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The existence of a local solution to the Darboux problem wu.y (z,v) = g (u(z,y)), u(z,0) = w(0,y) = 0,
where g is Lebesgue measurable and has at most polynomial growth, is proved.
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1. Introduction
In this paper we deal with the Darboux problem

Uzy (z,y) = g(u(z,y)) a.e. in [0,T]x[0,T], (1)
u (I‘,O) - U(O,y) =0, (2)

where g is not assumed to be continuous. The problem arises as a natural extension of the Cauchy
problem for an autonomous equation «’ (¢) = f (z (¢)) with a discontinuous right-hand side, see [1].

Definition 1 We say that a continuous function u : [0,T]x[0,T] — R is a solution to the Darboux
problem

u:cy(x7y) = g(m,y,u(m,y)), (3)
u(z,0) = u(0,y)=0, (4)

if w is a Ct function on (0,T) x (0,T), satisfying the equation (3) a.e. in [0,T] x [0,T] and the
initial condition (4) for all x,y € [0,T].

In most papers devoted to the discontinuous Darboux problem, see e.g. [2,3], the right-hand
side of equations

Uy (,y) = g (2, 9,u) O gy (T,Y) = g (2,Y, U, Us, Uy)
is usually assumed to satisfy Carathéodory-type conditions:
e f is measurable with respect to the first two variables,
e f is continuous or Lipschitz continuous with respect to other variables,
e |f| is bounded by a constant or by an integrable function M (z,y).

Recently, another approach has been presented (see [4,5]) for the equations

Ugy (,y) = g (zy,u(2,y))  and  ugy (z,y) = g (u(z,y)),
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showing that strong assumptions of continuity or Lipschitz continuity can be replaced by measur-
ability conditions.

In this paper, the existence of a local solution to the Darboux problem (1)—(2), where g is
Lebesgue measurable and has at most polynomial growth, is proved.

Although the main purpose of this paper is to establish an existence theorem for (1)—(2), the
method used here (see also [5]) involves functional differential equations, namely, the problem

q () = g<At¥do) a.e. in [0,7],
q(0) = 0

with the same function g as in (1).

Throughout this paper the term measure instead of Lebesgue measure i is used as well as other
concepts such as measurability and integrability are understood as Lebesgue measurability and
Lebesgue integrability. By C'[0,T] we denote the normed linear space of all continuous functions

x:[0,T] — R with the norm ||z|| = sup |z (¢)].
te[0,T)

2. Main result

Theorem 1 Assume that g : R — R is measurable and for some n € N, ag,a1,...,a, € R and
a>0

n
a<g(u)< ao—i—Zakuk, u € [0,+00).
k=1
Then there exists T > 0 such that the problem

Ugy (2,y) = g(u(z,y)), ae in [0,7] x[0,T], (5)
u(x70) = u(O,y) =0, (6)

has a solution.
The proof of Theorem 1 is based on the following lemma.

Lemma 1 If g : R — R is measurable and for somen € N, ag,a1,...,a, € R and a >0
n
a<g(u) §a0+2akuk, u € [0, +00),
k=1

then there exists T > 0 such that the problem

t

qgt) = ¢ /@da a.e. in [0,7], (7)

0

has a solution.

Proof of Lemma 1. Define
b=ag+1

and take T' > 0 such that for all ¢ € [0, T
ap +aibt+...+a,b"t" <b.

Let
Z={zxeCl0,T]:2(0)=0, a(t—s)<z(t)—z(s)<b(t—s), 0<s<t<T}.
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Obviously Z is closed and convex. Moreover, for each € Z and all ¢, s € [0,T] we have
0<z(t)<bT
and
|z (t) =z (s)] < bt —sl,

which implies that Z is compact.
We claim that A : Z — Z, defined by

t

(Ag) (¢) :/g /@do dz, t € [0,7],
0

g
0

is continuous.
Fix g € Z and define h : [0,T] — R by

The function h is continuous, strictly increasing and for each ¢, s € [0,T], t > s, satisfies

t

a(tfs)gh(t)fh(s):/@dogb(tfs).

Thus h € Z, and for each u,v € h([0,7T]) we have
| (u) —h T (v)| < é |h (" (w) =k (R (v)| = é lu—v], 9)

which in turn implies that ~~! is absolutely continuous and strictly monotonic on a closed interval
h([0,T7]). Consequently, for each open interval P C h ([0, 7)),

(goh)™ (P)=h"" (g7 (P))

is measurable. Thus g (h (-)) is measurable and Agq is well defined.
Observe that Ag € Z, because (Aq) (0) = 0 and for all s,¢ € [0,T], t > s, we have

z

a(t—s)g(Aq)(t)—mq)(s):/g /@da ds <b(t—s)

s 0
because for all z € [0, 7]

. k
g(h(2) < Zak /mda < Zak (b2)" < apb* Tk <.
= 0 =

g
k=0 k=0 k=0

Fix € > 0 and consider any sequence ¢, € Z, n € N, convergent (uniformly) to ¢ € Z. For each

n € N, define h,, : [0,T] — R,
gn (0)
hn (2) = | =—do.
(2) / ——do
0

By Lusin’s theorem there exists a compact set K C [0,bT], such that gx : K — [a,b] is

continuous and
ae

p([0,bTI\NK) < o
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Since g|x is uniformly continuous, there exists § > 0 such that
|lu—v| <0, u,v € K implies |g(u)—g ()| < —.

For z € [O, #} we have

Ihn(Z)*h(Z)|</|qn(g)a—7Q(a)ldo< / |Qn(o—)(;Q(J)|dO_< 2bd
0 0

1
If 2 € {Qbﬂ, },then
Z 2b+1
I (2) = R (2)] < /Mda_ / an()— da+/ lon (0) ~q (o)
g
0 0
T
Ian— 208 do
< — R
= 2[)—!—1 / 2b+1+||Qn >
—+1
2b3 T(20+1)
< In =T
2b+1 +||Qn QH n 5

Since lim ||g, — ¢|| = 0, there exists ng, such that for each n > ng
n—oo

§ T2b+1)\ "
" — 1 .
lan — al < gy (m =2

Therefore, for each n > ng and each z € [0, 7] we have

hn (2) — h (2)] < sup /q”—@‘)daf/mda <.
0

z€[0,T] g
0

Consequently, if n > ng and z € [0,7T], then

provided that h, (z) and h (z) belong to K.
Fix n > ng and define
F=h1'(K)nh'(K).

We have
0, T]\ F =[0,T]\ (A" (K) N h,* (K)) = h~" ([0,bT]\ K) Uk, ([0,67]\ K).

Therefore, using (9), we get

w ([0, TI\F) < pu (R ([0,0T)\ K)) + p (" ([0,0T)\ K)) = / dz + / dz
h=1([0,6TT\K) hi Y ([0,6TI\K)

[0,bTT\ K [0,bTT\ K
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Finally, we obtain

40— Adl] < sup / 19 (i (2)) — g (R (2))] dz = / 19 (b (2)) — 9 (h ()] d=
- / 19 (b (2)) — 9 (h ())] dz + / 19 (hn (2)) — g (h (2))] dz
F [0,TI\F
< M(F)'%+4£b~2b<§+§:€-

Thus A : Z — Z is continuous.
It follows from Schauder’s fixed point theorem that A has a fixed point in Z. Thus the problem
(7)—(8) has a solution. m

Proof of Theorem 1. Let T" > 0 be defined in the same way as in Lemma 1 and assume that
q:[0,7] — R is a solution to the problem (7)—(8). Define v : [0,7] — R

t

v () :/ﬁda,

o
0
and v : [0,7] x [0,T] = R

u(z,y) =v(wy) = / ——do.
0
Obviously, u is a C! function and for almost all (z,y) € [0,T] x [0, T]
Uay (2,y) =0 (zy) + 2y - 0" (2y) = ' (vy) = g (u(2,y)).
Moreover, for all (z,y) € (0,7) x (0,T")
u(x,0) =u(0,y) =v(0) =0.

Thus u is a solution to the problem (5)—(6). m
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JlokanbHi po3B’a3kn npoonemu apOy 3 NpaBoio 4YaCTUHOIO, LLLO
Ma€e po3puBU

M.Mikyta

IHcTUTYT MaTematuku, YHiBepcuteT Mapii Kiopi-Cknonoscbkoi, JTo6niH, MonbLya
Otpumano 31 ciyHg 2008 p.

JloBeneHO iCHyBaHHA NoOkanbHOro pos3e’a3ky npobnemu Oapby ugzy (z,y) = g (u(z,y)), u(z,0) =
u (0,y) = 0, fe g € BUMipHa 3a Jleberom yHkuUis, WO POCTe He LIBWULLE, HiX MOMIHOM.
KniouoBi cnoBa: npobnema Lapby, angepeHriiaibHi piBHIHHS 3 po3puBamu
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