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Ferromagnetic ordering in a
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The present paper considers ferromagnetic ordering in the Hubbard mod-
el generalized by taking into account the inter-atomic exchange interac-
tion and the correlated hopping in a partially filled narrow band. Expres-
sions for the magnetization and for the Curie temperature as functions of
model parameters and band filling are obtained in the case of weak intra-
atomic Coulomb interaction. The condition of ferromagnetic state realiza-
tion is found. The results obtained indicate the important role of correlated
hopping.
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1. Introduction

In spite of great attention paid to the investigation of ferromagnetism in nar-
row energy bands [1–7], where the same system of electrons is responsible both for
conductivity and for magnetic ordering (the transition 3d-metals, ferromagnetic sul-
phides, oxides and selenides with a metallic type of conductivity) the problem still
remains open [8,9].

There are some experimental results for the disulphides of transition metals
which can be interpreted on the basis of an itinerant mechanism of ferromagnetism.
In these compounds the dependence of the Curie temperature on the number of
magnetic moments is non-typical from the point of view of the exchange mechanism
of ferromagnetism. In FexCo1−xS2 [10] where the electron concentration n changes
from 0 to 1 in the doubly degenerate eg-subband the Curie temperature increases
with the decrease of the electron concentration at 0.75 < n < 1.

Although the consistent theory of ferromagnetic ordering in transition metal
compounds can be constructed only in a model including the orbital degeneracy of
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the band, the qualitative character of the observed properties can be interpreted in
the framework of a generalized model of a non-degenerate band [11].

2. The Hamiltonian

The simplest model for describing magnetic properties of narrow-band materials
is the Hubbard model [12], but this model contains only diagonal matrix elements
of the Coulomb interaction in the site representation, which do not give rise to
metallic ferromagnetism except in special situations such as a single hole in a half-
filled band [13] or a special lattice geometry [7]. The importance of the non-diagonal
matrix elements of the Coulomb interaction was pointed out in references [9,14].

We write down the Hamiltonian of a system of electrons in the following form [15,
16]

H = − µ
∑

iσ

a+iσaiσ +
∑

ijσ

′
tij(n)a

+
iσajσ

+
∑

ijσ

′
(

T2(ij)a
+
iσajσniσ̄ + h.c.

)

+ U
∑

i

ni↑ni↓

+
1

2
J
∑

ijσσ
′

′
a+iσa

+
jσ′aiσ′ajσ, (2.1)

where a+iσ, aiσ are creation and destruction operators of the electron on the site i,
σ =↑, ↓, niσ = a+iσaiσ, n = 〈ni↑+ni↓〉, µ is the chemical potential, tij(n) = tij+nT1(ij)
is the effective hopping integral between the nearest neighbours, tij is the hopping
integral of an electron from site j to site i, T1(ij) and T2(ij) are the parameters of
correlated hopping [16] of the electron, U is the intra-atomic Coulomb repulsion and
J is the exchange integral for the nearest neighbours. The primes on the sums in
equation (2.1) signify that i 6= j.

The peculiarities of the model described by the Hamiltonian (2.1) take into con-
sideration the influence of the site occupation on the electron hoppings (correlated
hopping), and the exchange integral. The correlated hopping, firstly, renormalizes
the initial hopping integral (it becomes concentration- and spin-dependent) and,
secondly, leads to the shift of the band center independent on the quasiimpulse but
dependent on magnetic ordering. Taking into account the quantity of the second
order J is in principle necessary to describe ferromagnetism in this model [9,14,17].
In this paper we do not take into account the inter-atomic Coulomb interaction,
which is important in the charge ordering state (this ordering type goes beyond this
article).

To characterize the value of the correlated hopping we introduce dimensionless
parameters τ1 = T1(ij)/|tij|, τ2 = T2(ij)/|tij|.
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3. Ferromagnetism in the case of weak intra-atomic interaction

The single-particle Green function satisfies the equation

(E − µ)〈〈apσ|a
+
p′σ〉〉E =

δpp′

2π
+
∑

i

tip(n)〈〈aiσ|a
+
p′σ〉〉E

+
∑

i

T2(ip)〈〈a
+
pσ̄apσ̄aiσ|a

+
p′σ〉〉E +

∑

i

T2(ip)〈〈a
+
iσ̄aiσ̄aiσ|a

+
p′σ〉〉E

+ 2
∑

i

T2(ip)〈〈a
+
pσ̄aiσ̄aiσ|a

+
p′σ〉〉E + U〈〈npσ̄apσ|a

+
p′σ〉〉E

+
1

2
J
∑

jσ′

(

〈〈a+jσ′apσ′ajσ|a
+
p′σ〉〉E − 〈〈a+jσ′ajσapσ′ |a+p′σ〉〉E

)

. (3.1)

Let us consider the system at weak intra-atomic Coulomb interaction (U <
|tij(n)|). Then we can take into account the electron-electron interactions in the
Hartree-Fock approximation:

〈〈a+iσ̄aiσ̄ajσ|a
+
p′σ〉〉E ≃ 〈a+iσ̄aiσ̄〉〈〈ajσ|a

+
p′σ〉〉E,

〈〈a+iσ̄ajσ̄aiσ|a
+
p′σ〉〉E ≃ 〈a+iσ̄ajσ̄〉〈〈aiσ|a

+
p′σ〉〉E. (3.2)

We assume that averages 〈a+iσaiσ〉 = nσ are independent of the number of the site, i.e.
we limit ourselves to a uniform charge and electronic magnetic moment distribution
(the problems of antiferromagnetic and charge orderings will be studied elsewhere).

The approximation (3.2) corresponds to the condition of weak electron-electron
interaction, where doubly occupied states can be taken into account by the effective
mean field depending on the electron concentration and correlated hopping integral.

After the transition to a Fourier representation we obtain for the Green function

〈〈apσ|a
+
p′σ〉〉k =

1

2π

1

E − Eσ(k)
, (3.3)

where the energy spectrum is

Eσ(k) = −µ+ βσ + nσ̄U − znσJ + t(nσ)γ(k), (3.4)

here the spin-dependent shift of the band center is

βσ =
2

N

∑

ij

T2(ij)〈a
+
iσ̄ajσ̄〉, (3.5)

γ(k) =
∑

R

eikR and the spin and concentration dependent hopping integral is

t(nσ) = t(n) + 2nσ̄T2. (3.6)

The concentration of electrons with spin σ is

nσ =

+∞
∫

−∞

ρ(ǫ)f(ǫ)dǫ. (3.7)
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Here ρ(ǫ) is the density of states, f(ǫ) is the Fermi distribution function. Let us
assume the rectangular density of states:

ρ(ǫ) =
1

N

∑

k

δ(ǫ− ǫ(k)) =
1

2w
θ(ǫ2 − w2). (3.8)

Then in the case of zero temperature we obtain:

nσ =

+∞
∫

−∞

ρ(ǫ)θ(−Eσ(ǫ))dǫ =
1

2w

w
∫

−w

θ(−Eσ(ǫ))dǫ =
1

2w

ǫσ
∫

−w

dǫ, (3.9)

where ǫσ = w(2nσ − 1). The value ǫσ is the solution of the equation Eσ(ǫ) = 0 from
which we obtain ǫσ = µσ/ασ, where µσ = µ− βσ + znσJ − nσ̄U and ασ = 1− 2τ2nσ̄.

The system parameters are related by the equation

m(zJ + U) + β↓ − β↑ = 2m(1− τ2). (3.10)

The shift of the band center is obtained from

βσ =
2

N

∑

ij

T2(ij)〈a
+
iσ̄ajσ̄〉 = −

τ2
2w

ǫσ
∫

−w

ǫdǫ = −τ2wnσ̄(nσ̄ − 1). (3.11)

One can see that

β↓ − β↑ = 2τ2mw(1− n). (3.12)

From (3.10) and (3.12) we obtain the condition of ferromagnetic ordering real-
ization:

zJ + U

2w
+ τ(2 − n) > 1. (3.13)

Here we use the notation

w = w(n) = z|t0|(1− τ1n), (3.14)

where t0 is the band hopping integral, z is the number of nearest neighbours, τ =
τ2/(1− nτ1).

In the figures 1, 2 the critical value of exchange integral at which the ferro-
magnetic ordering occurs is plotted as a function of correlated hopping. The values
above the line correspond to the ferromagnetic state of the system, below the line
correspond to the paramagnetic state. One can see that in the less than half-filled
band, correlated hopping leads to the stabilization of ferromagnetism as well as
inter-atomic exchange interaction and intra-atomic Coulomb interaction; the larger
the electron concentration n, the smaller the critical value of the exchange integral
for the occurrence of ferromagnetism. These results of ours are in accordance with
the results of reference [9].
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Figure 1. The critical value of the exchange integral as a function of τ = τ2 at
correlation strength U/w = 0.2 and τ1 = 0: lower curve corresponds to n = 1.5;
upper curve corresponds to n = 0.5.

Figure 2. The critical value of the exchange integral as a function of τ = τ2 at
electron concentration n = 0.5 and τ1 = 0.5: lower curve corresponds to U = 0.5;
upper curve corresponds to U = 0.2.
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Figure 3. The dependence of Curie temperature on electron concentration n;
τ1 = τ2 = 0.5. The lower and upper curves correspond to U/w0 = 0.6 and 0.9
respectively.

In the case of non-zero temperatures the equation for magnetization is

exp
(

−mJeff

θ

)

=
sh [(1− n↑)α↑w/θ] sh [n↓α↓w/θ]

sh[(1− n↓)α↓w/θ]sh[n↑α↑w/θ]
, (3.15)

where the effective exchange integral is

Jeff = zJ + U + 2zT2(1− n). (3.16)

The expression for Curie temperature can be obtained from equation (3.15) at
m → 0. If τ1 = τ2 = 0 then we obtain

θC =
w0

2
arcth−1

(

2w0

zJ + U

)

. (3.17)

If τ1 = τ2 = 1/2 then

θC =
w0n(2 − n)

4
arcth−1

(

w0

zJ + U + (1− n)w0

)

. (3.18)

The concentration dependence of Curie temperature given by the last equation
is plotted in figure 3. It is important that at some values of parameters the Curie
temperature can increase with the decrease of the electron concentration.
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4. Discussion and conclusions

The analysis obtained in this paper for the energy spectrum (3.4) shows that
both the intra-atomic Coulomb repulsion U and the exchange integral J favour spin
polarization. Furthermore, accounting for the correlated hopping leads to a spin-
dependent shift of the band center and to a band narrowing, which also give rise to
ferromagnetism. These results are in accordance with the results of reference [9].

The peculiarities of the energy spectrum (3.4) lead to a concentration dependence
of the Curie temperature. In particular, the concentration dependent shift (3.12) of
the band centers at n < 1 is positive, at n > 1 is negative. According to this
fact the Curie temperature at decreasing n from 1 can increase and at n > 1 can
decrease. The obtained dependence qualitatively agrees with the experimental data
on FexCo1−xS2 [10]. The proposed approach can be extended to all values of n, and
the peculiarities of ferromagnetic ordering in CoxNi1−xS2 where the concentration
changes from 1 to 2 can be explained.

In conclusion, taking into consideration both correlated hopping and inter-atomic
exchange interaction essentially modifies the properties of the model and favours
ferromagnetic ordering.

References

1. Rado G.T., Suhl H. Magnetism. New–York, Academic Press, 1966.
2. Friedel J. Physics of Metals. Cambridge, Cambridge University Press, 1969.
3. Gutzwiller M.C. Effect of correlation on the ferromagnetism of transition metals. //

Phys. Rev. Lett, 1963, vol. 10, p. 159–162.
4. Kanamori J. Electron correlation and ferromagnetism of transition metals. // Prog.

Theor. Phys, 1963, vol. 30, No. 3, p. 275–289.
5. Strack R., Vollhardt D. Exact results on ferromagnetism in correlated electron systems.

// J. Low Temp. Phys, 1995, vol. 99, No. 3/4, p. 385–396.
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Феромагнетизм в узагальненій моделі Габбарда

Л.Дідух, О.Крамар, Ю.Скоренький

Тернопільський державний технічний університет імені І. Пулюя,

кафедpа фізики, 46001 Тернопіль, вул. Руська, 56

Отримано 14 серпня 2000 р.

В роботі розглядається можливість реалізації феромагнітного впо-

рядкування в узагальненій моделі Габбарда з корельованим пере-

носом. Обгрунтована необхідність врахування міжатомної обмінної

взаємодії електронів, що є важливим фактором при розгляді фе-

ромагнетизму у вузькозонних матеріалах. У випадку слабкої внут-

рішньоатомної взаємодії знайдено умови реалізації феромагнітно-

го впорядкування, отримано вирази для намагніченості, температу-

ри Кюрі, залежні від параметрів системи. Вказано на важливу роль

корельованого переносу, який суттєвим чином модифікує умови ви-

никнення феромагнітного впорядкування.

Ключові слова: феромагнітне впорядкування, корельований

перенос, обмінна взаємодія, намагніченість, температура Кюрі
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