the small multiplier s—°. Note that Q(®) does not depend on the
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magnitude of the field and is defined by microscopic parameters of the system. For their following
values [17]
S0 = 2, b/c=0.3, ho = 0.760 (4.17)

we find
PO = 0389, ¢©@ =-2790, Q© =1.944. (4.18)

One can prove that for other values of the system parameters so and b/c the quantity Q) is
positive only. At T' = T, the solutions of equation (4.8) have the form

0c = Ac+ B, (4.19)

where s
AC::(_¢@/2+(Q@U1H) 7

Bo=— (49724 @),
In the case of (4.17) we find
Ac. = 1.408, B, =0.092, o. = 1.500. (4.20)
At T = T, the magnitude of the displacement o from (4.2) is described by the expression:
oy =h'50,. (4.21)

In general case the solution of the equation (4.8) depends both on the field and on the tem-
perature. For arbitrary 7 > 0 at h # 0 we find the solution for equation (4.8) using the Cardano’s
method oy = A + B, where

A= (—q/2+Q1/2)1/3, B:—(q/2+Q1/2>1/3.

The dependence o (7) is presented in figure 1 for different values of the field.

S
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Figure 1. Dependence of the solution oo for equation (4.8) on the temperature. The curve 1

corresponds to the value h = 0.0001, the curve 2 presents the case of h = 0.00005, and curve 3
describes the case of h = 0.00001.

Note that the value o9 = 1.500 at 7 = 0 does not depend on the field magnitude.
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We write down expressions for renormalized coefficients (4.5) in the form

d0) = 52y,
b = s 3t yp
a 54Dy p (4.22)
Here
1 3 2
TR = 7’n,,+2+§unp+250007
vp = ’ll,np+253/20'0, UR = Un,+2 - (4.23)

For calculation of expression (4.3) we use the Gauss approximation. It is related to the small
values of coefficients v,- and u, in comparison with rz. Performing the substitution of variables in

(4.3)
g = pps" /2 g
we obtain
Zpyra = NIt DNnp 2 (2 ) Noun 22 7 (4.24)
where
Zo = / @)V exp = S (14200006222 frg) pep g
EEBW,Z,+2

—-1/2 -1
— 23Ny, 1 Z PRy - P ORy et iy — TN 10 Z PRy PR OF ot s | - (4.25)
E1,...ks K1, ks

The quantities x,,

V2 ) 1
T3 = ?vr/(rR)S/Q, T4 = EUT/T%{ (4.26)

are small in comparison with the unity and decrease at T'— T,. Therefore, the expression (4.25)
is reduced to the product of the simple integrals

bQ
Zo~ ][] /dp,2 exp (— (1 + 2ﬁ¢(o)ak252(”1)+2)) pEpE) : (4.27)
E€B7Lp+2

The contribution to the system free energy from (4.24) has the form

1 1
Fo 42 = —kTNEy(o)— §kTan+2 Inm —kT'Np,42(ny, +2)Ins + §kTan+2 Inrp
1
LD (1 + 23D (0)b2 k2 52+ /rR) . (4.28)
EGBnp+2
Here ) .
Eo(o) = eoh (B2 +h2) ™7 —ea (W2 4+ 02) 7, (4.29)
where the following notation is introduced:
ey = 0’0571/2,
L5 3 1 3.2
e2 = 5008 Tny+2 + 13 Unp+25000 | - (4.30)
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In (4.28) the sum with respect to the k € By, +2 can be calculated using the transition to the
integral which could be calculated via method [19].

Taking into account the expressions (3.32) and (4.24), we write down the corresponding part
of the free energy (3.32) as the sum of two contributions

Jr
F =F" 4+ F.

The term
F{P = —kTNEy(o4) (4.31)
corresponds to extracting the macroscopic part of the order parameter. For F/, we have
Fo = —kTN, yofa. (4.32)
The coefficient fg has the form
fo=Ins— ilnS + ilnu%_,_l - %lnrR - %m U(ttn, 41) — gy;fﬂ N % " (4.33)

Here
tn,+1 = (62(0))%@0(1 + @y He),

Ty 1 = THe(1+ @, H) 2, (4.34)

the quantities rg and y,, 4o are defined in (4.23) and (2.7) respectively, and for f¢; we have the

expression

2 2 2
" __ 2
¢ =In(1+a%) — 3 + peie garctga, (4.35)

where

(4.36)

b (250(0)\"?

sp ¢ < TR ) '

5. System free energy in the external field near the phase transition point
atT > T

Let us collect the contributions to the system free energy from different fluctuation processes
which are present near the second order PTP. In accordance with the free energy representation,
we have a few types of contributions. Taking into account (3.2) one can see that the expression for
Fy contains the analytic dependence on the field A only. The term Fcgr exhibits the same type of
dependence in expression (3.20). Unifying these contributions we present the notes

Fy=Fo+ (FG) - Feg). (5.1)
This is the analytic part of the free energy. It has the form
F, = —kTNlnchh — %N@(O)cﬁ — kTN (yo + 7 +727?), (5.2)
where

Yo =In2 + Y0155, Y1 = Y0285 >, Yo = Y035 . (5.3)

The free energy contributions Fgg (3.22), Frg{) (3.30) and F’ (4.31) and (4.32) contain the
nonanalytic dependence on the temperature 7 and field h. We write down their sum in the form
of the two types of terms. The first one F(§+) is related to the displacement of the variable pg

and has the form presented in (4.31). The second type F. s(ﬂ is presented by the sum of the other
nonanalytic contributions (the region T' > T¢)

F®M = FS) + P& + FG (5.4)
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and can be represented in the form

d
a+z
)

F*) = kTN~ (iﬁ + h2) (5.5)

where
Y =502 (fape1 =7 + fa/s?) . (5.6)

Thus, instead of presenting the free energy in the form of (5.1) we have an equivalent expression

F=F,+F%" 4+ F" (5.7)
where the analytic part Fy is written down as (5.2), and for F we have (5.5), The term Fé+)
from (4.31) is described by the expression

F{P) = —KTN |eoh(h2 + h2) 5@ — ey(h? + h2)a%= | . (5.8)

The formulas for coefficients ey and ey are presented in (4.30). The last term of expression (5.8) is
the same as the for quantity Fs. Therefore, the free energy can be written down in a more simple
form

F=F,+F, (5.9)

where F, given in (5.2),

d

F, = kTN (eoh(ﬁ2 + h2) T 4y (712 T hi)) o

and
=7 —es. (5.10)
The free energy contribution F}, plays the main role in describing the effect of the external field
on the system behaviour near the critical point.

6. Conclusions

In this work the method for free energy calculation near the second order phase transition
point is suggested. The explicit analytical expression for free energy of the Ising-like system as a
function of the temperature and field is found. It could be reduced to the well-known formulas
[20,21] represented by (6) and (10) via proceeding to limits 7" — T, or h — 0 correspondingly.

It is demonstrated that for such an evaluation one should take into account the presence of
two different fluctuation regions. One of them (region CR) is formed by the order parameter
fluctuation modes, the wavelength of which does not exceed the system correlation length at a
given temperature and external field. In this fluctuation region the RG symmetry takes place.
It is responsible for forming the nonclassic values of critical exponents. The second fluctuation
region (LGR) is formed by the order parameter fluctuations the wavelength of which exceeds the
system correlation length. It is characterized by the Gauss fluctuation distribution and does not
effect the values of the critical exponents. Each of these fluctuation regions gives the corresponding
contribution to the system free energy.

The evaluation of the expression for free energy also includes the presence of the contribution
Frg from the transition region (between regions CR and LGR) as well as the contribution Fy from
the macroscopic part of the average value related to the order parameter. The contribution Frrg is
formed by the order parameter fluctuations with wavelengths which are measurable with the system
correlation length. The contribution F(j" is one of the crucial in describing the critical behaviour
of the system. It represents some microscopic analogue of Landau free energy and allows one to
qualitatively describe all characteristics of the system near the phase transition point. This is some
variant of the series expansion for the system free energy in the order parameter. Corresponding
coefficients of this expansion are defined as functions of the field and temperature.

165



M.P.Kozlovskii

References

N o=

S ot W

® =N

11.
12.

13.
14.
15.
16.
17.

18.

19.

20.
21.

Brout R., Phase Transitions, Benjamin, 1965.

Fisher M. Critical Phenomena. ed. M.S. Green and 1.V. Sengers, NBS Miscellaneous Publication 273,
Washington, 1965.

Widom B., J. Chem. Phys., 1965, 43, 3898-3905.

Domb C., Hunter D.L., Proc. Phys. Soc., 1965, 86, 1147-1151.

Kadanoff L.P., Physics, 1966, 2, 263-273.

Patashinskii G.V., Pokrovskii V.L. Fluctuation Theory of Phase Transitions. Nauka, Moscow, 1975 (in
Russian).

Kozlovskii M.P.; Pylyuk 1.V., Prytula O.O., Phys. Rev. B, 2006, 73, 174406.

Kozlovskii M.P., Phase Transitions, 2007, 80, 3-9.

Kozlovskii M.P.; Pylyuk I.V., Prytula O.O., Physica A, 2006, 369, 562-576.

Kozlovskii M.P. | Pylyuk I.V., Prytula O.O., Nucl. Phys. B, 2006, 753, 242-251.

Kozlovskii M.P., Pylyuk 1.V., Prytula O.O., Ferroelectrics, 2005, 317, 43-47.

Yukhnovskii I.R., Kozlovskii M.P., Pylyuk 1.V. Microscopic Theory of Phase Transition in the three
dimensional systems. Eurosvit, Lviv, 592 p., 2001 (in Russian).

Usatenko Z.E., Kozlovskii M.P., Phys.Rev.B. 62, 9599-9615 (2000).

Kozlovskii M.P.; Condens. Matter Phys., 2005, 8, 473-506.

Kozlovskii M.P.; Condens. Matter Phys., 2007, 10, 173-178.

Yukhnovskii I.R., Kozlovskii M.P., Pylyuk I.V., Phys. Rev. B, 2002, 66, 134410.

Kozlovskii M.P.; Analytical method for description of the critical behaviour of 3D Ising-like model in
an external field. Preprint of the Institute for Condensed Matter Physics, ICMP—-08-10U, Lviv, 2008,
85 p. (in Ukrainian).

Ferrenberg A.M., Landau D.P., Phys. Rev. B, 1991, 44, 5081-5091.

Yukhnovskii I.R. Phase Transitions of the Second Order. Collective Variables Method. World Scientific,
1987.

Zinn-Justin J., Phys. Rept., 2001, 344, 159-178.

Engels J., Fromme L., Seniuch M., Nucl. Phys. B, 2003, 655, 277-299.

BinbHa eHepria 3D i3auHronoAioHoI cucteMmn No6/aIN3y TOHKM
da3oBoro nepexony

M.IM.Ko3noscbknin

IHCTUTYT di3nkun koHaeHcoBaHUx cuctem HAH Ykpainun, 79011 J1bsiB, Byn. CBEHLU,LbKOrO, 1
OTtpumano 20 notoro 2009 p., B ocTatodHomy Burnsaai — 31 6epesHs 2009 p.

3anponoHoBaHa y3aranbHeHa ¢dopma 3anucy CKeiniHroBoi dopMu BiNlbHOI eHeprii cucTemm no6anay Tou-
kn dasoBoro nepexody. Ha Mikpockoni4yHoMy piBHi CTPOrocTi OTPMMaHi SBHi BUpa3n A1 KoediLieHTiB sk
bYHKLUIN BiAHOCHOI TeMnepaTypu Ta 30BHILWHLOro nonsa ana sunaaky 7' > Te.

Knio4oBi cnoBa: ¢paszoBuii nepexin, 30BHILLHE Moje, BilbHa eHepris

PACS: 05.50.+q, 64.60.Fr, 75.10.Hk
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