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A technique for studying collisionless dynamics of a homogeneous superconducting system is
developed which is based on Riccati parametrization of the Wigner distribution function. The
quantum evolution of the superconducting order parameter, initially deviating from the equilib-
rium value, is calculated using this technique. The effect of a time-dependent BCS paring
interaction on the dynamics of the order parameter is also studied.
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1. Introduction

In this paper we study the dynamics of the su-
perconducting order parameter within the Wigner
distribution function approach. The problem of non-
stationary phenomena in superconductors has been at-
tracting attention for a long time [1,2]. The general
method for description of nonstationary and non-
equilibrium processes is the Keldysh technique for
nonequilibrium real time Green's functions [3]. The
equations for superconducting Keldysh Green’s func-
tions [4,5] are a set of quite complicated nonlinear
integro-differential equations, which are nonlocal in
the time and space domains. These equations can be
simplified considerably in the quasiclassical approxi-
mation by integrating the Green's functions over � p �
� �p / m2 2 � (� is the chemical potential) [6]. The
quasiclassical Larkin—Ovchinnikov equations are
still nonlocal in time, but are local in space. In the sta-
tionary case, these equations transform into Eilenber-
ger's equations [7], which are effective tools for solv-
ing stationary inhomogeneous problems.

When the time-dependent processes in supercon-
ductors are considered, three time scales are most es-
sential. The time tp p� �� 1 (�p is the plasma fre-

quency) characterizes the scale at which the self-con-
sistent scheme for the electromagnetic fields A r( , )t ,
�( , )r t , and for the BCS pairing field �( , )r t is es-
tablished. The time t0

1� �� (� is the modulus of the

order parameter) is an intrinsic time for superconduc-
tors, during which quasiparticles with the energy

spectrum �2 2	 � p are formed in the superconductor.

The stage of the relaxation of a nonequilibrium distur-
bance in the quasiparticle distribution is determined
by the energy relaxation time 
 �, which is caused by
inelastic processes. For conventional superconductors,
at temperature T not too close to the critical tempera-
ture Tc, the hierarchy of the characteristic times is
t tp �� ��0 
 �. In the time interval t t� 


 � 0 the su-
perconductor's dynamics is described by the quasi-
classical Boltzman kinetic equation for the
quasiparticle distribution function together with a
self-consistent equation for �( , )r t (Aronov—Gurevich
equations [8]). In the opposite case t �� 
 �, the dy-
namics of the superconducting order parameter should
be described by the quantum kinetic equation. Con-
sidering the collisionless evolution of the supercon-
ducting order parameter (t �� 
 �), the equations for
the Keldysh Green's functions are reduced to simpler
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equations for the Green's functions at coinciding
times. The latter can be transformed to the quantum
kinetic equation for the Wigner distribution function
(WDF). The collisionless kinetic equation for super-
conducting WDF can also be obtained directly from
the generalized Hartree—Fock approach to the BCS
pairing model [9] (see also [10,11]).

Wigner [12] has introduced a distribution function
in the phase space as a quantum analog of the classical
Boltzman distributions. In studying the quantum
transport, the Wigner-function formalism has many
advantages. It is extensively used for the description
of normal metal and semiconducting electron devices
whose behavior is dominated by quantum interference
effects, e.g., for self-consistent treatment of transient
response to a change in the applied voltage [13]. In re-
cent years, Wigner functions are widely used in the
field of quantum optics to describe the effects of quan-
tum coherence and superposition in optical systems
[14]. Such effects are of great interest in qubit (quan-
tum bit for quantum computation) investigations
[15].

The collisionless dynamics of the superconducting
order parameter has gained renewed attention after
the discovery of the BCS-like paired state in dilute
fermionic gases [16]. The ability to control and change
the strength of the pairing interaction in these systems
opens up possibilities for new experimental investiga-
tions of the dynamics of the order parameter. Re-
cently, time-dependent BCS pairing was studied theo-
retically in Ref. 17. The WDF technique developed in
our paper provides a useful tool for studying such
problems.

In Sec. 2, following Kulik’s approach [9], we de-
rive a quantum kinetic equation for the superconduct-
ing WDF in ( , )r t -space. This equation is simplified for
the case of a homogeneous state (Sec. 3) and then used
to study the collisionless dynamics of the order param-
eter in small superconducting systems (Sec. 4). We
consider the problem of the time evolution of the order
parameter, initially deviated from the equilibrium
value, and found that on times much smaller than 
 �,
the time dependence of � has an oscillatory character.
Earlier, such a problem was studied by other authors
using a linear response approach [18], assuming small
deviation from equilibrium. In the present paper, the
time dependences were obtained under arbitrary ini-
tial perturbations (not only small). The time depend-
ent response of the order parameter to a time-varying
pairing potential is also studied. A numerical method
for solving the equation for the WDF, which is based
on the Maki—Schopohl transformation [19], is de-
veloped.

2. Wigner distribution function formalism for
the superconducting state

We write the Hamiltonian of the superconductor as
H H H� 	0 1, where H0 includes electron interac-
tions with external fields, the vector potential A r( )
and the scalar potential �( )r , as well as with the
pairing field �( )r ,

H d e0 � � 	 � ���
���

r r r r� � � ��� �
�

†

,

( )[ ( ) ( )

� 	
� � � ��dr r r r r r r[ ]� �( ) ( ) ( ) ( ) ( ) ( )† † *� � � � , (1)
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(we use the system of units where � � �kB 1). Here

� � �( ) ( )r p
p

pr� �1

V
a t ie

is the annihilation operator of an electron with the
spin �. The Hamiltonian H1 describes impurity, elect-
ron–phonon, electron–electron, etc. scattering pro-
viding relaxation processes.

The pairing field �( )r is to be determined from the
self-consistency equation

�* † †( ) ( ) ( )r r r� � �
� �

V0 � � , (3)

where V0 is the pairing potential. The electromag-
netic potentials obey Maxwell’s equations,

� � �A r j r( ) ( )
4�
c

, (4)

� 	
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4� �!

c t
• ( )A r , (5)

where !( )r and j r( ) are the charge and current densi-
ties, respectively:

! � ��
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and the angle brackets denote statistical averaging.
By introducing the «particle–hole» (Gor’kov—Nam-

bu) representation of the electron creation and annihila-
tion operators in terms of 2-vectors
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we define the matrix � ( )f tpq in the «particle–hole»
space,

f t A t A tpq
p

q p
q

)*

* )
( ) ( ) ( )

,

†

,
�

� 	
2 2

,

where ) *, ,� 1 2 are the indices of the vectors Ap . The
function fpq

)* is the Fourier transform of the Wigner
distribution function f t)*( , , )p r generalized to the
superconducting case,

f t A t A ti
)*

* )
( , , ) ( ) ( )

,

†

,
p r qr

q p
q p

q� �
� 	

e

2 2

. (10)

Correspondingly, the components of the matrix
�( , , )f tp r are expressed in terms of the Nambu opera-
tors () ( , )r t in the Heisenberg representation as

f d / t ti
)* ) *� + � 	 + � + �� � +r r r r rpre ( († ( , ) ( / , )2 2 .

(11)

It follows from Eq. (11) that f11 and f22 are real
functions, and f f12 21� * . The self-consistency rela-
tions, Eqs. (3), (6), and (7), can be written in terms
of �f as
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f0 32
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where ~p p A� � e /c
3 , 
 
 
� � �( )( )1 2 1 2/ i , and 
 i
are the Pauli matrices.

The evolution equation for the WDF can be de-
rived from the equation of motion for the electron
field operators � � �� ( , )r t :

i
t

H
 

 
�

�
�[ , ]. (15)

Restricting our consideration to the collisionless stage
of the evolution, we neglect the interaction part �H1
of the Hamiltonian and obtain, from Eq. (15), the
equations of motion for the Nambu operators (( , )r t ,
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where � ( )� 
 �� � � 	 �ie /c / m3
2 2A . By making use

of the definition of the WDF in Eq. (11), we arrive,
after some algebra, at the following dynamic equation
for �( , , )f tp r :
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where [ ]� denotes usual commutator, in which we
consider ~� as an integral operator with the kernel
� � +r r r )-( , thus (~ �) ( �~) �� � � � � �f f f . The quantity

[ ]� , is defined as [ , ]A B A B B A, . , � , , where
( )( , , )A B t, p r is the Fourier transformation of the

spatial convolution ( )( , ) ( , ) ( , )AB d A Br r r r r r r1 2 1 2� � :
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By making use of the transformation �f 5
5 �exp ( ) � exp ( )i / f i /
 6 
 63 32 2 , we can exclude the
phase 6 of the superconducting order parameter and
proceed to gauge invariant quantities, i.e., the mo-
mentum of the superfluid condensate p s and the po-
tential 7 defined by
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The electromagnetic fields are related to p s and 7
through

e
t

es
sE

p
H p�

 

 
� � � �� �7, . (20)

This results in the substitutions ~p p p5 	 
3 s and
e� 75 in the dynamical equation (17), as well as in
the definition of the current in Eq. (14). Note that
the anisotropic term p v• s arising from ~p in Eq. (17)
commutes with �f and thus drops out from this equation.

While the physical sense of p s is obvious, the inter-
pretation of the gauge invariant potential7 is less evi-
dent. Within the framework of the two-fluid model, it
can be interpreted as the difference 7 � �� �s n be-
tween the electrochemical potentials of the condensate
of Cooper pairs, � � 6s / / t� 	   ( )1 2 , and quasipar-
ticles, � � �n e� � ; thus, a nonzero value of 7 means
the nonequilibrium of the electrons in the supercon-
ductor. In bulk superconductors, 7 and p s decay
within their corresponding lengths: London (skin)
depth - for p s and the electric field penetration depth
8E for 7.
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3. Wigner distribution function for homogeneous
superconducting systems

In what follows, we focus on homogeneous super-
conducting systems in the clean limit, assuming the
scattering rate is much smaller than �. To be more
specific, we assume the magnitude of the order
parameter � and the gradient of its phase, �6, to be
uniform inside the superconductor. Using an appropri-
ate gauge transformation, we include the spatially
varying part of the phase of � into the homogeneous
p s . A «residual» spatially uniform phase is kept to
describe the dynamics of the phase of the order
parameter. It can be related to, e.g., possible (ti-
me-dependent) phase on either side of a Josephson
junction. In this case, the equation for the WDF takes
the form

 

 
	 � 	 � �

�

[~ � , �] ( � � )
f

t
i f f fp� 
 93 0 0� , (21)

where ~� �p p smv /� 	 	7 2 2. The phenomenological
collision term 9( � � )f f� 0 qualitatively describes slow
relaxation of the WDF to its equilibrium value �f0
which is associated with the interaction Hamiltonian
H1. In the collisionless limit considered below, we
will assume 9 	:5 , in order to provide correct
analytical behavior of the WDF at t 5 	;.

Equation (21) has several important properties
which can be derived from the equations for the ma-
trix elements of �f ,
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First, we note that only the difference f f11 22� of the
diagonal components of the matrix �f enters the equa-

tions for the off-diagonal components f12 and f21.
Furthermore, from Eq. (22), one finds that the sum
of the diagonal components f f11 22	 � const. This al-
lows us to present the function �f in the following

form:
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where f and g are isotropic functions, and the time-
independent quantities F = have the meaning of quasi-
particle distribution functions which are conserved
during the stage of the collisionless evolution. As-
suming the system to be initially in equilibrium and

comparing Eq. (25) with the equilibrium form of the
WDF, which can be directly obtained from the
definition in Eq. (10)
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we find the distribution functions
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and the equilibrium values of the functions f and g

f g
p

p

p
0 0� �

�
~ ,

~

~ .
�

�

�
(28)

In this representation, the dynamic equation (21)
for the WDF reduces to the following system of scalar
equations for the functions g and f :
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which, together with Eq. (28), lead to the normaliza-

tion condition
~�
f 2 1� or

g ff2 1	 �* . (30)

The self-consistency equation has the form
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where �D is the Debye frequency, 8 � N V( )0 0 is the
dimensionless pairing constant, N( )0 is the electron
density of states per spin at the Fermi level, and ? p
denotes angle variables associated with the momen-
tum vector. The charge and current densities are
given by

!
�

� �( ) ( ) ( , )t eN
d

d g t
p
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4

?
F , (32)
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4

?

�
� F , (33)

where n is the net electron density. Equation (33)
shows that the electric current is governed directly by
the superfluid velocity and has nothing to do with the
evolution of the WDF,

j v v( ) ( ) ( ) ( )t en t e n ns s s� 	 � �0

� 	 �j v v( ) [ ( ) ( )],0 0en ts s (34)
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where n s is the condensate density calculated for the
initial superfluid velocity v s ( )0 . This property re-
flects the specifics of the collisionless regime, in
which the normal component of the current flow is
not affected by scattering, and therefore the velocities
of both the superfluid and normal components of the
electron fluid undergo equal changes v vs st( ) ( )� 0 :
v vs s t( ) ( )0 5 , v v vn s st( ) ( ) ( )0 0 0� 5 � . From
this we conclude that at nonzero temperature, when
the density of the normal component, n n nn s. � , is
nonzero, the current reverses its direction with
respect to v s t( ) if the latter becomes smaller than
v s nn /n( )0 .

4. Collisionless evolution of the order parameter
in superconductors

In the paper by Volkov and Kogan [18], the prob-
lem of evolution of the order parameter �( )t at given
initial value of the WDF (and corresponding initial
self-consistent value of � �� ( )0 ) was analyzed within
a linear approximation, assuming small deviations of
�( )t and �( , )f t� from their equilibrium values. It was
shown that the time variations of � have the form of
harmonic oscillations with a period of the order of ��1

and an amplitude decreasing slowly as t�1 2/ . At large
t t

 � �

0
1 0� ( ), the order parameter approaches a

constant value � �; . 5 ;( )t , which is determined
by the initial conditions and coincides neither with
�( )0 , nor with the equilibrium value � 0.

In this paper, we address a more general nonlinear
problem, with arbitrary initial conditions, which may
essentially differ from the equilibrium state. In
particular, this allows us to consider formation of the
superconducting state from the initial normal state at
low enough temperatures, or destruction of the initial
superconducting state at high temperatures. To this
end, we apply a numerical procedure, by making use
of the so-called Riccati parametrization of the
functions f and g. Due to the normalization condition
(30), these functions can be expressed through a
single function a tp( , )� ,

g
aa
aa

f
a
aa

�
�
	

�
	

1
1

2
1

*
*
,

*
, (35)

which satisfies a nonlinear Riccati-type equation,
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a
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In the stationary limit (� � const), the solution of
Eq. (36) is

a
p p

0 �
	

�
~ ~

.
� �

(37)

In the general nonstationary case, one needs to in-
tegrate Eq. (36), together with the self-consistency
equation (31). Thus, proceeding to the discrete time
variable, t n t� - , n � 0 1, ,�, one has to calculate the
new value of � from Eq. (31) after each time step -t,
and then use it for the next step. For sufficiently small
-t, � can be approximately considered as constant be-
tween t and t t	 - , which allows us to apply an analyt-
ical solution of Eq. (36) within this time interval,

a t t a t
t a t t a t

t a t

p

p

( ) ( )
( ) ~ ( ) ( ) ( )

( ) ( ) ~

*

	 � 	
� �

	
-

�

�

� �

�

2 2

* � i tp p
~ cot (~ )� � -

,

(38)

and thus to calculate a t t( )	 - explicitly. As a result,
the numerical procedure reduces to the numerical so-
lution of the self-consistency equation at each step of
the calculations.

In our calculations, we use time steps -t t� 0 02 0. .
After each step, the values of the modulus and the
phase of �( )t were recalculated by means of the
self-consistency equation (31). In Fig. 1, we present
time variations of the order parameter modulus with
the initial values �( )0 essentially different from the
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Fig. 1. Collisionless time evolution of the order parameter
for an initial value �( )0 larger (a) or smaller (b) than the
equilibrium value �0 at T � 0. In all figures the time is
normalized on t /0 01� � .



equilibrium value � 0 at T � 0. It is obvious that equal
values of �( )0 may be obtained for different forms of
the initial Wigner distribution function �( )f 0 . In our
evaluation, we use the equilibrium form of �( )f 0 given
by Eq. (26) at T � 0, with a formal parameter � in ,
which, however, appears to be slightly different from
the initial self-consistent value �( )0 . This difference
depends weakly on the value of the pairing constant 8,
for which in the following we put 8 � 0 5. . The initial
value of � �in � 15 0. leads to � �( ) .0 1 3 0A (Fig. 1,a),
whereas � �in � 0 5 0. yields self-consistent �( )0 A
A 0 67 0. � (Fig. 1,b).

Another type of perturbation in the system is the
switching of 8 from one value to another, or, more
generally, the case of time-dependent BCS pairing.
We have used the equations (35), (36), (38), and
(31) with time-dependent 8 8� ( )t to study this prob-
lem numerically. In Fig. 2 the collisionless evolution
of the order parameter under the changing of 8 in time
is shown.

It is interesting to note that the initial BCS form of
the WDF automatically leads to conservation of arbi-
trary initial value of the order parameter phase 6.
Actually, such property is associated with the definite
symmetry of the initial WDF with respect to � p ,
which holds during the time evolution, f tp( , )� �
� �f tp( , )� , g t g tp p( , ) ( , )� �� � � , and manifests
equality of the populations of the electron- and
hole-like excitations with equal energies ~�p . The
introduction of an imbalance between the electron and
hole branches of the excitation spectrum (i.e.,
violation of the above-mentioned symmetry) produces
an excess charge in the quasiparticle subsystem which,
due to electroneutrality of the metal, should be com-

pensated by the opposite charge of the superfluid
condensate. This means the appearance of the differ-
ence -� between the electrochemical potentials �n and
� s of excitations and the condensate, respectively,
which produces time variations of the order parameter
phase according to the relationship d /dt6 -�� 2 . For a
given constant -�, we find continuous variation of the
phase with a constant rate.

The processes of formation and destruction of the
superconducting state can be also analyzed within the
nonlinear collisionless approach. By starting evalua-
tions from a very small value of � in (� �10 3

0� ) in
Eq. (28) at T � 0, which approximately represents an
initial normal state, we observe a rapid increase in
�( )t at the time t t� 0 up to � �� 0, followed by an
oscillatory approach to a stable superconducting state
(see Fig. 3). We note that the asymptotic value � ;
appears to be noticeably lower than � 0, which means
that the real equilibrium value of � at the supercon-
ducting transition is formed via the relaxation pro-
cesses.

Strictly speaking, at any temperature, including
the region T Tc� , the self-consistency equation (3)
always has a trivial solution � � 0, which corresponds
to the normal state. However, at T Tc� , the normal
state is associated with a maximum of the free energy,
and therefore Fig. 3 actually illustrates the
thermodynamic instability of the normal state with
respect to an infinitesimal �, which develops through
the quantum kinetic process described by Eqs. (3) and
(29). It is interesting to note that, despite the strong
nonlinearity of the process, the oscillations of �( )t
have an almost purely harmonic shape.

The instability of the superconducting state at
temperatures T Tc
 is illustrated by Fig. 4, which was
obtained by starting evaluations from the initial
superconducting state in Eq. (28) at the rather high
temperature T � 2 5 0. � . The order parameter decreases
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Fig. 2. Collisionless time evolution of the order parameter
under the changing of the coupling constant 8 from the
value 05. to 1.0.
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approximately exponentially with the characteristic
decay time 0 42 0. t without any oscillations. In the final
stage of the evolution, the order parameter enters the
fluctuation regime, which is outside of the framework
of our self-consistent approach.

In closing, the authors express their gratitude to
B.Z. Spivak and A.M. Zagoskin for discussing prob-
lems encountered in this work.
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